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S��� A�-/ ��−n .� �H ���� A�4� A�BD .� Q��� ? ���� Rn 0����1� $�2,−n
�- +��� /:�:O #�$g� ��g�	d� R � ##�L/� ��
;� xi ∈ R �7 x = (x�, · · · , xn)

0!��"� ��� �H ��� ? � �7 R�D �K�'H /:%� A�4� A�BD J��'g �7 �� Rn E�L

d(x, y) :=
( n∑

i=�

(yi − xi)�
)�/�

A�BD �n = � ���O �# +K�'H b �h� �� JZ FG) �
' � �T� �#��# #�� JZ �7
+K�'H/� ��"*� � ∈ R .� A�Bg M� ��g�	d� �� R� := {�}

J��7 �7 +��� ��"@ �<�	< Ai �4� A�-�BD ? � �7 �j*Y�� �H ��� A�/@ $%&�'�
�/Lk � �7 M A�4� ��� / �BD ������ ��4:�C#

� ≤ n b�=P #$g M � x .� U /T �N	- M E�T<Z �x ∈ M �L�
+��� F�����	- Rn �7 U �H $<��# #�� J�'�

A� x ∈ Rn �- Ǳ�.� �7 ��� /D�H m��� Rn #�) �H �4"�� �$%&�'� .� Q��� ? ��E#��
/'* a E��n�# Q#�*� �4� �- �7 Rn �H ��� ?@�� +K ��T7 Rn #�) �� U ��g�	d�
�@�#�7 �<�L ? � � �*� .� ��:�:O �# +��� $%&�'� M 9�< _#��$<�4�� �4� �7 Q#�*�
�# +��� $%&�'� o#�) �$@�7 F�����	- $%&�'� M �7 �H / �BD �- �H #�@/�

�
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����� � ��� ����� �� ���� ���� � ��
�� ���

A�-�4� ��	- �
%7 �$'H/	< Ǳ�& � �� /	0� [:< #�@/� p�>� M A��7 �H A�4� ��d�4<
+K�'H/	< �Hq �� JZ S%r� �H ��� ���# ?�	- �7 +$'<�N
 Q#�*�

X�7 � �*� �# $�<���/� �$�<�#/� Af���V�� A�-�BD (�h) �# A9�� �s<�'�
A#���� p�t ug�7 � �*� ? � m$�'H E#�&4�� A�4� A�BD A� �7 Af���V�� A�BD .�
�H /"��'� (��) ��� ?
	� / �-�BD ?�'� �\� � $'4N�< � \V�4� �j���� �H #�@/�
�4� A�-$%&�'� (�h) �# /�O�"� ��� ��	�	Y �# +$<��$< �� $@�7 K-��D K�-��)/�

+#��# #�� � \V�<
�H K�<���/� �� U ���O ? � �# m��� $%&�'� .� E#�� Q��� ?���# Rn �# .�7 A�L

���� F�����	- R
n #�) �7 R

n �# .�7 A�L �- �� . �K ��T7 .�7 A�L

f : Br(x�) −→ R
n f(x) =

⎧⎨⎩
x− x�

r‖x− x�‖
x �= x� �L�

� x = x� �L�

�� . m��� $%&�'� �Rn .� .�7 ��g�	d� � . �- �H ##�L/� �d�4< v<�#/7 �Q��� ? � .�
+x ∈ U ⊆ V �H #��# #�� U .�7 A�L M E�T<Z �x� ∈ V � $@�7 .�7 V ⊆ Rn �L�

+#�@ ��� �+� �
@ �7 +��� F�����	- R
n �7 U ���

i

+��� $%&�'� Rn .� .�7 ��g�	d� � . �- ��+� �
@

� . �- �<�T� ���� ?�'� �$�;H [��� �7 �� /<�$�Y� � �- J���/� JZ �7 �H /�����
JZ ���O ? � �# �H ���� /*�"ta w��� $%&�'� 9�< #�) �$%&�'� M .� .�7 ��g�	d�

_+K���'7 ����� $%&�'� .� 3�% ������ �	3 M ��
? �a $<.��/� K-��D �� �-$%&�'� .� /g�'4� A�0���� Rn �# .�7 A�-�g�	d� � .
�.X ��T # A�0���� p�t .� [�V +$'4N�< �-$%&�'� ��	- ��� _��� !5 ? �	� �̀Y��

+$' Z/� ��H �7 �hD ? � QG) �# �H K�'H p�>� �� /��g�Y�� ���
J�� /	N�D�����	- �7 �H $@�7 x .� A�/T �N	- U � M $%&�'� .� A��>:< x �L�
� Rn �# .�7 A��g�	d� ϕ(V ) ⊆ Rn �H ���� F�����	- ϕ(V ) �7 ϕ : U → Rn

V .�7 /T �N	- M /'* �x .� V /T �N	- �H #�@ ���a +$@�7/� ϕ(x) ���@

�I
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ϕ(x) ∈ W ⊆ ϕ(V ) �7 W .�7 A�L M �1��P ? � �# _x ∈ V ⊆ U �H x .�
�4���V ϕ : V → Rn J�� +x ∈ ϕ−�(W ) ⊆ V ⊆ U �d�4< �# +#��# #��
�7 +��� ?@�� m$@�7/� .�7 9�< M �# �\� � ���� .�7 V �� ϕ−�(W ) ��g�	d� ����
? � +$@�7/� F�����	- Rn #�) �7 �\� � ��� F�����	- W �7 ϕ−�(W ) S���� ? �
/T �N	- A� �7 J���/� $%&�'� � �*� �# �H $-#/� J�;< �E$�s�V /	H QX$4��

+#�@ ��� !+� �
@ �7 +#�H E#�&4�� .�7 /T �N	- .� �U

i

+��� $%&�'� �$%&�'� M .� .�7 ��g�	d� � . �- �!+� �
@

� . �� �BC �7 JZ 1�"x� A��7 ���� +$@�7 .�7 U /4N �7 �H #�@/� �@�� �
D /	H �7
� +K�'H/� p�>� QX$4�� J�$7 �� JZ 1��P �H ��� .��<

����� ���	
� � � �� � f : U → Rn � ��� U ⊆ M ��� ����� �����
��� f(V ) ���	��� �V ⊆ U ��� �� Ǳ��� �� ����� ��
��� ���� ��� f(U) ⊆ Rn  �!�"

#���� $%
&'	�	
�� f ���
�� '( ���� ���	
� f−� )������� � ���

��� ��P�) ? � JZ ���� �� . �$���<  ���� 0	���#� J���/� �� �+�+� �� �BC
�4���V M�"
 A�04@�T< �7 �"N< _J#�7 $'"	- .�7 ��g�	d� �/'* a J#�7  ���� y �H
�$@�7 .�7 $ �7 �� � �*� �# U /T �N	- �
' � 1�"x� +z$<��/� �#���< Rn A�47 �
E$'<��) �7 ? �	� J��'g �7 �� JZ � ��� �'��# / �#���< �� �BC .� �hDG7 A��d�4<
E�T<Z �$@�7 c%r �+�+� �� �BC �H #�@/� �]OG� /L#�� �7 �E�Gg �7a +K ����/�

_+�N�< .�7 /�� $d'L/� ��H\� � �*� �# �H #��# #�� U .� /����
n �H #�@ ��� +K�'H/� F�>*� $%&�'� � �*� �# n #$g �7 �� J�	0�� Q�O
M = M�∪M� `�	4� .� 1��"g M ⊆ R� �L� +$@�7 �4@�# /T4N7 x �7 ��� ?
	�

����� �� �	 ��
�� �?� �� � �?� ��?� ��?� �� �� � � ��� ���
� ���� ���  �� !�"#��

��
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JZ �# �H _#�@ ��� 2+� �
@ �7a $@�7 �7

M� :=
{
(x, y, z)

∣∣ z = �
}
, M� =

{
(x, y, z)

∣∣ z = � , x = �
}
.

M ��<Z M� �# {�:< A��7 � ! �� n K�<���/� M� �# {�:< A��7 �1��P ? � �#
�� . ���� S��'��< /%	g ��-$%&�'� `�	4� �	g �H $-#/� J�;< Q��� ? � +K ��T7

+##�L/� u=7 �# �.X ��r 1G
;� ug�7 #�) /V �#

i
+$<��# �%4n� $*7 �H / �0;n7 �7 A$%&�'� �2+� �
@

�� d� � d� A�-�4� .� M �- �$'@�7 d� � d� �4� A���# S���� �7 M� � M� �L� ��H �#
�4	H �;�	- o��$:� /<�x �# � ��� Q#�*� JZ �7 Xj �� �H K�'H R�g K�<���/� A�4� �7
d̄i = min(di,�) #�H � �*� J���/� Gj �� +∀x, y ∈Mj : d̄i(x, y) < � ���� M .�
� �*� J���/� � . p�@ �7 A�4� M = M� ∪M� �7 J�'H� +d̄i = di/(� + di) � 
�0<Z 1��P ? � ��r �# �$'4N- �9d� M� � M� �H ��� E$@ R�D �d' � �#a +#�	<

_+K�'H/� �Y��*� �$'4N- �9d� �H �0<Z .� / �-/�H �7 ��

d(x, y) :=
{
d̄i(x, y) x, y ∈Mi �H $@�7 A� i �L�
� 1��P ? � ��r �#

E�T<Z �$'@�7 $%&�'� M� � M� �L� �eV +$'4N- .�7 �$ $ A�BD ? � �# M� � M�

K�	*� J���/� _���	@�< �/4Oa �-�BD .� A#�$*� �- A��7 �� ��4)�� ? � +�N- 9�< M
A�9d� `�	4� +K���</� Mi A�-�BD $�45� 6���7� �� �P�O A�4� A�-�BD +#�#
�- eV ��� $%&�'� ��>:< M �0'� �7 A�BD J�� �Ek � �7 +��� $%&�'� ��-$%&�'�

�#�@ E#�&4�� �4NNL �4� .� JZ �7 ��� /D�H +��� $%&�'� �A��4NNL ��g�	d�

d(x, y) :=
{
� x = y �L�
� x �= y �L�

�!
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�4@�# #�� /&%4n� A�- n �M $%&�'� M �%4n� {�:< �# ��� ?
	� �
' � �7
1�"x� A��7 +�N�< n M .� [�7 #�H ��H J�
�� x ∈ M (�) ��>:< M �# �$@�7
�$C ?���� J��'g �7 +K �@/� �P�4� $*7 / �#���< �� �BC �7 K- .�7 A#�0@ E�L$ # ? �
�m < n �L� �� . ��N�< F�����	- R

m �7 R
n E�T<Z �n �= m E�L�- �H K�'H/� ���

+#��# #�� Rn .� .�7 ��r A��g�	d� � . A�47 M �7 M � �4���V /4@�T< E�T<Z
+K ����/� E$'<��) �7 �� ##�L/� � �*� �# n / �4
 1�"x� �7 �d'� �H QX$4�� �� ��#�
R��&� $%&�'� M K� �L/� /���P �# +K���</� x �� M �"% �� �4
 n #$g ? �
��	- �# JZ $*7 �H ���� ������−n ��h4)� �7 � � ��� A$*7−n � � ��� n �"% �7

+��� n �7��7 M $%&�'� $*7 /'* Mn K�N �</� /4C� Xj �	*� +$@�7 n {�:<
� . �0'� +A$*7−� A$%&�'� �H �$ ��T7 �]< �# �� �4NNL / �BD ��T # ��7 M 
�� 4NNL A�BD �- ��j4d�4< +$'4N- /-�'4� A�-�g�	d� � . �BD ? � E�#�;D A�-�g�	d�
E#�;D A�-�g�	d� � . .� ���	@ /g�	4� 1��P �7 /'* a ��� E#�;D−σ ��r Gj 	g
F�����	- $%&�'� ���	@�< #�$*� .� �9d� /g�	4� ?4D�L �]< �# �7 _+�N�< ?4@�< �7�C
?�'� �4"�� +#�	< p�t J���/� ��X�7 $*7 �7 A�-$%&�'� #��� �# /07�;� K
O �Rn �7
�H ��� /4��O �0'� ? � �H K �@ ?U	>� ��� �.X S%r� +$'4N- $'"	- ��r �/ �0����

+$-# |� /L#�;D−σ JZ A��7

X  �!�" ����� ��*�� �  (�+& �,-.	� �/��� 0��1& X ��� ����� �����
����  (�+&−σ 0��1&

�� 4N7 A�L �H K ��L/� �]< �# �� A� r > � A#�$g� �x ∈ X �- Ǳ�.� �7 23�*4�
���� E#�;D �j*Y�� X J��a $@�7 E#�;D A��g�	d� � . {

y ∈ X
∣∣ d(x, y) ≤ r

}
E.�7 M / �- r > � ?�'� ��	- ��g�	d� _+#��# #�� /Lk � ? � �7 r M �C�$O
X E�T<Z �$'@�7 X�7 ��P�) A���# �- r > � ��	- A� x M Ǳ�.� �7 �L� �� . +���

�� . ���� E#�;D−σ / �BD

X =
∞⋃
n=�

{
y ∈ X

∣∣ (x, y) ≤ n
}

�h< �� r(x) A� x ∈ M �- Ǳ�.� �7 �#�;< �D� X�7 {�@ �7 A� x }�- �L� eV
�H ##�L/� �d�4< /�%�� A��N��< .� +K�'H/� � �*� �- r ��	- ��	 �V��{

y ∈ X
∣∣ d(x�, y) ≤ r

}
⊆
{
y ∈ X

∣∣ d(x�, y) ≤ r + d(x�, x�)
}

�2
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����� � ��� ����� �� ���� ���� � ��
�� ���

? ��7�'7{
y ∈ X

∣∣ d(x�, y) ≤ r − d(x�, x�)
}
⊂
{
y ∈ X

∣∣ d(x�, y) ≤ r
}

�d�4< �#

r(x�) ≥ r(x�)− �

�
d(x�, x�) _�+� a

K ��L/� �d�4< �X�7 QX$4�� �# x� � x� ~ �*� �7

|r(x�)− r(x�)| ≤ �

�
d(x�, x�) _!+� a

�#��# �� � . K0� ��d�4< QX$4�� ? � +��� �4���V r : X → R 67�� ��d�4< �#

i

5+� �
@

r(y) `�*@ �7 �� 4N7 A�-A�L ��	- `�	4� A′ K ��L +$@�7 E#�;D A ⊂ X $�'H R�D
1�"x� +��� E#�;D 9�< A′ 1��P ? � �# +��� E��n�# y ∈ A �H �$@�7 y 9H�� �7 �

���� � q p�@ �7
#�� A� yi ∈ A M i �- Ǳ�.� �7 �L� +$@�7 A′ �# A����"<# z�, z�, · · · K ��L
� . ���� E#�;D A J�� ���� r(yi) `�*@ � yi 9H�� �7 A�L �# zi �H $@�7 �4@�#
A��>:< �7 � �$ Z/� ��	@ �7 ���"<# M K- o#�) �H �#��# #�� �- yi .� A����"<#
J�� +��� E#�;D y 9H�� � �

�
r(y) `�*@ �7 B �� 4N7 A�L Q�O +��� ��T	- y ∈ A

�"C�g {y ∈ X
∣∣ d(y, yi) ≤ r(yi)

} �� 4N7 A�0 �L ���� �4���V r 67�� � yi → y

zi �� ��"<# �? ��7�'7 +#�@ ��� 5+� �
@ .� _���a �	NC �7 +$'4N- B �# Q�	;�
�E�Gg �7 +#��# ��T	- A����"<# � . ��j4d�4< � �#��# ���C B E�#�;D ��g�	d� �# �"C�g
#��# ���C r(y) `�*@ � y 9H�� �7 �� 4N7 A�L M �# Gj 	g ���"<# � . ? � A$O ��>:<

�5



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

� ����� !� "�����#� $�� ����� � ���

A�-�g�	d� � x� ∈ X K�'H R�D Q�O +��� E#�;D A′ �? ��7�'7 +_�I �� ���N�a
.�7 �0<Z `�	4� �p�Y� �7 +K ��L/� �]< �# �� An+� = A′

n � A� = {x�} E�#�;D
A ��4N7 �# A��>:< x K�'H/� R�D S%>� ? � E�$-�;� A��7 +�N- 9�< �4N7 +���
J�'H� +d(x, y) < �

�
r(x) JZ A�.� �7 �H #��# #�� A� y ∈ A �1��P ? � �# +$@�7

K ��# �_�+� a �7 �'7

r(y) ≥ r(x) − �

�
d(x, y) > r(x) − �

�
•
�

�
r(x)

=
�

�
r(x) > d(x, y)

E�T<Z �y ∈ An �L� �H $-#/� J�;< ? � +#�@ ��� 5+� �
@ .� _^a �	NC �7
+x ∈ A �\� � x ∈ A′

n

σ �H X = A /4N �7 �\� ��4N7 K- � ��� .�7 K- A �= ∅ � ��� $'"	- X J��
� +��� E#�;D
A�0���� .� A�E��d<. �{�:< ��g�	d� Af���V�� (�h) �# �h&� u=7 ? � .� eV

+K�'H/� p�>� �-$�%&'� .�

�"	���
� #� ���$��%� &! 

1��"g � �*� W7�>� �H ���� S� A$*7−� E��H � �E� �# �R $'"	- A�-$%&�'�−� �0'�
��>7�Y �7 f : (�,�π) −→ S� 67�� +S� :=

{
x ∈ R�

∣∣ d(x,�) = �
} .� ���

�7 �H /��O �# ��N- 9�< �4���V /4O m��� KN�D�����	- f(θ) = (cos θ, sin θ)

θ ∈ [�,�π] #�	< �7 �� (cos θ, sin θ) ∈ S� ��>:< S%r� +�N�< M �7 M [�,�π]

9�< #�@/� � �*� �>7�Y J�	- �7 �H g : (−π, π) −→ S� 67�� +K�-#/� J�;<
+��� $%&�'� S� �H $'-#/� J�;< J�	8�� g � f eV m��� KN�D�����	-

+��� �4"��'� K�	*� A��7 �H �#��# #�� S%>� ? � 1�"x� A��7 A�T # o��
�# �H /���P �7 R × {−�} ⊂ R × R c) A�� �7 (�,�) ��>:< .� � �h� �@�T<
R×{−�} A�� �7 S�−{(�,�)} .� /	N�D�����	- ���� E$@ E#�# J�;< ,+� �
@

�@�T< ��>7�Y �� "��=� �7 E#�� /%�) �� S%>� ? � m$'H/� � �*�

p : S
� − {(�,�)} → R× {−�}

J���/� R×{�} c) �7 � �h� � (�,�) �7 (�,�) ��>:< ~ �*� �7 +#�# J�;< J���/�
��N- 9�< ?T	- S� �
' � �7 ��� �7 �� ��H ? � +#�H � ��h� #��� K- �� (�,�) ��>:<

�,



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

����� � ��� � ����� !� "�����#� $��

��� ,+� �
@ �7 +_#�H ���4)� �� R� .� S��'� /<���# /'* a +#�	< �]OG� J���/�
K ��L/� �]< �# �� E�H−n ��7�;� 1��P �7 �Q�O +#�@

S
n :=

{
x ∈ R

n+�
∣∣ d(x,�) = �

}
?���� ? � +$'��</� zE�Hy E#�� ��t �7 �� E�H−� Xj �	*� +��� $%&�'�−n M �H

+��� E#�;D ��  � � � E#�;D $%&�'�−� M .� �� Q���

i

(�,�) ��>:< .� � �h� �@�T< �,+� �
@

A$%&�'� μ� × μ� E�T<Z �$@�7 ni $*7 A���# i = �,� �H μi �L� �
' � �7 ��� �7
+#�	< $���� �� A$ $ A�-$%&�'� J���/� �-$%&�'� ? � .� ���� A$*7−(n� + n�)

^��� Xj �	*� �� S� × S� +K���</� ^���−n ��<Z �H _��7 na S� × · · · × S� Ek � �7
+#�@ ��� �+� �
@ �7 +$'��</� ^��� Xj �	*� �� S� × S� +$'��</�

i
^���−� ��+� �
@

.� A��g�	d� � . �7 �E�Gg �7 +��� F�����	- R� .� A��g�	d�� . �7 $%&�'� ? �
J���# �� �g�	d� � . ? � m$'��</� ^��� �#�� 9�< �� JZ �H ��� F�����	- 9�< R�

��
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� ����� !� "�����#� $�� ����� � ���

+#�=�−z Q�O
{
(�, y, z)

∣∣ (y−�)�+z� = �

�

}
J���# �7 �/'* +#��Z ��#�7 J���/�

+#�# ��d<� J���/� {
(�, y, z) ∈ R�

∣∣ y > �
} �# 9� $%&�'�−� �- �7 �� ��H ?�	-

�7 �
' � � � ��� F�����	- ^��� �7 � �P�O +$'��</� 0��#�  8 	# � �� �P�O ��  � �
E�� �# �# ?�7 �� �O�< �7 /'* +��� F�����	- �V�� �� :%O �7 K- JZ �H �S� × R �� <��4��

+#�@ ��� 3+� �
@ �7 +9H�	��$=4�

i

/<���# A�-� � � �3+� �
@

�+� �
@ �7 +��� A��:%O−� ^��� �E#�;D $%&�'�−� M .� A$*7 Q��� ? ��E#��
K�'H .�rZ z�4�#y M �7 ��� /D�H A��:%O−� ^��� b �P �)�� A��7 +#�@ ���
E� �# M �$47� ��W�C# J��7 �7 +��� F�����	- [=>� .� ��C M /0'� ^��� �7 �H
.� [%)�# ��	� � E� �# #�) e�� � �4D�L �]< �# �� #��# ���C ^��� b>� �7 Gj ��H �H
�# ?4���V K- �7 .� J�'H� +K���</� �:%O �. �� �� E� �# ? � +K�'H/� �$ b>�
+K ��L/� /
 �� �# JZ .�� /'* m##�L/� �d�4< A��:%O−� ^��� M �K- �7 �� 4�#

+#�@ ��� �+� �
@ �7

i

A��:%O−� ^��� ��+� �
@

�3
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����� � ��� � ����� !� "�����#� $��

i

A��:%O−� ^��� b �P �)�� ��+� �
@

A��d� `�	4� �7 / �BD ?�'� +�)�� �� $� 9�:−n;��� J���/� �$<� � ? � ���
� �7
�7 �� i E��&O A.�� {�:< �7 �� �� i �� 4�# . �� JZ �# �H E�&O n �7 E��H M � �4�# n

+#�@ ��� ��+� � �I+� A�0%
@ �7 +��� F�����	- �K ��4D�L /
 E�H b>�

i

A��:%O−n ^��� ��I+� �
@

i
A��:%O−n ^��� �)�� . �t ���+� �
@

i

���7�� ���< �)�� . �t ��!+� �
@

�$<#�7 �'@Z #��� � \r�H �7 �0'� �H /<��. .� J�<�#/Y� � �H #��# #�� A$%&�'�−�
���< �/'* +$'4@�$< A�4� A�BD ?4N<�# �7 A.��< � $'4N<�#/� ��<Z �)�� o��

��
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� ����� !� "�����#� $�� ����� � ���

�$47� ��H S���� ? � �7 +�)�� J���/� A\r�H ���< �
� M M	H �7 ��<Z �H ���7��
��� �!+� �
@ �7 +K�<�"N�/� K-7 ��<Z �� �# e�� � K�<�)��/� ��# K�< M ��<Z

��>7�Y �7 f : [�,�π]× (−�,�) −→ R
� 67�� M	H �7 �� ��H ? � +#�@

f(θ, t) =
(
� cos θ + t cos(θ/�) cos θ,� sin θ + t cos(θ/�) sin θ, t sin(θ/�)

)

i
�2+� �
@

M �7 �K�'H � �*� [�,�π] × [−�,�] �H �7 �� f �s<�'� +#�# b�Y�� J���/�
\r�H M	H �7 �)�� o�� .� �H A��t J�	- mK���/� o.�� �7 E��	- ���7�� ���<
�7 ��$ K- .� E�� �# �# �7 �< ���� F�����	- E� �# M �7 . �� ? � �##�L/� E$-�;�
�H �)�� J���/� 9�< ��t ? � �� ���%�� ��� �K #�H p�>� �j��)� �H /��OG>P�
�7 +K ��T7 /
 �� [�,�] × (−�,�) /7�B%P�O A�BD .� (�,−t) � (�, t) {�:<
�7 +K�4N�< A��L /
 $<� � W�C# ��P�� �7 �#�C Gj *D �4"�� +#�@ ��� �2+� �
@

+K�'H/� /D�*� o� � ? � �7 K- �� A$*7 Q��� Q�O ? �
i

��
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����� � ��� � ����� !� "�����#� $��

P� �)�� . �t _^ +^��� �)�� A��7 /@� � _��� ��5+� �
@

+K ��T7 /
 −x ∈ S� /'* �o�t�:4� ��>:< �7 �� x ∈ S� ��>:< �- �H K�-��)/�
�H ��� / �0���� �4�# JZ .� �P� #�@/� E$���< $�	�<�  8=�> �H �P�O A�BD
JZ �7 Gj 	g �H �N�< R� .� A��g�	d� � . }�- �� . +$' Z/� �# #�0@ �7 �n� /	H

+#�@ ��� �5+� �
@ .� _���a �	NC �7 +$@�7 F�����	-
��r A�-9�� .� ��� �.X JZ �# �� . �#��# �� �@�<�� ?�	- 9�< P� W�C# � �*�
+K�'H/� /:%� p ∈ S� �7 {−p, p} A�-�g�	d� �� P� �# ?�9 �K�<�$7 �7��7 �� �7��7
J�;< [p] ∈ P� #�	< �7 �� �g�	d� ? � +#�@ ��� �5+� �
@ .� _^a �	NC �7
f(p) = [p] ��>7�Y �7 f : S� → P� /4@�T< eV +[−p] = [p] ? ��7�'7 �K�-#/�
A�4� ��4)�� � �*� /�$� �� +p = ±q ##�L/� �d�4< f(p) = f(q) .� �H �K ��#
E$'N7 ? � �7 � K .�$<�/� W �*� �7 �� JZ �7 [q] � [p] {�:< ?�7 �� %P�D /D�*� �7 P� �7
.��< �H ��� A9�� JZ ��	- Gj 	g ? �a $'4N- ��$H JZ .�7 A�-�g�	d� � . �H K�'H/�
f−�(U) ⊆ ��g�	d� � . �H ��� .�7 /4C� �0'� � /4C� U ⊆ P� ��g�	d� � . _+K ��#
f(V ) �
@ �7 P� �# .�7 A�-�g�	d� �H ��� /'*� ? $7 #�) ? � +$@�7 .�7 S�

�p ∈ V �L� �H /Lk � ? � �7 �4"�� ���� S
� �# .�7 A��g�	d� V ⊆ S

� �H $'4N-
+#�@ ��� �,+� �
@ �7 +−p ∈ V /4N �7 E�T<Z

i

P� �# .�7 A��g�	d� ��,+� �
@

R�D +#�# ��d<� J���/� ���7�� ���< ���O �7 ��"@ �A�T # 1��P �7 �� ��H ? �
{�:< �L� S���� ? � �7 +K ��T7 /
 �� (�,−t) � (�, t) {�:< M ���7�� ���< �# $�'H

�@�T< M �7 �K�-$7 [ �	< [(�,−t)] � [(�, t)] �7 �� {(�, t), (�,−t)}

f : [�,�]× (−�,�) →M

!I
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� ����� !� "�����#� $�� ����� � ���

f(s, t) =
{

(s, t) s �= �,� �L�
[(s, t)] s = � � � �L�

�H ��� .�7 /4C� �0'� � /4C� U ⊆M � K���/�

f−�(U) ⊆ [�,�]× (−�,�)

{��;� ���� .�7 V �H $'4N- f(V ) �
@ �7 M �# .�7 A�-�g�	d� �/'* +$@�7 .�7
� s = � �H �$@�7 W%*4� V �7 9�< (s, t) E�T<Z �$@�7 W%*4� V �7 (s,−t) �L� �
' � �7

+s = �

i
P� �)�� . �t ���+� �
@

�=&P−xy � . {�:< ��	� F\O �7 �K ����7 ��# �7 P� �-�� .� A��h� �
' � A��7
+$<�@/� �4D�L /
 E�H / X�7 ��	�< .� /t�:< �7 �0<Z ��	- �H ��� +K�'H/� .�rZ S� �#

�4N7 ��C �7 �H ���� JZ �� "� E��	- �7 E�H K�< M �d�4<

D� =
{
x ∈ R

�
∣∣ d(x,�) ≤ �

}
+K ��T7 /
 −p ∈ S−� �7 �� p ∈ S� /4N �7 J�'H� +��� F�����	-

/
 �7 ��� Q#�*� A��L /
 ? � +#�# b�Y�� J���/� 9�< 67�� �7 �� S%>� ? �
�7 {�:<a +��� E$@ E#�# J�;< ��+� �
@ �# �H A�E��@ �7 67�� `GY� A��L
K0D $�%H ?�� �>:< {�>) _+$<�@/� W">'� K- �7 e
g�7 �0 �7 ��7�:� `GY�
/ �04<� [n7 �H K�'H/� �]OG� ���< ? � A�04<� �# �# e #�L# /	H �7 +$'4N- P�

X�7 �� <�L �# A /'* m##�L/� ���'4� �T # A�04<� �# [n7 ?�	- �7 J���� �0 �7 B
M �7 S���� ? � �7 +#�@/� �4D�L /
 �� �	� ?�8�V ��@�L �# A �7 ���� �	�
$O�� E�� �# M �H $'4N- JZ .�� ?��c) {�>) �/'* a K���/� ��#.�� ���7�� ���<
�� *>C �# �7 �K�'H F\O ����� 67�� .� �� ���7�� ���< ? � �s<�'� +_$'-#/� ��
;�
��=&P �? ��7�'7 +$'4N- F�����	- MN # M �7 K- E��	- �H K���/� �
@ u%��

!�
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����� � ��� � ����� !� "�����#� $��

�#��Z ��# �7 ���7�� ���< M � MN # M .� �9d� /g�	4� .� J���/� �� A� �h�
�7 +�D�L /
 ���L.�� �0 �7 � MN # . �� �7 �� ���7�� ���< . �� �H S���� ? � �7

+#�@ ��� �3+� �
@

i

+��� E$@ �4)�� MN # M � ���7�� ���< M .� P� ��3+� �
@

�H ���7�� ���< M � ��� � . JZ �� "� �H MN # �
@ �7 ��"� M J���/� ? ��7�'7
$<�"N� K- �7 � . #�$4�� �# �� ��"� �
� �# ? � e�� � #�H ��0� �� ��� � . JZ �� "�
���� Q�=� S%>� ? � �H $-#/� J�;< [ ��.Z �<�&���4� +$��� P� A��7 /�$� �7 �

+$<�@ #� K- AX .� $'<��47 ��"� �
� �# ? � �
<Z �T�
F�����	- P� �7 ���� MN # � ���7�� ���< `�	4� �H R� .� A��g�	d� � .
�7 +#�# c7� P

� �7 �� JZ J���/� S��'� /Y� � ��0&� M �7 Q�O ? � �7 +�N�<
�g�	d� ?�	- �7��7 JZ #�7 �H #��# #�� f : P� → R� $'<�� �4���V /*7�� p�Y�
? $7 +��� @�AB	 �C"D�� �
%7 ��N�< M �7 M f �#�@ ��� �L� �E�Gg �7 m���
?�'� +��� M �7 M JZ �7 f �H #��# U A�/T �N	- p ∈ P� �>:< �- �H /'*�
� �*� ?@�	 � .� A�T # �̀< �H ! �hD �� �4"��a $'��</� @	E�!�F�� GH��	� �� /*7��
�]< .� �� P� �H �&L J���/� S���� ? � �7 _+�&L ?@�	 � �0'� JZ �7 J���/� �#�@/�
�/'* a ��) E$@ E$<�;< ��t �7 ��� �#�# ���C J���/� R� �# .�	 � ��t �7 Af���V��

+_#��$< #�� R� .� A��g�	d� � . A��7 P� .� /	N�D�����	-

i

��+� �
@

!!
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� ����� !� "�����#� $�� ����� � ���

i

+��� E$@ �4)�� MN # M � ���7�� ���< M .� P� ���+� �
@

R� �# ���7�� ���< J#�H .�	 � �7 J���/� �� R� �# P� M f���V�� ?@�	 � ?���#
!I+� �
@ +#�	< .�rZ � . S���� �7 �#�@ �=&P M �# A�E� �# JZ �� "� �H A��t
E�� �# �# ?�7 �� �O�<a �:%O A�� .� �� ���7�� ���< J���/� �<�T� �H $-#/� J�;<
�7�:� `GY� ��)Z E�$@ �4)�� ��:%O �# ��� /D�H /'* +#��Z ��# �7 _9H�	��$=4�
��*C�� ? � A��7 #$d� J��7 J�	- Gj 	g ? �a +#�	< W">'� K- �7 �%4n� 1�0 �7 ��
/<��# E�� �# _+MN # M /0'� A� �h� ��=&P .� ��� 1��"g ���7�� ���< �H ���
R� A�BD A�47 �� �P�O �
@ �s<�'� +#�	< �Y��*� J���/� /g�Y �0� M �7 ��
� . �
@ �7 +K���/� 6t�:4� EGH M �7 �K�-# ��d<� �� �.X A�0 ��L /
 � K �"7
�$'H �V �� JZ ?�8�V �� "� $<��47 �H /
N # E��	- �7 6t�:4� EGH �H #�@ ��� +#�@ ���

+$@ $-��) P
� �7 M f���V�� . �	 � ��g�	d� M 

i

�:%O A�� .� ���7�� ���< J#��Z ��$7 /T<�T� �!I+� �
@

$<�� �7 �� �4� J�$:D +��� P� �7 �4� � �*� �$<�� � X�7 u=7 �# �H /g�Y��
���C E#�&4�� #��� 1�*D# �7 �j$*7 �H /g�Y�� +#�	< 6&��� J���/� 1�' �	� �# p��;�
+#��L/� ���C E#�&4�� #��� �#�@ b �;� 2 �hD �# �
' � .� �"C u=7 ? � +#��L/�

!2
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����� � ��� � ����� !� "�����#� $��

+$'4N�< $%&�'� �H $<��# #�� P� ��"@ / �-9�� R� �# �H $-#/� J�;< X�7 [n7
67�� +K�'H /D�*� JZ �7 �4� M �R� �# P� J$<�;< �7 K�<���/� Gj *D �4"��

f : S
� → R

� f(x, y, z) =
(
yz, xz, xy, x� + �y� + �z�

)
.� �H #�# J�;< J���/� E�Gg �7 +f(p) = f(−p) p�Y� �7 +$ ��T7 �]< �# ��

�H K�'H R�D �S%>� ? � 1�"x� A��7 +p = ±q #�@/� �d�4< f(p) = f(q)

�H K�'H/� �]OG� �	- .� Q�� +f(x, y, z) = f(a, b, c)

yz = bc , xz = ac , xy = ab _2+� a

�H K ��L/� �d�4< �a, b, c �= � �L�

y = bx/a , z = cx/a _5+� a

K ��# �S���� ? � �7

(x+ y + z)� = x� + y� + z� + �(xy + xz + yz)

= �+ �(xy + xz + yz)

S���� ? � �7 �H �D�L J���/� �d�4< _2+� a .� �E�Gg �7

(x+ y + z)� = (a+ b+ c)�

? ��7�'7

a+ b+ c = ±(x+ y + z) _,+� a

�H K ��L/� �d�4< _5+� a M	H �7 J�'H�

a+ b+ c = ±x(�+ b/a+ c/a) = ±(a+ b+ c)/a

�� �- �# �4"�� �Ha z = ±c � y = ±b K ��# ��7�;� 1��P �7 +x = ±a ? ��7�'7
/D�H �/&'� ���O �# +_$<�@/� �d�4< _,+� a .� �� �- �H ��� ���� J�N
 ��Gg
a = K�'H R�D Q�O +K�'H R�g �� Q�� ��=� �� �0 ����0� ��=� �&O �7 ���
(x, y, z) = ? ��7�'7 � y = z = � �H ##�L/� �d�4< _2+� a .� E�T<Z �x �= � �L� +�
bc = � �H $-#/� �d�4< _2+� a .� #$d� A��L��H �7 �7 y = z = � ��� +(±�,�,�)

!5
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� ����� !� "�����#� $�� ����� � ���

�7 +(a, b, c) = (�,�,±�) � (a, b, c) = (�,±�,�) �d�4< �# +c = � � b = � �\�
�$'4N- ~C�'4� 1X#�*� ? � p�Y�

x� + �y� + �z� = a� + �b� + �c�

K ��# �\� � x = � eV

yz = bc _�+� a
�y� + �z� = �b� + �c� _3+� a

y� + z� = b� + c� = � _�+� a

�H ##�L/� �d�4< _�+� a .�

�y� + �z� = �y� + �(�− y�) = �− y�

�H #�@/� �d�4< _3+� a .� J�'H� +c � b #��� �# �j07�;� �7

�− y� = �− b� =⇒ y = ±b _�+� a

�H K ��L/� �d�4< _�+� a .� Q�O

z = ±c _�I+� a

�7 +_z, c = ±� 1��P ? � �# �� . ���� ���C�7 9�< y = b = � �H �L� /4O ? �a
���# _�I+� a � _�+� a #��� �# �̀Y�� ?�	- �H $-#/� J�;< 9�< _�+� a p�Y�

+��� ��	� J�-�7 � ���

i

�' �4�� �7 SN4'� ?�� � ��  � � �!�+� �
@

K�'H � �*� K�<���/� ���� p = ±q /'*� �7 f(p) = f(q) J��

f̄ : P
� −→ R

� f̄([p]) := f(p)

!,
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����� � ��� � ����� !� "�����#� $��

�#�H E#�&4�� J���/� P� �# �4� � �*� A��7 JZ .� � ��� M �7 M �@�T< ? �

d̄([p], [q]) := d(f̄ [p]), (f̄ [q]) = d(f(p), f(q))

b �;� Gj "C �H $'4N- / �0<�	- ���# �JZ .�7 A�-�g�	d� � . �H #�# J�;< J���/�
+K #�H

M f Q�� �4n� �� .� �P�O g : P� −→ R� �@�T< �H $�<�$7 ��� S��
R� �# g � �h� +g([x, y, z]) = (yz, xz, xy) ���� R� �# P� .� M f���V�� ?@�	 �

+�#�@/� E$���< �' �4�� �7 SN4'� G�#�  8 	# � ��
A�-� � � J���/� �A�E�&O−n ���� �)�� $<� � J�s	- P� ��  � � ?4@�# ��# �# �7
+K�'H/� .�rZ A� �h� ��=&P �7 �4�# M J#�9D� �7 Gj �� +#�	< $���� �� A$ $
�P�O A�� �7 � K�'H/� �$ A� �h� ��=&P .� MN # M �$47� ��]'� ? � A��7
���� M b>� �7 /
N # ?4@�#�7 .� K- JZ �H A��4�# _��� ���7�� ���< M �Ha
M K���� �� � � ? � KNd� A��7 E�� ? ��M #9< +K� �9D�/� JZ �7 ���� E$@ �P�O
�T $
 �7 �� A� �h� ��=&P �# �E�Gg �7 +��� JZ ?�8�V �7 �4�# M � 6t�:4� EGH
�7 J�; �-�"� #�$4�� �# �� ���7�� ���< �# ��� /D�H ��]'� ? � A��7 �K .�$7 K�<���/�
J���/� #�) E�$g�C �	� .� 6t�:4� EGH �# J$<�"N� K- �7 �7 �� ��H ? � K�<�"Ns7 K-

+#�@ ��� !2+� �
@ �7 +��� �4��	%� �P�O �
@ � ��9�	� ��H ? � +#�# ��d<�
i

!!+� �
@

�� Ǳ/@ ? � mK ��4D�L /
 � . p�@ �7 �� JZ A�-�"� �H $ ��T7 �]< �# �� /*7��
(�, x) ∈ ��>:< ��]'� ? � A��7 +�D�L �d�4< J���/� 9�< [�,�]× S� �� <��4�� A�� .�
�� x /'* ���� S� �# x �t�:4� ��>:< x′ �H K ��T7 /
 (�, x′) �7 �� [�,�] × S�

? � �# �H #�@ ��� +$'H 6>C x′ �# �� S� �� K�-#/� #�$4�� � E#�H �P� 9H�� �7
{p�, p�, p�, p�} / ����0� �\� � �$<�@/� W">'� K- �7 p� � p� �p� �p� {�:< A��L/
 

+#�7 $-��) �� $ $ A�BD .� �>:< M 
Steinev’s Roman Surface�

!�
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� ����� !� "�����#� $�� ����� � ���

/
 +$''H/� K�N:� �
� �# �7 �� JZ �!2+� �
@ �# ��>4N� �# ?��c) {�>)
���7�� ���< E#��) ��@�O �� �O�< +��� E#�� A�T # � K �E#. ��@�O �� /O��< ? � .�
�]OG� 1�*>C ? � S���� $ $d� �7 +��� JZ �� "� E�� �# ?��c) {�>) �H ���
�H ���� E$@ K�N:� ���7�� ���< �# �7 �*��>� #��� ��  � � �S���� ? � �7 �H ##�L/�

+$<�E$@ �h4� K- �7 �"� #�$4�� �#

i

!2+� �
@

+K���/� �]< #��� ��  � � .� ?@�	 � M �7 [�,�] × S� �7 �)�� ? � Q�	g� �7
(�, x′) ��>:< �7 �� �<��4�� �� �	� /04<� .� (�, x) ��>:< ��� /D�H ��]'� ? � A��7
��� A��<�L �7 �<��4�� ? � J$�)�� �7 ��H ? � �H �#�	< �h4� �<��4�� �T # A�� .�
E$���< G	�� $�I% ��P�O ��  � � +##�L W">'� �T # �� "� �7 ?�8�V .� �� �	� �� "� �H

+#�@ ��� !5+� �
@ �7 +#�@/�

i

? GH A�>7 �!5+� �
@

�]< F�P �4"�� +#�H p�>� �� X�7 $*7 �7 A�-$%&�'� J���/	< o�� ?�	- �7 �j:�C#
$�2,−n +#�	< p�>� J���/� 9�< �� A� �h� A�-�BD E�#��<�) �Sn A�-$%&�'�−n .�
K�'H/� � �*� {p,−p} �
@ �7 A�-�g�	d- ��	- E#��<�) 1��P �7 �� Pn $�	�<�
�4"�� +��� P� ���O �7 ��"@ Gj ��H Pn �# .�7 A�-�g�	d� ��*Y� +p ∈ Sn �H

!3
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����� � ��� ����
%� &��

�j$*7 +$'4N�< ��4D� o�) $O JZ �� � �N�< �- S� E�#��<�) ��"@ A� �h� A�-�BD
+$'4N- #�D n �7 Pn A�-�BD .� 1��&4� Gj ��H ��. n �7 Pn A�-�BD �H $ # $�-��)

/ �-$%&�'� K�-��)/� +K ��# .��< A�T # � �*� �7 ��-$%&�'� .� ��$:� ? � ��	
� A��7
A���# .�� A�� {�:< +MN # � � ���7�� ���< ��]< �$<��# z.��y �H K�'H /D�*� ��
F�����	- Rn .� �n;� A��g�	d� � . �7 ��� �$'4N�< Rn �7 F�����	- .�7 A�0�T �N	-

1��P �7 �� Hn �� 4N7 A�BD K�< +$'4N-

H
n :=

{
(x�, · · · , xn)

∣∣xi ∈ R, xn ≥ �
}

�� . ��P�) �7 M A�4� ��� / �BD ����3�� ������ .� ��]'� +K�'H/� � �*�
�D� J�'� � ≤ n b�=P #$g M � x .� U .�7 /T �N	- M �x ∈ M �L�

+Hn �7 � � ��� F�����	- Rn �7 � U �H #�@/�
F�����	- Rn �7 K- �H #��$< A�/T �N	- ���#. �� � ��#�"� $%&�'� M .� A��>:< }�-
�7 F�����	- /T �N	- A���# �H x ∈ M /t�:< m_$*7 / �#���<a Hn �7 K- � $@�7
 8 A! � 3�� �� /t�:< ?�'� ��	- ��g�	d� +K�'H/� �9d� {�:< � �� .� �� �$'4N- Hn

$%&�'� /%"C ��0&� �7 M A$%&�'� �s<�'� +K�-#/� J�;< ∂M #�	< �7 � E$���< M
E�T<Z �$@�7 Rn .� A��g�	d� � . M �L� �H #�@ ��� +∂M = ∅ K ��# E�T<Z �$@�7
A��g�	d� � . J��'g �7 M . �� �7 /%H ���O �# ��#E�"� $%&�'� M J��'g �7 M .��
n >$*7 �7 ��#�"� A$%&�'� M Gj �� �L� �H ��� m��� 1��&4� R

n Af���V�� A�BD 9�
+$'4N- _Af���V�� /'*� �7a A. �� {�:< M {�:< ��	� E�T<Z �$@�7

A�-$%&�'� 9�< � �-$%&�'� (�h) �# u=7 (�h) �# u=7 K�-��n7 �s<�'�
/'*� �7 z$%&�'�y pG>P� S%r� +$;H/� �.��# �7 u=7 �K�'H Q�"<# �j7��'4� ��#.��
A��7 +$'��</� �4N7 $%&�'� �jOG>P� �� E#�;D . �� J�$7 $%&�'� +��� ��#.�� $%&�'�

+K�'
< E#�&4�� .�� �7 � $%&�'� pG>P� .� K�-#/� ���� ���#.�� $%&�'� �7 E��@�

'�
��(� )! 

min{�, d} � d/(�+d) 1��P ? � �# �$@�7 X �7 �4� M d �L� �H $�-# J�;< +�
/<�	- �@�T< ��T # J��7 �7a $<. ��K- d �7 �-�4� ? � �E�Gg �7 +$'4N- �4� 9�<

+_��� KN�D��	�	- Id : (X, d) → (X, d̄)

!�
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����
%� &�� ����� � ���

$@�7 di < � �7 A�4� / �BD (Xi, di) A� i ∈ I �- Ǳ�.� �7 �L� �H $�-# J�;< +!
�H ���� A�4� A�BD M (X, d) E�T<Z Xi ∩Xj = ∅ A� i �= j �- Ǳ�.� �7 �
d(x, y) = E�T<Z �x, y ∈ Xi A� i ∈ I M Ǳ�.� �7 �L� � X :=

⋃
iXi JZ �#

A��g�	d� � . �- Xi .� M �- +d(x, y) = � 1��P ? � ��r �# � di(x, y)
Y =

⋃
i Yi �H ��� F�����	- X �7 /4C� �0'� � /4C� Y ⊆ X � ��� X .� .�7

�- �7 � (X, d) A�BD +(i ∈ I) $'D�����	- Xi �7 Yi A�9d� A�-�g�	d� �H
+K���</� Xi A�-�BD A�9d� `�	4� �� JZ �7 F�����	- A�BD

+��� E#�;D �j*Y�� A$%&�'� �- �H $�-# J�;< _��� +2

�A$'"	- $%&�'� �- � ��� /-�� $'"	- �j*Y�� A$%&�'� �- �H $�-# J�;< _^
+��� $'"	- �j*Y��

.� ��� 1��"g E��a +��� /��C $'"	- �$'"	- $%&�'� �- �H $�-# J�;< _�
�4%
;� K
O +��� M �7 M � �4���V � �h� ��C ��� �[�,�] �� 4���V � �h�
/-�� $'"	- 1�"x� ��� �#��# [ �04<� �# ?�7 ��C M /-�� �- �H ��� ? �

_+�N�< A���@# ��H �-$%&�'� #��� �# J#�7

�- �A� x ∈ X �- Ǳ�.� �7 �H $' �L $'"	- �j*Y�� /���P �# �� X A�BD +5
�$�'H �7�x +$@�7 �4@�#�7 �# $'"	- /T �N	- M x .� /T �N	-

+$-#/	< �d�4< �� /*Y�� A$'"	- �A$'"	- _���

+��� /*Y�� $'"	- �/*Y�� $'"	- A�BD M .� .�7 ��g�	d� � . �- _^

+$'@�7 .�7 �JZ .�7 A�-�&���� �H ��� /*Y�� $'"	- /4C� �0'� � /4C� X _�
/T �N	- M �/*Y�� $'"	- A�BD M .� �>:< �- .� /T �N	- �- ��d�4< �#

+#��# �7 �# .�7 $'"	-

+��� F�����	- �-�&���� .� �9d� /g�	4� �7 /*Y�� $'"	- A�BD �- _#

F�����	- [ �-�&���� .� �9d� /g�	4� �7 �\� � ���� /*Y�� $'"	- A$%&�'� �- _-
+$'4N- .�7 $%&�'� � . M �0<Z .� M �- �H ����

+��� .�7 �$%&�'� .� �� � �*� �# U /T �N	- �H $�-# J�;< _��� +,

A� x ∈M �- Ǳ�.� �7 �$%&�'� .� �� � �*� �# n b�=P #$g �H $�-# J�;< _^
+��� #�D �7 �h='�

!�
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����� � ��� ����
%� &��

�$%&�'�−nM .� A��g�	d� � . �
' � A��7 /D�H � �.X {�@ �H $�-# J�;< _��� +�
+$@�7 .�7 �H ��� ? � �$@�7 $%&�'�−n

x ∈ M [t�:< �� �%H �# M $*7 E�T<Z �$@�7 $'"	- M �L� �H $�-# J�;< _^
+��� �7�x

M �7 M � �4���V f : U → R � E#�7 E.�7 U ⊆ R �L� �H $�-# J�;< _��� +3
+��� /��9< f �
' � � � ��� A#�*P f � E�T<Z �$@�7

+��� .�7 f(U) � �h� �H $�-# J�;< _^
+��� KN�D�����	- f �@�T< �H $�-# J�;< _�

�H $�'H R�D ����N� ? � #��� �# +�
E�T<Z �$@�7 F��	�	- Sn−� �7 A ⊂ Rn �L� +_J�#�f /'='� �� �BC K�	*�a +�

+��� JZ ��&���� �# �- . �� A � �#��# �&���� �# R
n −A

�$@�7 F�����	- Dn :=
{
x ∈ Rn

∣∣ d(x,�) ≤ �
} MN # �7 B ⊂ Rn �L� +!

�$�'H �7�x �S���� ? � �7 +��� $'"	- Rn −B E�T<Z
� ��� #�$=��< _Ext(A) #�	< �7 A ���)a Rn − A A�-�&���� .� /
 _���

+��� #�$=� _Int(A) #�	< �7 A J��#a A�T #

f : U → A � $@�7 F�����	- S
n−� �7 A ⊂ U �$@�7 .�7 U ⊂ R

n �L� _^
1��P ? � �# �_��� A �7 /	N�D�����	- f �\� �a $@�7 �4���V � M �7 M 

+f(Int(A)) = Intf(A)

+$�'H �7�x �� _�a �$47� J0	���K�� +$�'H �7�x �� �'��# / �#���< _�

F�����	- � < n �H R
n �7 R

� �H $ ����7 K
O ? � A��7 /���$:� /��"x� _��� +�
+�N�<

Rm E�T<Z m �= n �L� �H $�'H �7�x J�#�f /'='� �� �BC K�	*� .� �j	�:4N� _^
+$'D�����	- ��r Rn �

�- zi .� ��T	- �� ��"<# � . �- $O �H $�-# J�;< ��� �.X �!+�+� �� �BC 1�"x� �# +�I
+#��# ���C r(y) `�*@ � y 9H�� �7 �� 4N7 A�L �# Gj 	g

A��7 ���	@ A�� �V _��� A�4� / �BD �Ha $'"	- $%&�'� �- �H $�-# J�;< +��
+#��# ���	@ � Q�T� A��g�	d� � . �\� � #��# o�Af���V��

2I
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����
%� &�� ����� � ���

� �E#�H J��7 �j4O��P �� f = S� − {(�,�)} p→ R� ×{−�} → R� SH�� 67�� +�!
+��� K�D����	�- M �H $�-# J�;<

+$�-# ��d<� f : Sn−� − {(�, · · · ,�,�)} → Rn−� 67�� #��� �# /07�;� ��H

�
@ �7 / �-�g�	d� �P� �# .�7 A�-�g�	d� � . �H ��� E$�Z ?4� �# _��� +�2
�$�-# J�;< +−p ∈ V E�T<Z p ∈ V �L� � ��� .�7 V ⊂ S� �H $'4N- f(V )

+�N�< �.X �)Z {�@
+��� /��9�� JZ �Hq �H #��# #�� /07�;� {�@ ���7�� ���< #��� �# _^

+��� �dH .� 1��&� �H $�-# b�Y��

/D�*� .�7 A�-�g�	d� �P� A��7 ?4� �# E$@ � �*� �4� �H $�-# J�;< _��� +�5
+#.��/� �� E$@

+��� � � � M P� $�-# J�;< _^

+��� F�����	- S� �7 P� $�-# J�;< _��� +�,
? � �# J�� � K�'H #�$	%C Sn .� A��g�	d� � . �� Sn−� K�<���/� J�� _^
�7 eV �$<�@/� E#�7 Sn �# �t�:4� {�:< �7 Sn−� �# �t�:4� {�:< �A��L /
 
1��P ? � �# �H $�-# J�;< +�D�L �]< �# �� Pn−� ⊆ Pn J���/� /*�"t ��t
_{x ∈ Rn

∣∣ d(x,�) < �
} �T # 1��"g �7a Dn MN # J��# �7 Pn − Pn−�

+��� F�����	-

9 �7 R� �# E�#�;D ��  � � �- �H #��#/� J�gq� Af���V�� .� M��GH A���BC +��
A� �h� A�BD �7 ���� �7 �4�# A#�$*� J#�	< �h4� .� �P�O / �BD �7 S�

/ �BD �7 �$@�7 E#�;D � ��#.�� A�� � � �H / �BD �- E�Gg �7 � ��� F�����	-
E#��<�) ? � b>� .� MN # /-�'4� A#�$*� �)�# ?4@�#�7 .� �H ��� F�����	-
A�BD ��$H �7 � . A�-�BD +$'��</� #��$<�4�� �� �-�BD ? � +��� E$@ �P�O

w$'D�����	- #��$<�4��

i

!,+� �
@
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%� &��

��  � � �7 R� − C $�-# J�;< +��� ��4<�H ��g�	d� C ⊂ R ⊂ R� $�'H R�D +�3
+��� F�����	-� .

i

!�+� �
@

0L�� X E#�;D ��r E�#�;D �j*Y�� M f���V�� A�BD M K� �L/� /���P �# +��
�D� J�'� K A�E#�;D ��g�	d� �C ⊆ X E�#�;D ��g�	d� � . �- Ǳ�.� �7 �H ����

+$@�7 $'"	- X −K � C ⊂ K ⊂ X �H ##�L

+��) R� /�� �#��# /04<� Rn E�T<Z n > � �L� �H $�-# J�;< _���
m = n /4O � m �= n �H Rm �7 Rn − {�} �\� �#��$< �04<� Rn − {�} _^

+�N�< F�����	-

+#�@/� E#�&4�� JZ .� !5 �� ���N� �# m��� �"C �� ���N� .� A��d�4< �����N� ? � +��
C ⊆ X E#�;D ��g�	d� � . �- �7 �H ��� ε /*7�� X Af���V�� A�BD /04<�
C� ⊆ C� .� �H /: �t �7 �$-#/� �"N< �� X−C .� ε(C) /0� ��r ��&���� M 

+ε(C�) ⊆ ε(C�) #�@/� �d�4<
�� &���� �#��# J��H/7 ��&���� �# �j:�C# R− C E�T<Z �$@�7 E#�;D C − R �L� _���
�	� ��&���� � #�@/� ��
;� A� N M .� �4
��H #�$g� ��	- .� �H �� �	�
+#��# /04<� �# R eV +##�L/� ��
;� A� M .� �4L�97 #�$g� ��	- .� �H ����

��t �7 +#��# ε /04<� M �0'� Rn �A� n > � �- Ǳ�.� �7 �H $�-# J�;< _^
��� ? � $@�7 �4@�# /04<� M �0'� / �BD �
' � A��7 /D�H � �.X {�@ �/%H

+$@�7 �4@�# /04<� �� �� ���N� ��"*� �7 �H

��g�	d� E(X) K ��L +#��# .��< Af���V�� A�-�BD .� /��gGt� �7 �	NC ? � _�
X ∪ �7 A�Af���V�� +��� X $'"	- E�#�;D �j*Y�� A�BD M A�-/04<� ��	-
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����
%� &�� ����� � ���

��	- � ε� �04<� M NC(ε�) A�0�T �N	- �K�'H/� � �*� � . 1��P �7 E(X)

C ⊂ X �H X − C ∪
{
ε A�-�04<�

∣∣ ε(C) = ε�(C)
} �
@ �7 A�-�g�	d�

E#�;D X ∪ ε(X) $�-# J�;< +K ��L/� JZ .�7 A�-�g�	d� �� ��� E#�;D
w$'��$H Rn ∪ E(Rn) � R ∪ E(R) A�-�BD �n > � Ǳ�.� �7 +���

i

!3+� �
@

+$ ��T7 �]< �# �� � . �
@ �# E$@ E#�# J�;< ��  � � �� +!I

+��) _�a � � � /�� �$<��# �04<� _^a � _���a A�-� � � _���

�# E#��) o�7 �� �O�< J0	���K�� �$'D�����	- _�a � _���a A�-� � � _^
�-�� _���a �� �	� ����/04'� �# �<��4�� ? � ���� �<��4�� M _�a �
@
A�-��O�< � $�-# ��d<� ���d� A�-E�&O �# �7�;� / �0@�7 J�'H� +��� E$@

+$�7��7 �� _���a ��  � � �# �0<Z �7 ��]<

�$'D�����	- �H $�-# J�;< � �4D�L �]< �# �� R
� .� � . p�@ �7 ��g�	d� � . �� _��� +!�

i

!�+� �
@

+$'D�����	- K- �7 � � � �� �- /%)�# {�:< $�'H �7�x _^
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����� � ��� ����
%� &��

F�����	- �-E.�7 .� �9d� /g�	4� �7 R �# .�7 ��g�	d� � . �- �H $�'H �7�x _��� +!!
+���

+#��# #�� R �# F�����	- ��r .�7 ��g�	d� � . ���	@ �$*� �7 �0'� _^

$ �L/� �H K ��# .��< J9 ��� A.�� A�4� �� �BC .� A��d�4< �7 ����N� ? � A��7 +!2
.� A��g�	d� � . �7 M .� f KN�D�����	- M �M $'"	- $%&�'� �- Ǳ�.� �7

�$�-# J�;< +#��# #�� R× R× · · · A���	@ ^�B%P�O

f : M → �4���V /*7�� E�T<Z �$@�7 E#�;D ��r � $'"	- A$%&�'� M �L� _���
A����"<# {xn} �L� ��T # 1��"g �7 +#� �/� ∞ �7 ∞ �# f �H #��# #�� R

1��P ? � �# �#��L/� ���C E#�;D ��g�	d� �- K	4� �# �"C�g �H $@�7 X �#
+#�@ �N �:� 2I�! �� ���N� �7 f(xn) →∞

g : M → R ?�'s	- � f : M → R×(R×R×· · ·) KN�D�����	- ?4@�# �7 _^
��>7�Y �7 �� f̄ : M → R× (R× R× · · ·) $ $ 67�� �#� �/� ∞ �7 ∞ �# �H

+��� �4N7 f̄(M) $�-# J�;< +K�'H/� � �*� f̄(x) = (g(x), f(x))

R /4���' # #��H X�a #��# #�� F�����	- ��r $'"	- $%&�'� �� Xp ��H�$O _�
+_���

�$'@�7 F�����	- ��r �� 4N7 ��g�	d� � . �# B � A �L� /4O �H $�-# J�;< _��� +!5
+$'@�7 F�����	- Rn −B � Rn −A �H #��# J�
�� K- .�7

{�:< �JZ A$'"	- A�-�&���� �0'�a $@�7 $'"	-�< Gj ��H � �4N7 A ⊂ R� �L� _^
R� −B � R� −A �d�4< �# +��� F�����	- A �7 E(R� −A) E�T<Z �_$'@�7
�$'@�7 F�����	- ��r �� 4N7 $'"	- ��r Gj ��H ��g�	d� �# B � A �H /���P �#

+$'D�����	- ��r

{�:< ��	- ��g�	d� .� ��� 1��"g A R��&� ��g�	d� A′ M�N� ��g�	d� _�
� A(�) = A′ / ��:4�� 1��P �7 �� A(n) A�-�g�	d� +A �# �0'� ��r

R .� An �g�	d� � . M A� n �- Ǳ�.� �7 +K�'H/� � �*� A(n+�) = (A(n))′

+��� A��>:< M� A(n)
n �H A��<�L �7 #��# #��

+#��# #�� R� �# F�����	- �� 4N7 $'"	- ��r Gj ��H ��g�	d� � . X� _#∗
A����"<# C� < C� < C� < · · · � ��� ��4<�H ��g�	d� C K ��L J0	���K��
�/*�"t #�$g� .� n� < n� < n� < · · · ���"<# �- Ǳ�.� �7 +��� C �# {�:< .�

+$@�7 {ci} �j:�C# JZ �� ni W4;� �H K .�N7 K�<���/� Ani A��g�	d�
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%� &�� ����� � ���

+#��# #�� R� �# F�����	- ��r $'"	- .�7 ��g�	d� � . �� Xi _-

x ∈ �- Ǳ�.� �7 �H #�H � �*� M A�4� / �BD J���/� �� ��#.�� $%&�'� _��� +!,
U �H #��# #�� J�'� n ≤ � /*�"t #$g M � x .� U /T �N	- M A� M

+��� F�����	- Hn .� .�7 A��g�	d� � . .�7
��� M .� �4N7 A��g�	d� � . ∂M E�T<Z �$@�7 ��#. �� A$%&�'� M �L� _^

+$'4N- $%&�'� M − ∂M � ∂M �
? � �# �I ′ ⊆ I � $'@�7 ∂M A�-�&���� �- Ci A� i ∈ I �- Ǳ�.� �7 �L� _�

+��� ��#. �� A$%&�'� M −
⋃
i∈I Ci 1��P

A$*7−n ��#.�� $%&�'� M J��9	- � E#�7 �4N7 A��g�	d� M ⊂ Rn �L� +!�
��g�	d� � . M �s<�'� +��� ∂M �7��7 M _M f���V��a .�� E�T<Z �$@�7

+$@�"< ���# ��� ?
	� K
O ? � �$@�"< �4N7

�$P b�c�+a�c�+a�b� ��>7�� �# ��<�4�� ��  � � �7 6C�� (a, b, c) ��>:< �- _��� +!3
+$'H/�

�7��7 D �= � K�'H R�D E�G*7 � $'H �$P ��#�*� ? � �# (a, b, c) �L� _^
���C ��<�4�� ��  � � �7 (a, b, c) ��>:< 1��P ? � �# ����

√
b�c� + a�c� + a�b�

+ + + � x = bc/D $�'H R�D J0	���K�� +#��#
��  � � `�	4� {(a, b, c) ∈ R

�
∣∣ b�c� + a�c� + a�b� = abc

} ��g�	d� _�
R� �# .�H �� .� M �- .� (�/�,∞) � (−∞,−�/�) .�7 A�-E.�7 � ��<�4��

+���
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�������
��� �����	

*����+−C∞  !&

��H ? � A��7 �.X ��97� +K�'H #��� �-$%&�'� �� *��>� �7 K- �� 9���<Z �H K�<Z�7 J�'H�
���	��/D +$ �E#�	< �*��>� �� JZ �	@ Xj �	4O� �H ���� zQ��T4<� � ��N<��& # ^�NOy
A�-#�	< � ��
O� .� �_������� �x�a �-$%&�'� �7 ^�NO .� 2 � ! Q�hD (�h) �#
�!,�! ��,�! ���! � �N� .� ?�'s	- +K�'H/� E#�&4�� �<�#�.Z �hD �# ? �
�7 R

n .� /<�	- �@�T< +K�'H/� E#�&4�� 9�< 2,�2 � 2!�2 �!��! �!��!
Idi(x) = xi e�� +K�-#/� J�;< π �< � Id #�	< �7 �� Rn

67�� ��� ���� /'*� �7 M E��n�# $%&�'� #��� �# f : M → R �4���V 67�� ��0&�
J�
�� R

n �7 M J#�7 ��"@ �j*Y�� #�� �7 +�N�< ?�'� f : M → R � \�%�N<��& #
+#��# #�� 67��� A� \�%�N<��& # � �*�

�$@�7 ���4)� �# ϕ : U → Rn /	N�D����U	- � E#�7 .�7 A��g�	d� U ⊆ M �L�
+$@�7 � \V��N<��& # f ◦ϕ−� : R

n → R �H K�8�L �	
�������	� U �7 /���P �# �� f
/��9� E�T<Z �U ∩ V �= ∅ � $@�7 A�T # KN�D����	- ψ : V → Rn �L� �<�&���4�

�H ��� +$@�7 � \�%�N<��& # 9�< f ◦ ψ−� : Rn → R �H #��$<

f ◦ ψ−� = (f ◦ ϕ−�) ◦ (ϕ ◦ ψ−�)

R�D � \�%�N<��& # ϕ ◦ ψ−� �L� eV +K ��# �� f ◦ ϕ−� A� \�%�N<��& # �0'� �
$'H/	< �O �� �
;� ��H ? � ��� +#�7 $-��) � \�%�<��& # 9�< f ◦ ψ−� E�T<Z �#�@
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�'(�)*�
��+ ��,��	 $ ��� ��,��	−C∞ ��$

+$' Z/� [�V �T # A�0	N�D�����	- �

i
�0���� A��L.�� ��+! �
@

�$%&�'� A��7 ?
	� A�0	N�D�����	- ��	- ?�7 .� ��� �.X �
;� ? � 6D� A��7
�# ψ � ϕ �- Ǳ�.� �7 �H _JZ .� (�hn7 A��4�# �/'* a K ��T7 �]< �# �� / �0<Z
��d<� �H ��� A9�� JZ ��	- �j:�C# ? � +$@�7 � \�%�N<��& # ϕ ◦ ψ−� �E#��<�) JZ

+_#�@ ��� �+! �
@ �7a �4;�7 ��h&� /	H �7 /04'� �K�-#/�
C∞ �H K�'H/� ��� f : Rn → Rn /*7��� �7 #���� ��	- �# �j" �:� �	- .� Q��
.� S%r� m_$<��# �4���V / 9 W4;� A��"��� �- �� �- f i .� M �- �/'* a $'4N-

+K�'H/� E#�&4�� C∞ /'*� �7 z���	-y � z� \�%�N<��& #y pG>P�
A�� �7 M �# U .�7 A�-�g�	d� � . .� A�0	N�D�����	- ?4D�L �]< �# A�d7
�H K ��T7 �]< �# �� x : U → x(U) ⊆ Rn / �0	N�D�����	- ��� /D�H �Rn
�<�L ? � [ �	< A��7 +++ � y �x F� �O .� +$'4N- Rn .�7 A�-�g�	d� � . A��7
x(p) ∈ Rn �H K�-#/� J�;< p ∈M #�	< �7 �� {�:< +K�'H/� E#�&4�� �0	N�D�����	-

+$'4N- xn(p) � + + + �x�(p) �0<Z 1�h4n� �
? � �# +$'H ��07� #�d � A��\L #�	< ? � ��� ?
	� R

n $%&�'� ���O �# �0'�
�K�'H �Hq �� x c:D �
' � A�d7 S%r� +K�-#/� J�;< y � x �7 �� Rn Ǳ�Bg� ���O

+K�'H/� /D�*� ��<Z �� '��# � K�'H/� E#�&4�� (x, U) ��. .� S%r�
KN�D�����	- �# /���P �# �$'@�7 M .� A.�7 A�-�g�	d� � . V � U �L�

y : V → y(V ) ⊆ Rn � x : U → x(U) ⊆ Rn

A�04@�T< �H K�8�L OA���−C∞ ��

y ◦ x−� : x(U ∩ V ) → y(U ∩ V )

x ◦ y−� : y(U ∩ V ) → x(U ∩ V )
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��,��	−C∞ ��$ 
�'(�)*�
��+ ��,��	 $ ���

�?�'s	- +$<.�7 Rn �# y(U ∩ V ) � x(U ∩ V ) �� . ���� /'*� �7 ? � +$'@�7 C∞

+��� ���C �7 #�) �7 #�) � ��� /'*� �7 {�@ ? � U ∩ V = ∅ �L�
�$<�@��7 �� M �0<Z �� '��# �H c"���−C∞ �# �7 �# A�0	N�D�����	- .� A�E#��<�)
� P��Q �� (x, U) ∈ A e%t� M .� �Bg �- +#�@ /� E$���< M $��% 0��R�

+K���</� U �% 0��<�S� T�)���
(x�(p), · · · , xn(p)) 1�h4n� A� p ∈ U �- �7 �H ��� ? � ��H\� A��\L K�� ���#
�7 R

n �# A�-��=� A.��� {�>) ��g�	d� J#�H � �h� �7 �E�G*7 +##�L/� ��]<
�7a K�7� /� ��# U �H �7 A��
"@ �7 �1�h4n� E�T4�# J#�	< � �h� �7 �U A��

+_#�@ ��� !+! �
@
i

1�h4n� E�T4�# �!+! �
@

A�Bg M� /N%t� E��	- �7 Rn #�) �e%t� E��	- �7 $%&�'� .� Q��� ? ��E#��
A�0N%t� J���/� /L#�� �7 +$@�7/� IdRn : R

n → R
n /<�	- �@�T< ���@ �H ���

�7 �H $'@�7 Rn .� A.�7 A�-�g�	d� � . V � U �L� +�)�� JZ A�� .� K- /L�97
�
' � �7 {��;� �K�'H �D�Y� K�<���/� e%t� �7 �� x : U → V �Bg �$'D�����	- R

n

/ �- x ?�'� K�<���/� K�-��n7 �H A#�$*� �- �7 +$'@�7 C∞ / �04@�T< x−� � x
? � � 9� +#�	< W�:=� �� �0<Z J#�7 c"���−C∞ J���/� /L#�� �7 �� . �K�8�9D��7 ��
9�T<��7 ��07� A A�Bg M� e%t� #��� �# ?4&L ?n� �H ��� ? � U �4L97 e%t�
m��� /=>� A � U 1��&� �S%>� ? � A��� +$@�7/� �4"��'� U .� E#�&4�� � ���

+�)�� A .� �� U J���/� ���0� �7
+�&L J���/� /N%t� �- #��� �# �K�4&L {IdRn} #��� �# �s<Z

�# A E�T<Z �$@�7 M �7 c"���−C∞ A�0���� .� /N%t� A �L� ��	 �����
+#��# ���C M A��7 A′ Q�	�NH�� /N%t�

x ∈ A �# A�0���� ��	- �7 �H ��� y A�0���� ��	- ��g�	d� A′ K ��L 23�*4�
c"���−C∞ K- �7 A′ �# A�0���� ��	- �H #�	< W�:=� J���/� /L#�N7 +$'>"���−C∞
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�'(�)*�
��+ ��,��	 $ ��� ��,��	−C∞ ��$

/0 $7 A ���@ A′ Q�	�NH�� e%t� ? � / �4
 +��� e%t� M K- A′ �\� � $'4N-
� +���

��. 1��P �7 �� _���	- $%&�'� � � \�%�N<��& # $%&�'� � a $%&�'�−C∞ �J�'H�
+$@�7/� M A��7 Q�	�NH�� e%t� M A �H K�'H/� � �*� (M,A) S���

�7 /��	*� C∞ ��4)��a A �H ���� (Rn,A) ���	- $%&�'� ? ��E#�� �? ��7�'7
+$@�7/� IdRn ���@ Q�	�NH�� e%t� _Rn

C∞ [<���� �Ha x −→ x� KN�D�����	- .� V JZ �# �H ��� (R,V) ��T # Q���
� (R,A) �
' � �7 +#�@/� ��
;� JZ �7 c"���−C∞ A�0���� �7 E��	- �7 _�N�<

�H #��# #�� f : R → R � �7 � M�"
 /*7�� �$'4N�< /
 (R,V)

x ◦ f ∈ V �L� c:D � �L�x ∈ A

$'4N- / �-��4)�� �4�# JZ .� (R,V) � (R,A) �? ��7�'7 +f(x) = x� �@�T< �/'* 
���� F����U& # ���0;� pG>P� �4"�� mK�<�$7 F����9 � �� �0<Z K�% �� �H

M�"
 /*7�� �H K�8�L �����U�	� /���P �# �� (N,B) � (M,A) $%&�'�−C∞ �#
�H ##�L �D� A��t f : M → N ��7 �

i
F�����& # A�-$%&�'� �2+! �
@

x ◦ f ∈ A �L� c:D � �L� x ∈ B

? � �# �H ��� ?@�� +_#�@ ��� 2+! �
@ �7a K���</� V��,����U�	� �� f �@�T<
�K�'
< E#�&4�� �# Q�	�NH�� A�0N%t� .� �s<�'� +��� KN�D�����& # 9�< f−� �1��P

+##�L/� E$�s�V ���N7 KN�D����U�& # � �*�
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��,��	−C∞ ��$ 
�'(�)*�
��+ ��,��	 $ ���

^�>) � \�%�N<��& # $%&�'� �� M � K�'H/� A��##�) e%t� �Hq .� �j"��r ��	g �#
M A��7 � \�%�N<��& # ��4)�� J��'g �=� �� M �7 {�7�� e%t� �S%r� mK�'H/�

+K�'H/� ^�>) (Rn,U) A�d7 �� Rn 1�C�� .� A���N7 �# +K�'H/� /D�*�
[<� ��� ��j4d�4< +��� �4���V �j��9�� /	N�D���U& # �- �H ##�L/� �]OG� /L#�N7

+��� KN�D����	- ��H#�) ��>7 KN�D����U& # �\� � ��� �4���V 9�<
�H #�@ p�>� Q��� ? � �H ��� /*�"t

zw$'D����U�& # �j��9�� �F�����	- $%&�'� �# � Zy

�#��$<�4�� (R,A) �7 /N%t� �- �7 R �H K�'H �7�x K �#�C _!5�� �� ��N� �#a �j$*7
+��� F����U�& #

.� �4
;� R� ���O A��7 1�"x� � ��� �4
;� ���N7 R� A��7 /07�;� K
O 1�"x�
A��7 K
O � �N�< �n;� .�'- R� ���O +#�	< p�>� �d' � �# J��47 �H ��� JZ
�7 ��� ���� #�&7 �h='� n ≥ � �H Rn �7 ��4)��−C∞ /'* +��� b�=P n ≥ �

+#��# .��< Af���V�� .� A�E$�s�V A�0
�'
�
.� S���47 p� � p� � ��h� p�Y� �7 +��� 1��&4� Gj ��H ��*Y� �-E�H #��� �#
c"���−C∞ K- �7 Rn−� A�� �7 Sn−� .� (�, · · · ,�,−�) � (�, · · · ,�,�) {�:<
��4)��−C∞ � C∞ e%t� �� e%t� ? � +$<.��/� Sn−� A��7 /N%t� �\� +$'4N-
J���/� 9�< � . p�@ �7 KN�D�����	- �n �7 �� e%t� ? � +K���</� Sn−� �7 #��$<�4��

�#�	< /D�*�

fi : S
n−� − {(�, · · · ,�,�)} −→ R

n−�

fi(x) = (x�, · · · , xi−�, xi+�, · · · , xn)

gi : S
n−� − {(�, · · · ,�,−�)} −→ R

n−�

gi(x) = (x�, · · · , xi−�, xi+�, · · · , xn)

� M KN�D������& # $O �# n ≤ � A�.� �7 +$'4N- c"���−C∞p� � p� �7 �H
!� �j:�C# KN�D����U�& # $O �# S� �7 ��� +#��# #�� Sn �7 ��4)��−C∞ M �0'�
��4)��−C∞ J��%�� �� .� [�7 S

�� �7 � #��# #�� �-��4)��−C∞ .� 1��&4� �� 4�#
�7 �H ��� �K �@/	< 9�< M #9< ��
O� ? � 1�"x� �7 /4O ��4"�� +#��# #�� 1��&4�

���N<��& # ���$'- �7 �< �$':%*4� ��N<��& # Af���V�� ��'7 ��$'- .� /;n7
� . �- �7 JZ .� �"C �#��Z K�-��) � \�%�N<��& # A�-$%&�'� .� A�4;�7 A�0����
A� \�%�N<��& # e%t� �(M,A) R��&� � \�%�N<��& # $%�&'� M .� N .�7 ��g�	d�
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��+ ��,��	 $ ��� -.��−C∞ $�$

+U ⊆ N �H $'4N- A .� / �- (x, U) A�	- A′ Ǳ�Bg� �K�'H/� /D�*� �� A′

,-��−C∞ &!&

KN�D����U�& # �Af���V�� A�-�BD ?�7 KN�D�����	- �7�:� �# �H ��t J�	- ����#
� \�%�N<��& # 67��� �K- �4���V 67��� �7 �N �:� �# �#�@/� p�>� C∞ A�-��4)�� ?�7

+##�L/� p�>�
1�h4n� E�T4�# �- Ǳ�.� �7 �H K�8�L � \�%�N<��& # /���P �# �� f : M → N 67��
� \�%�N<��& # y◦fx−� : Rn → Rm �@�T< �N A��7 (y, V ) � M A��7 (x, U) E��n�#
E�T4�# �- Ǳ�.� �7 �H ��� �	
�������	� p ∈ M �# f /���P �# �(�hn7 +$@�7
y ◦ f ◦ x−� �f(p) ∈ V �7 (y, V ) /��h4n� E�T4�# �- � p ∈ U �7 (x, U) /��h4n�

+_#�@ ��� 5+! �
@ �7a $@�7 � \�%�N<��& # x(p) ��>:< �#
A��7 E�T<Z �$@�7 ���# /��h4n� A�0-�T4�# .� �& M A��7 K
O ? � �L�
� . �- �7 �� f A� \�%�N<��& # K�<���/� eV +#�7 $-��) ���# 9�< A�T # �& �-
$ $=� A� \�%�N<��& # �7 �̀Y�� ? � 6C�� �# mK�'H � �*� M ′ ⊆ M .�7 ��g�	d�

+��� ���	- �� \�%�N<��& # �@�T< �- �p�Y� �7 � m��� Q#�*� f |M ′ : M ′ →M

i
� \�%�N<��& # 67�� �5+! �
@

?n� f : M → R � \�%�N<��& # 67�� _�@�T<a M .� /4C� �H ��� ?@��
�\� � �#��# #�� #��$<�4�� � \�%�N<��& # ��4)�� R �7 �H ��� ? � ��]'� �K�8�L/�
+$@�7 � \�%�N<��& # f ◦ x−� A� x 1��� �- Ǳ�.� �7 �H ��� � \�%�N<��& # f /4C�

�H ##�L/� �]OG� /L#�N7
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�'(�)*�
��+ ��,��	 $ ���

/4C� �0'� � /4C� �-$%&�'�−C∞ ?�7 /4@�T< J��'g �7 f : Rn → Rm 67�� _�a
+$@�7 � \�%�N<��& # /��	*� /'*� �7 �H ��� � \�%�N<��& #

67�� A� i �- Ǳ�.� �7 �H ��� � \�%�N<��& # f : M → Rm 67�� /4C� �0'� � /4C� _!a
+$@�7 � \�%�N<��& # f i : M → R /��h4n�

+��� x(U) � U .� /	N�D���U�& # x �$@�7 /��h4n� E�T4�# M (x, U) �L� _2a

E�T4�# �- Ǳ�.� �7 �H ��� � \�%�N<��& # /4C� �0'� � /4C� f : M → N 67�� _5a
+$@�7 � \�%�N<��& # yi ◦ f : M → R 67�� A� i �- � N .� y /��h4n�

��7 � M�"
 f �H ��� KN�D����U�& # /4C� �0'� � /4C� f : M → N 67�� _,a
+$@�7 � \�%�N<��& # f−� � E#�7

�H $''H/� p�>� A��<�L �7 �� �-$%&�'� �7 � \�%�N<��& # ��4)�� �#���� .� A���N7 �#
�# M� × M� ^�B%P�O ��<�	< A��7 +$<� \�%�N<��& # /P�hn7 67��� �0<Z /t
� ��h� �1��P ? � �# +M�×M� �$ ��T7 �]< �# �� M� � M� � \�%�N<��& # $%&�'�
+i = �,� �H $<�@/� � �*� ϕi(p�, p�) = pi �
@ �7 ϕi : M� × M� → Mi

ϕ� � ϕ� JZ ��>��� �7 �H #�	< � �*� M� × M� �7 A��4)�� J���/� /L#�� �7
�_i = �,� �Ha Mi �7 (xi, Ui) 1�h4n� E�T4�# �# �- Ǳ�.� �7 +$<�@ � \�%�N<��& #

KN�D�����	-

x� × x� : U� × U� → R
n�+n�

(x�, x�)(p�, p�) := (x�(p�), x�(p�))

�7 �� e%t� ? � �e�� +x� × x� = (x� ◦ ϕ�, x� ◦ ϕ�) �/'* +K ��L/� �]< �# ��
+K�-#/� 6���� ���H /N%t�

�@�T< JZ ��>��� �7 �H #��# #�� � \�%�N<��& # A��4)�� Pn �7 ��7�;� ��>7
Ǳ�.� �7 +#�@/� � \�%�N<��& # _f(p) = [p] = {p,−p} ��>7�Y �7a f : Sn → Pn

p ∈ U �L� �H $@�7 /Lk � ? � A���# U �H �Sn A��7 (x, U) 1�h4n� E�T4�# �-
A��7 /	N�D�����	- x ◦ (f |U )−� �@�T< �_$@�7 M�"
 f |U /'* a −p �∈ U E�T<Z
��  �#�L +$'@�7/� c"���−C∞ K- �7 /	N�D�����	- ?�'� �# �- � ��� f(U) ⊂ Pn

+K�-#/� o�4NL Pn A��7 Q�	�NH�� /N%t� �7 �� �0	N�D�����	- ? �
J��47 $ �7 �$47� �#��� A�-� � � S%r� �7 � \�%�N<��& # A�-��4)�� �7 Q�hO A��7
R��&� �@�T< �H K�<�$7 ��� /D�H ��]'� ? � A��7 +#�H /D�*� �� C∞ ��#.�� $%&�'�
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�'(�)*�
��+ ��,��	 $ ��� -.��−C∞ $�$

/4@�T< �7 6���� �7�C �H #�@/� E#�	@ � \�%�N<��& # /���P �# f : Hn → Rn

.� A��<�	< ��4�# M Gj �� �eV +$@�7 Rn �# Hn .� /T �N	- M �7 � \�%�N<��& #
+��� ��#.�� $%&�'� M 

��4)�� J#�H �h4� �7 �� _A��D�O �# � a A��4�#��# ^��� �7 � \�%�N<��& # ��4)��
�5 �� ��N� �# �� u=7 ? � 1��89 +#��Z ��$7 J���/� o��4�# �# �7 � \�%�N<��& #

+_#�@ ��� ,+! �
@ �7a $�'H �]OG� $�<���/�

i
�4�# M �,+! �
@

67��� #�� +K���';7 �� �0<Z �4;�7 /	H ��� �.X �C∞ 67��� .� �'�07 E�#�&4�� A��7
E#�;D ��g�	d� M ���) �# �H Rn �7 C∞ 67��� #�� �7 R��&� $%&�'� M �7 C∞

Gj �� .�a C∞ 67��� �<�L ? � (�h) �# �.X K
O J��7 �7 �Gj  q +#��# /T4N7 �$<�&P
+K .�#�V/� _�-$%&�'� �7 ^�NO .� !� ��=&P

��>7�Y �7 h : R → R 67�� _�a

h(x) =
{
e−�/x

�

x �= �

� x �= �

+h(n)(�) = � A� n �- A�.� �7 � ��� ���	-

i

�+! �
@

��>7�Y �7 j : R → R 67�� _!a

j(x) =
{
e−(x−�)� .e−(x+�)� x ∈ (−�;�)
� 1��P ? � ��r �#
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�'(�)*�
��+ ��,��	 $ ���

A� k : R → R ���	- 67�� �� < δ �- A�.� �7 ��7�;� 1��P �7 +��� ���	-
+$@�7/� �&P JZ .� ���) �# � ��� �"�� (�; δ) �7 �H #��# #��

��>7�P �7 f : R → R 67�� _2a

f(x) =
(∫ x

�

k(t) dt)
)
÷
(∫ δ

�

k(t) dt)

)

Gj H � ��� M �- x ≥ δ A�.� �7 � ��� �&P �- x ≤ � A�.� �7 +��� ���	-
+$@�7/� A#�*P

i

3+! �
@

��>7�Y �7 g : Rn → R 67�� _5a

g(x) = j
(x�
ε

)
• · · · • j

(xn
ε

)
+$@�7/� �&P �-� � �� �# � ��� �"�� (−ε; ε)×· · ·×(−ε; ε) �7 ���� ���	-

�1��P ? � �# +$@�7/� .�7 U � E#�;D C �H C ⊂ U ⊂ M K ��L ��	 �����
� ��� M �7��7 U �7 f �H #��# #�� J�'� f : M → [�;�] $'<�� C∞ /*7��
�7a +$@�7/� f 67�� �	=� Supp(f) := {x ∈M |f(x) �= �} �H �Supp(f) ⊂ U

+_##�L �N �:� �, �� �BC 1�"x� .� ! ���O

x(p) = � � V̄ ⊂ U �7 (x, V ) /��h4n� /-�T4�# �p ∈ C �- A�.� �7 23�*4�
+(−ε, ε)×· · ·×(−ε, ε) ⊆ x(V ) A� ε > ◦ M Ǳ�.�7 �1��P ? � �# +K�'H/� ^�n4<�
p�Y� �7 +V �7 ��� ���	- _$@ � �*� X�7 .� _5a �	NC �# g �Ha g ◦ x 67�� J�'H�
K ��L +$'��</� ���	- J�'s	- �K�'H � �*� �&P �7��7 V .� ���) �# ��<Z �s<�'�
J���/� �� fp 67�� A� p ∈ C ⊂ M �- Ǳ�.� �7 +$@�7 W �t ? � �7 JZ 6���� fp
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��+ ��,��	 $ ��� -.��−C∞ $�$

J�� +��� �"�� �#��# ���C U �# o��4N7 �H p .� /T �N	- M �7 67�� ? � m�)��
�� '��# /'* a ��� /D�H C J#�# [@�V A��7 �0<Z .� /-�'4� A#�$*� ���� E#�;D C

�̀	d� �E�G*7 � _$<�@��7 p /-�'4� A#�$*� �0'� �7 �� C $'<���/� �- fp J#�7 �"��
U �# J�;%	=� � $<��4N7�� ��]< #��� A�-/T �N	- �7 �H fp� + · · ·+ fpn 67��� A�
A� δ > ◦ M Ǳ�.� �7 �\� � ��� �"�� C �7 67�� ? � +$@�7/� �)�� �7�C �#��# ���C
�# � �H �f := � ◦ (fp� + · · · + fpn) K ��L +��� �4L�97 δ .� A� p ∈ C �- Ǳ�.� �7

+��� ��BC 1��P �# �]< #��� 67�� J�	- ? � +$@ �4)�� X�7 .� _2a �	NC

i

�+! �
@

�0'� �< �K�4N- Cr A�-$%&�'� � �*� �7 �#�C A� r ≤ � �- Ǳ�.� �7 /
�'
� �]< .�
1�:4;� ��	� �H K�8�L Cr /���P �# �� f : Rn → Ra +r = ∞ #�&7 �h='� ���O
�\� � K�<�# /� �4���V 67�� J�	- �� 67��−C� +_$'@�7 �4���V JZ �� r �� "��� �� /89
9�< �� /%�%=� $%&�'� +��� M �hD �# ��"*� �7 $%&�'� /'*� �7 �j:�C# $%&�'�−C�

��� /%�%=� a ∈ Rn �# f : Rn → R K�8�L/� /���P �#a +#�	< � �*� J���/�
(xi − ai) �
@ �7 �P�'g .� J��� A�� M 1��P �7 a .� /T �N	- M �# �� f �H
A��7 Cω #�	< .� _+$@�7 ��T	- f �7 /T �N	- JZ �# �H E#�# cN7 J��47 A��<�L �7

+r <∞ < ω K ��# A� ≥ � �- Ǳ�.� �7 E�G*7 �K�'H/� E#�&4�� /%�%=� ���O
c"���−Cα K- �7 Q�	�NH�� e%t�−Cβ M �# A�0���� �� �%H E�T<Z �α < β �s<�'�
o�4NL Q�	�NH�� e%t� M �7 J���/� �� A�E#��<�) ?�'� �+�+! K� �7 �'7 � $'4N-
A#�&7 �h='� ��t �7 M �7 ��4)��−Cβ �- eV +$��� ��4)��−Cα M �7 � #�#
��d�4< �# +��� �4 �C ��4
��H ��4)�� m��� o�4NL �7�C M �7 ��4)��−Cα M �7
_##�L/� ��
;� x : U → Rn �
;7 A�-KN�D�����	- ��	- .� �Ha ��4)��−C�

���� ���@# ���N7 A���BC �/0 $7 K
O ? � e
g +��� M �7 ��4)�� ? �4L�97
E��n�# β > α �H ��� ��4)��−Cβ M A���# ��4)��−Cα �- �α ≥ � �- Ǳ�.� �7
#�&7 �h='� �0	N�D����U�& # $O �# ��� ��N�< #�&7 �h='� ��4)�� ? � �4"�� m���

5�
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"/0� ��1,2� &�$ 
�'(�)*�
��+ ��,��	 $ ���

�-$%&�'�−Cα #$d� /D�*� �:�:O �# +K�'H/	< 1�"x� �d' � �# �� K
O ? � +���
K�'H/� E$'N7 JZ �Hq �7 �H /"%>� �0'� +��� A���@# ��H �u=7 �# α �= ∞ �H
� �&H � ≤ α ≤ ∞ �H Cα A$%&�'� �7 Cα 67�� A��7 �+!+! K� 1�"x� �H ��� ? �
/T �N	- M �7 �H /%�%=� /*7�� +��� c%r /%
7 α = ω ���O A��7 /�� m$'H/�

+��� �&P �#�@ �&P .�7

�./� '�0�1� )!&

/T<�T� �7 �H #��# JZ A� �K ��# ���4)� �# � \�%�N<��& # 67��� /D�H �$C �7 �H J�'H�
/89 1�:4;� � �*� �K�4N- JZ Q�"<# �7 �H �s<Z +K .�#��7 �0<Z .� A��T%�N<��& #
E��n�# 1�h4n� E�T4�# M �7 �"N< �f : M → R E��n�# � \�%�N<��& # 67�� M 

+��� (x, U)

�H �d7 �\� � �#�@/� E#�&4�� ��D� �7 M��GH A��\L #�	< .� 9�< ��*Y� ? � �#
f : Rn → R �
@ �7 67��� / 9 1�:4;� A��7 A��\L #�	< ? � .� E#�&4�� W>'�

#$g +#�@ ?@��

lim
h→�

f(a�, · · · , ai + h, · · · , an)− f(a)
h

� g : Rm → Rn �L� �A�E��d<. W4;� �� �BC �7 �'7 +K�-#/� J�;< Dif(a) #�	< �7 ��
1��P ? � �# �$'@�7 � \�%�N<��& # f : R

n → R

Dj(f ◦ g)(a) =
n∑
i=�

Dif(g(a)).Djg
i(a)

K�'H/� � �*� (x, U) 1�h4n� E�T4�# �- � f : M → R 67�� �- Ǳ�.� �7 Q�O

∂f

∂xi
(p) :=

∂f

∂xi

∣∣∣
p

= Di(f ◦ x−�)(x(p))

ci(h) = x−�(x(p) + (�, · · · , h, · · · ,�)) ��>7�Y �7 �� ci : (−ε, ε) →M /'='� �L�
lim
h→�

�

h (f(ci(h)) − f(p)) �j:�C# ∂f
∂xi (p) �H #�H K�-��) �]OG� E�T<Z K�'H � �*�

(f ◦ �7 �6C�� �# m$d'�/� �� ci /'='� #�$4�� �# f 1������ J�9�� ∂f
∂xi (p) eV +���

�H #�@ ��� +��� �7��7 ci)′(�)

∂f

∂xi
(p) = δij =

{
� i = j �L�
� i �= j �L�
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x �L� +K���/� �+! �
@ �7 �K�'H K���� �� Rn �# o� �h� � ci /'='� �s<�'�
W4;� #�	< J�	- �H �Dif(p) = ∂f

∂xi (p) 1��P ? � �# �$@�7 Rn /<�	- �@�T<
+��� M��GH /89

i

�+! �
@

� � ∂/∂r A�-#�	< .� �H #�@/� ��$ $V /4C� �#�	< ? � .� �T # M��GH ��*Y� M 
��g�	d� � . �7 +K�'H/� E#�&4�� /">C 1�h4n� �# ∂/∂θ

A := R
� − L := R

� − {(x, y) ∈ R
�|y = �, x ≥ �}

1��P �7 �� P : A→ R� 1�h4n� E�T4�# R� .�

P (x, y) := (r(x, y), θ(x, y))

(�;�π) �# #�&7 �h='� A#$g θ(x, y), r(x, y) =
√
x� + y� �H �K�'H /� � �*�

�H ���

i

�I+! �
@

5�
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"/0� ��1,2� &�$ 
�'(�)*�
��+ ��,��	 $ ���

y/x = tan(θ(x, y)) x �= � �L�
θ(x, y) = π/� x = � < y �L�
θ(x, y) = �π/� x = � > y �L�

��� �I+! �
@ �7a K���/� X�7 ��"*� �7 A �7 1�h4n� E�T4�# M �7 S���� ? � �7
1�h4n� E�T4�# �H ��� �Hq J� �@a +��� {r|r > �} × (�;�π) JZ � �h� m_#�@
�]< �# �� A�T # `�*@ �- J���/� L A�d7 +#�;< #�$=� A �7 ��� ?
	� /*Y��
��+! �
@ �7 +$��� {r|r > �} × (θ�; θ� + �π) � �h� �7 /-�T4�# �7 � �D�L

_+#�@ ���

i

��+! �
@

� �*� J���/� /4O�� �7 ��<Z �H ��� ���� �� F� �*� P #�) .� P−� J���� 67��
b �P 1��P �7 �� ∂f/∂r Q���D ? � .� +P−�(r, θ) = (r cos θ, r sin θ) �#�	<

�d�4< �# (f ◦ P−�)(r, θ) = f(r cos θ, r sin θ) �#��Z ��$7 J���/�

∂f

∂r
(x, y) = D�(f ◦ P−�)(P (x, y))

= D�f(p−�(p(x, y))) •D�((P
−�)�(x, y))

+D�f(p−�(p(x, y)) •D�((P
−�)�(x, y))

= D�f(x, y) • cos(θ(x, y)) +D�f(x, y) • sin(θ(x, y))

v ��#�7 #�$4�� �# � (x, y) ��>:< �# f 67�� A#�$4�� W4;� ��$:� �Q���D ? � ���� �7
v ��#�7 +$'H/� �"��=� (x, y) ��>:< .� .�rZ �7 (cos(θ(x, y)), sin(θ(x, y))) A#�-
�7 (x, y) .� A.�rZ c� /'='� +##�L/� �h4� (x, y) �7 Ǳ�$"� .� �H ��� A��#�7
? � ����# ?�	- �7 +��� P−� c��� ��=�−r A.��� c) M � �h� v A#�- ��#�7
+##�L ��� �!+! �
@ .� _���a �	NC �7 +#�# J�;< J���/� ∂f/∂r #�	< �7 �� W4;�

5�
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i

�!+! �
@

�H #�# J�;< J���/� �7�;� �� "��=� �7
∂f

∂θ
(x, y) = D�f(x, y)[−r(x, y) sin(θ(x, y))]

+D�f(x, y)[r(x, y) cos(θ(x, y))]

��>:< �# JZ �0 �\� � ��� #�	g v �7 w = (− sin(θ(x, y)), cos(θ(x, y))) ��#�7
+��� P c��� ��=�−θ A.��� /'='� e
g � �h� �H ��� c� ��#�7 �7��7 (x, y)

`�*@ �7 E� �# �$'H �H�O �π �� � .� θ �L� �H ��� ? � r(x, y) S �Y ��0� ���#
/89 W4;� ? ��7�'7 +$'H/� �H�O ��$'� �7��7 r(x, y) E�.�$<�7 ���	- � ��� r(x, y)
_^a �	NC �7 +��� v #�$4�� �# f /89 W4;� �7��7 r(x, y) E�.�$<� �7 w #�$4�� �# f

+##�L ��� �!+! �
@ .�
(x, y) A�-���4� ���
� F\O � �JZ � �]< � D�f A�d7 ∂f/∂x #�	< .� E#�&4�� �7

��@�< J���/� � . �
@ �7 �� �0<Z X�7 A�0����D ��	- �#
∂f

∂r
=

∂f

∂x
cos θ +

∂f

∂y
sin θ

∂f

∂θ
=

∂f

∂x
(−r sin θ) +

∂f

∂y
(r cos θ)

(x, y) �H #�	< E#�&4�� J���/� + + + � ∂x/∂r �� "��=� A��7 (�hn7 ��0����D ? � .�
+ + + � ∂x/∂r = cos θ �1��P ? � �# +��� R

� /<�	- 1�h4n� E�T4�# �T; �	<
��@�< J���/� � . �
@ �7 �� �0����D ? � �\� �

∂f

∂r
=

∂f

∂x

∂x

∂r
+
∂f

∂y

∂y

∂r

∂f

∂θ
=

∂f

∂x

∂x

∂θ
+
∂f

∂y

∂y

∂θ

,I
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"/0� ��1,2� &�$ 
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��+ ��,��	 $ ���

+$''H/� J��7 W �t ? � �7 �� W4;� A�E��d<. E�$g�C S%r� �M��GH A��\L#�	< �#
�j#$d� � . 1��P �7 ��<Z �H ��� �d7 ? ��7�'7 � #�@/� E#�&4�� K
O ? � .� ����#� �#

�K�'H p�>�

� �$'@�7 M $%&�'� �7 1�h4n� E�T4�# �# (y, V ) � (x, U) �L� �
��� �����
�K ��# U ∩ V �7 1��P ? � �# �$@�7 � \�%�N<��& # f : M → R

∂f

∂yi
=

n∑
j=�

∂f

∂xj
∂xj

∂yi
_�+! a

_M��GHa E�$g�C J�	- K
O ? � �H $ # $�-��) �$�'H �&O �� #�) A#�N<�) �L� 23�*4�

���� W4;� A�E��d<.

∂f

∂yi
(p) = Di(f ◦ y−�)(y(p))

= Di([f ◦ x−�] ◦ [x−� ◦ y−�])(y(p))

=
n∑
j=�

Dj(f ◦ x−�)([x ◦ y−�](y(p)) •Di[x ◦ y−�]j(y(p))

=
n∑
j=�

Dj(f ◦ x−�)(x(p) •Di[x ◦ y−�]j(y(p))

=
n∑
j=�

n∑
j=�

∂f

∂xj
(p)

∂xj

∂yi
(p)

� +��� ��	� J�-�7 �

Q���D �# �H #�@ ��� +K�'H/� p�>� �� G�N�� $��
.��� ��� �.X ����#� �#
6C��� /B*7 �# +$@ ��-�� ∂f/∂xj ?�8�V �# � ∂xj/∂yi AX�7 �# j e $<� ��)Z
A#���� ?�'� �# +��� ��L� �0<Z ?4@�< �H #�@/� ��-�� �̀< ? � .� / �0����D
/N $<� A�� �� �̀< ? � .� 1G	 $ �7 �H #�H #�# ���C � #�H F\O �� ∑ #�	< J���/�
�� . �K'H/	< E#�&4�� #�	< ? � .� ?� +#. 6	 ���� E$�Z J��9	- ?�8�V � X�7 �# �H

+��� �0����D ? � Q�t E$@ �4-���H JZ ?NO �0'� � K<97 6	 #��/� �#� 
1��P �7 �� _�+! a Q���D

∂

∂yi
=

n∑
j=�

∂xi

∂yi
∂

∂xj

,�
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f �H A�T%	g +#��T</� ∂f/∂yi �7 �� f 67�� �H ��� A�T%	g ∂/∂yi �H K�N �</�
�d�4< �# +K�-#/� J�;< ∂/∂yi|p #�	< �7 �#��T</� (∂f/∂yi)(p) �7 ��

∂

∂yi
=

n∑
j=�

∂xi

∂yi
∂

∂xi

∣∣
p

�2��3- ��402 5!&

�j$*7 �H ���� zA��>:<�W4;�y ��'7 � . p�@ �7 /Lk � A���# � = ∂/∂xi
∣∣
p

�T%	g
+$ Z /� ��
7

E�T4�# �- � f, g : M → R � \�%�N<��& # 67�� �# �- Ǳ�.� �7 �
��� �����
$'H /� �$P � . ��>7�� �# � = ∂/∂xi

∣∣
p

�T%	g �p ∈ U �7 (x, U) 1�h4n�

�(fg) = f(p)�(g) + �(f)g(p)

� +E$'<��) E�$0g �7 23�*4�(
∂x′i
∂xj

)
(p) e ����−n×n �$'@�7 M �7 /��h4n� E�T4�# �# (x′, U ′) � (x, U) �L�

�6C�� �# +��� #�&��< e ���� ? � +��� x(p) �# x′◦x−� �@�T< /7�H�f �7��7 ���#
+$@�7/� (∂xi/∂x′j)(p) JZ ��
*�

Q�O 1�h4n� E�T4�# M (y, V ) � ���	- /4@�T< f : Mn → Nm �L� Q�O
e ����−m× n �� "�� �$@�7 f(p)(

∂(yi ◦ f)
∂xj

(p)
)

 8 A�� �� ��4;� #$g ? � +#��$< /T4N7 (y, V ) � (x, U) /��h4n� E�T4�# ^�n4<� �7
+$'��</� p �� f

$*7a m .� �4	H p �# f �� "�� �H K�8�L f G�B�  8I9 M /���P �# �� p ��>:<
M �� f(p) � E$���< f K]'� ��>:< ��<Z �$@�"< ?�
� p ��>:< �s<�'� �$@�7 _N � �h�

+K���</� f G�B� �	��9� �� N �# {�:< � �� +K�8�L/� f VW�� ���9�
��� f K]'� ��$:� M q �
' � A��7 /D�H � �.X {�@ E�T<Z �q ∈ N �L� eV
(�) ���O �# {�@ ? � +$@�7 f K]'� ��>:< M p A� p �∈ f(q) �- A�.� �7 �H

+$@�7/� JZ K]'� ��$:� M �f ��$:��< �- �/'* +��� b�=P q �∈ f(M)

,!
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+f ′(x) = � �H ��� f ?�
� ��>:< x /4C� �0'� � /4C� E�T<Z �f : R → R �L�
/���P �# �0'� ���O ? � �4"�� �H �$'@�7 ?�
� [a; b] E�.�7 �# {�:< ��	- �H #��# Q�	4O�
�$@�7 ?�
� f : R

� → R 67�� � #�:� ��	- �L� +$@�7 �7�x [a; b] �7 f �H ��� ?
	�
�T # A�� .� +��� �7�x f K- .�7 �\� � D�f = D�f = � � �	- �# 1��P ? � �#
�7�x 67�� ��� �$'@�7 f : R

� → R
� ?�
� {�:< R

� {�:< ��	- �H #��# #�� J�
�� ? �
R× {�} ⊆ R� �7��7 f(R�) � �h� ���O ? � �# �4"�� +f(x, y) = x 67�� Gj �� m$@�"<
(�h) �# K0� ���N7 A���BC +$@�7/� R

� .� M��H ���N7 A��g�	d� � . �H ���
pG>P� $'� �7 JZ /D�*� A��7 +$-#/� K�	*� �� K
O ? � �H #��# #�� ?�
� {�:<

+K ��# .��<
Ǳ�.� �7 �H ��� ��> T83���% /���P �# A ⊂ Rn ��g�	d� � . �H K �@/� ��Z#� 
�D� J�'� _�4N7 � .�7a A�-%�>4N� .� B�, B�, B�, · · · ���"<# M A� ω > � �-

�H #�@
∞∑
n=�

v(Bn) < ω , A ⊂
∞⋃
n=�

Bn

$%&�'� K A�-�g�	d� � . (�h) �# /07�;� ��0&� +��� Bn KdO (Bn) �H
^�4H .� /	� �7 #�) �H K ��# .��< /	� �7 ��]'� ? � A��7 +K�'H � �*� K-��)/�

+K�'H/� p�>� ��<Z 1��P �H �#��# /T4N7 �-$%&�'� �7 ^�NO

��� /*7�� f : A → Rn � ��� ��>4N� M A ⊂ Rn K ��L ��	 �����
? � �# +��� ���C �7 ‖Djf

i� ≤ M‖ A��N� �< �i, j = �, · · · , n �7 j, i �- Ǳ�.�7 �H
+‖f(x)− f(y)‖ ≤ n�M‖x− y‖ A� x, y ∈ A �- Ǳ�.�7 �1��P

�$@�7 �&P E�.�$<�7 A ⊂ Rn � E#�7 C� �GH .� f : Rn → Rn �L� ��	 �����
+��� �&P E�.�$<�7 9�< f(A) E�T<Z

K�'H R�D K�<���/� ���� E#�;D A�-�g�	d� .� �� �	@ /g�	4� Rn J�� 23�*4�
/Lk � ? � �7 A� M �H $'H/� ^�d � , K� +#��# ���C C E#�;D A��g�	d� �# A �H

A� x � y ∈ C �- Ǳ�.�7 �H #��# #��

‖f(x)− f(y)‖ ≤ n�M‖x− y‖

n�Md ≥ JZ �>C �H $'H/� � �h� A��g�	d� �7 �� d �>C �7 ��>4N� F �? ��7�'7
� +�N- 9�< f(A) E�T<Z �$@�7 �&P E�.�$<�7 A �L� �H #�@/� �d�4< ? � .� +���

,2
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�H K�8�L �&P E�.�$<�7 /���P �# �� M A$*7 n ���	- $%&�'� .� A ��g�	d� � .
A�-�g�	d� .� M �- �H #�@ �D� J�'� A ⊂

⋃
Ui �7 (xi, Ui) �0���� .� A����"<#

�]OG� /L#�N7 2+5+! K� M	H �7 +$'@�7 $@�7 �&P E�.�$<�7 xi(A ∪ Ui) ⊂ Rn

�&P E�.�$<�7 9�< x(A ∪ U) ⊂ Rn E�T<Z �$@�7 �&P E�.�$<�7 A ⊂ M �L� �H ##�L/�
�$@�7 ���C �7 {�@ ? � �L� �e
*��7 +��� E��n�# /��h4n� E�T4�# (x, U) �H ����
�� �BC .� /L#�N7 E�T<Z �$@�7 �� �	@ JZ A�-�&��� #�$*� �
' � � � �$@�7 $'"	- M
�< #�$*� .� �9d� /g�	4� M �L� ����a +��� �&P E�.�$<�7 A �H #�@/� �d�4< !+�+�
�#��# �7 �# �>:< M �0'� R /�H �- .� �H $@�7 A��g�	d� A � $@�7 R /�H �� �	@

�##�L/� �d�4< � . K
O �2+5+! K� .� S���� ? � �7 +_�N�< �&P E�.�$<�7 A E�T<Z

A$*7 n A�-$%&�'� ?�7 C� �GH .� /*7�� f : M → N �L� ������ �����
+��� �&P E�.�$<�7 9�< f(A) ⊂ N E�T<Z �$@�7 �&P E�.�$<�7 A ⊂M � $@�7

��g�	d� �- �H #��# #�� J�'� A ⊂
⋃
i Ui �7 (xi, Ui) �0���� .� A����"<# 23�*4�

f(A) ∩ V = E�T<Z �$@�7 N �7 /���� (y, V ) �L� +��� �&P E�.�$<�7 xi(A ∩ Ui)
A�-�g�	d� .� M �- �2+5+! K� �7�'7 +⋃i f(A ∩ Ui) ∩ V

y(f(A ∩ Ui) ∩ V ) = y ◦ f ◦ x−�(x(A ∩ Ui))

�# f(Ui, ui) J�� +��� �&P E�.�$<�7 9�< y(f(A) ∩ V ) ? ��7�'7 +��� �&P E�.�$<�7
E�.�$<�7 f(A) �H K ��L/� �d�4< �#��# ���C N A�-�&��� .� �� �	@ ��H�$O /g�	4�
� +��� �&P

?�7 C� �GH .� /*7�� f : M → N �L� ������ �� ���� ���� �����
f ?�
� � #�:� E�T<Z �$@�7 �4@�# �� &��� �� �	@ ��H�$O #�$*� �7 M � $@�7 �-$%&�'�−n

+$'-#/� ��
;� N �# �&P E�.�$<�7 A��g�	d�

�H K ��T7 �]< �# /���P �# �� K
O ��� /D�H ���� /*Y�� K
O J�� 23�*4�
�7 ^�NO ^�4H .� �5�2 �� �BC J�	- �j:�C# ���O ? � ��� +$'4N- Rn �7��7 N,M

+��� �-$%&�'�

,5
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�� �� ��N� �# �T�a K�'H/	< E#�&4�� JZ .� �� �H #��# #�� #��� �� �BC .� �4 �C �̀<
�7 {��;� �f : Mn → Nm �@�T<−Ck �- ?�
� � #�:� #��#/� J�gq� �H _!5
.� A�E#�� ���O ,+5+! �� �BC +��� �&P E�.�$<�7 �max{m− n,�} + � ≤ k �
<Z
,+5+! �� �BC �
' � �7 �_!I �� ��N�a ��� /0 $7 n < m ���O � ��� /%H K
O ? �
F�>*� �̀Y�� ? � �7 �� J�	0�� �Y�O Q�O �# �#�7 $-��) $�&� ���N7 E$' Z �#
�<�T� JZ � �h� p ∈M �>:< M �# f : M → N 67�� K �� "�� ?4@�# �7 �H K�'H/�
J���/� A��W�C# 1�gGt� ���� �7�x p .� /T �N	- M �# f �� "�� �H /��T'- ���
/T �N	- M �# E�T<Z �$@�7 k �7��7 p �# f �� "�� �L� �H #�@ ��� +#��Z ��$7 ��$7
(∂(yi ◦ f)/∂xi) .� k × k e ���� � . M �C�$O �� . +#�7 $-��) k ≤ JZ �� "�� p .�
M �# eV ���� �4���V J�'����# 67�� J�� � �#��# �&P ���n� J�'����# p ��>:< �#

+��� �&P ���n� p .� /T �N	-

E�T4�# M E�T<Z �$@�7 k �� "�� �7 p �# f : Mn → Nm �L� ����� �����
f(p) Q�O (y, V ) /*Y�� 1�h4n� E�T4�# M � p Q�O (x, U) /*Y�� 1�h4n�

1��P �7 y ◦ f ◦ x−� �H #��# #�� A��<�L �7

y ◦ f ◦ x−�(a�, · · · , an) = (a�, · · · , ak, ψk+�(a), · · · , ψm(a))

~ �*� �7 E�T<Z �$@�7 f(p) #�L N �7 /-��n�# 1�h4n� E�T4�# y �L� �E�G*7 +���
+#��Z ��$7 �� ��)� K
O S��'� 1�h4n� E�T4�# J���/� JZ A�-�&��� S��'�

/��h4n� A�0-�T4�# E�T<Z �$@�7 k �� "�� �7 p ��>:< .� /T �N	- M �# f �L�
�H $@ $'-��) �D� J�'� (y, V ) � (x, U)

y ◦ f ◦ x−�(a�, · · · , an) = (a�, · · · , ak, · · · , ◦)

Q#�*� /%H �� �BC �7 N = Rm � M = Rn (�) ���O �������� �����
�	NC �$@�7 Rm /<�	- 1��� y �s<�'� +��� /*Y�� ��BC ? � K
O �H ��� ����

$#� %�&��$'�� (�)*+ �� ���,��� -�./ �� $*�� $#� 0$�12��&��$'�� 3�4)�� 5� 06
7
8
� -�./ (9�
��
: (;<�$ =$"�$.��

,,
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Q�	g� e�� � Rn �7 /	N�D���U�& # Q�	g� �7 �H #��#/� J�gq� X�7 �� �BC .� _�a
�T< �7�x �� Q�� �� "��� k � f �H K�@�7 ?U	>� K�<���/� �Rm 1�h4n� �# /4;T �
f /4O ��� ?
	� �� . �Rm � R

n �7 A�-KN�D����U�& # ? � �H ��� ?@�� +#��#
�H $@�7 ���@ �� /t�:< �0'� JZ � �h� Gj �� � �$@�"< K- M�"
 Rk × {◦} ⊂ Rn �7

+$<�&P �0<Z �� &��� ?����
�# f(Rn) ��� ?
	� �� . �#��# #�� A�4	H ���4)� y ^�n4<� �# _!a ���O �#

+#��T< ���C Rn .� A$*7−k A�BD � . }�-

�# �;T � Q�	g� �7 +K�'H/� ^�n4<� p #�L u 1�h4n� �T4�# M _�a 23�*4�
�H K�'H S��� A��t �� �0<Z K�<���/� ���9� 1��P �# yi � ui /��h4n� 67���

det
(∂(yα ◦ f)

∂uβ
(p)

)
�= ◦ α, β = �, · · · , k _!+! a

K�'H/� � �*� J�'H�

xα := yα ◦ f α = �, · · · , k

xr := ur r = k + �, · · · , n

�H $'H /� ^�d � _!+! a �1��P ? � �#

(
∂xi

∂uj
(p)

)
=det

⎛⎜⎜⎜⎜⎝
∂(yi ◦ f)
∂uβ

X

O

� · · · �
+++ +++
� · · · �

⎞⎟⎟⎟⎟⎠ �=� _2+! a

p .� /T �N	- M �# /��h4n� /-�T4�# x = (x ◦ u−�) ◦ u �H $-#/� J�;< ? �
.� /T �N	- M �# x ◦ u−� �@�T< �J� ��� 67�� �� �BC � _2+! a ���# �7 �� . ����
x(q) = (a�, · · · , an) /'*� �7 q = x−�(a�, · · · , an) J�'H� +��� KN�D����U�& # u(p)

�d�4< �# � xi(q) = ai ? ��7�'7 +���

yα ◦ f(q) = aα α = �, · · · , k

ur(q) = ar r = k + �, · · · , n

K ��# �̀	d� �# �? ��7�'7

y ◦ f ◦ x−�(a�, · · · , an) = y ◦ f(q) = (a�, · · · , ak, · · ·)

,�
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+q = x−�(a�, · · · , an) JZ �# �H

�
@ �7 v ◦ f ◦ x−� �H K�'H/� ^�n4<� A��t �� v � x /��h4n� A�0-�T4�# X�Y
?�8�V /*7�� e ���� ���� k �7��7 f �� "�� p .� /T �N	- M �# J�� +$@�7 _!+! a

e ���� �# X �� �	� �

(
∂(yi ◦ f)
∂xj

)
=det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

� · · · �
+++ +++
� · · · �

O

X

Dk+�ψ
k+� · · · �

+++ +++
� · · · Dmψ

m

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
�=�

K�N �'7 K�<���/� �? ��7�'7 +$@�7 �&P p .� /T �N	- M �# /4N �7

ψr(a) = ψ̄r(a�, · · · , ak) r = k + �, · · · ,m

K�'H/� � �*� �J�'H�

yα := vα yr := vk − ψ̄r ◦ (v�, · · · , vk)

E�T<Z �v(q) = (b�, · · · , bm) �L�

y ◦ v−�(b�, · · · , bm) = y(q) _5+! a
=

(
b�, · · · , bk, bk+� − ψ̄k+�(b�, · · · , bk), · · · _,+! a

· · · , bm − ψ̄m(b�, · · · , bk)
)

_�+! a

/7�H�f e ���� J�'����# ��d�4< �# �

(
∂yi

∂vj

)
=det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

� · · · �
+++ +++
� · · · �

O

X

� · · · �
+++ +++
� · · · �

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
+$-#/� ��
;� f(p) /T �N	- �# /��h4n� E�T4�# M y �\� � ���� �&P ���n�

E�G*7

y ◦ f ◦ x−�(a�, · · · , an) =

,3
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= y ◦ v−� ◦ v ◦ f ◦ x−�(a�, · · · , an)

= y ◦ v−�
(
a�, · · · , an, ψk+�(a), · · · , ψm(a)

)
(�)
= y ◦ v−�

(
a�, · · · , an,

ψk+�(a)− ψ̄k+�(a�, · · · , an), · · ·

· · · , ψm(a)− ψ̄m(a�, · · · , an)
)

= (a�, · · · , an,�, · · · ,�)

� +��� E$@ E#�&4�� _�+! a .� _�a �# �H

�$�V /P�) 1��P JZ K
O �#�@/� m � n �7��7 �+,+! �� �BC �# f �� "�� /4C�
+$7� /�

����� �����

E�T4�# �- Ǳ�.� �7 E�T<Z �$@�7 m �� "�� �7 p �# f : Mn → Nm � m ≤ n �L� _�
�H #��# #�� p Q�O (x, U) /��h4n� /-�T4�# �f(p) Q�O (y, V ) 1�h4n�

y ◦ f ◦ x−�(a�, · · · , an) = (a�, · · · , am)

E�T4�# �- Ǳ�.� �7 E�T<Z �$@�7 n �� "�� �7 p �# f : Mn → Nm � n ≤ m �L� _!
�H #��# #�� f(p) Q�O (y, V ) /��h4n� /-�T4�# �p Q�O (x, U) 1�h4n�

y ◦ f ◦ x−�(a�, · · · , an) = (a�, · · · , an, ◦, · · · , ◦)

��� ��� /D�H �0'� +��� �+,+! �� �BC .� _�a ���O .� /P�) ���O 2#5� 3�*4�
�# �;T � Q�	g� �7 A.��< ���O ? � 1�"x� �# p�Y� �7 E�T<Z �k = m �L� �H #�@

�H #�@ �7�x �� �N�< yi 1�h4n�

det
(∂(yα ◦ f)

∂uβ
(p)

)
�= � α, β = �, · · · ,m

+��� /D�H �- ui �7 �;T � Q�	g� ��
%7

,�
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M �# f �� "�� eV �$@�7 n ≥ {�:< ��	- �# f �� "�� /4N �7 /� J�� 2#6� 3�*4�
�4D�L �]< �# �� N = Rm � M = Rn ���O ��� �407 +��� n �7��7 p .� /T �N	-
�7 JZ �7 ��]< 1�h4n� E�T4�# �H K .�N7 A��<�L �7 R

m A��7 �� y /��h4n� E�T4�#
/��h4n� A�0-�T4�# �+,+! �� �BC .� _!a �	NC J�'H� +$@�7 /<�	- �
@ �7 Rn

�H $'H/� K-��D A��<�L �7 �� R
m A��7 ψ � R

n A��7 ϕ

ψ ◦ f ◦ ϕ−�(a�, · · · , an) = (a�, · · · , an, ◦, · · · , ◦)

.� A��g�	d� � . �7 �� Rn A�BD f �@�T< K- .�'- �K�'
< Q�	g� �� ϕ−� �L� /4O
Rn {�:< �/'* +$'H/� ���4)� Rn×{◦} �# �� o� #�:� JZ �7 ψ �H #��T</� f(Rn)

�
;� ? � +�N�< �� �]< #��� Xj �	4O� �H �$<�@/� � �h� Rn × {◦} �# / �-� �7
1��P �7 �� λ +#�H pGP� J���/� Rm �7 A�T # �@�T< �7 ��

λ(b�, · · · , bm) = (ϕ−�(b�, · · · , bn), bn+�, · · · , bm)

K ��# �ϕ(a) = (b�, · · · , bn) J�� 1��P ? � �# +K�'H/� � �*�

ϕ ◦ ψ ◦ f(a�, · · · , an) = λ ◦ ψ ◦ ϕ−�(b�, · · · , bn)

= λ(b�, · · · , bn, ◦, · · · , ◦)

= (ϕ−�(b�, · · · , bn), ◦, · · · , ◦)

= (a�, · · · , an, ◦, · · · , ◦)

/<�	- E�T4�# 9d7 x /��h4n� /-�T4�# �s<�'� +��� ��]4<� #��� y J�	- λψ �\� �
K�'H � �*� ��� /D�H �K�@�7 �4@�# Rn �7

λ(b�, · · · , bm) =
(
x(ϕ−�(b�, · · · , bm)), bn+�, · · · , bm

)
�]< #��� y J�	- y = λ ◦ ψ K- .�7 �H #�# J�;< J���/� ���0� �7 �1��P ? � �# �
� +#�@ ��� �2+! �
@ �7 +���

i

�2+! �
@

,�
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���O �# ���� f K]'� ��>:< M p ��>:< 2+,+! �� �BC .� _�a ���O �# �
' � �7
�4	0� �� A��7 _!a ���O ��� �_n < m �s<�'�a $@�7/� JZ ?�
� ��>:< M _!a
JZ �� "�� �H K�8�L GH��	� /���P �# �� f : Mn → Nm � \�%�N<��& # 67�� +���
� �n ≤ m ��� �.X /4�*Y� ?�'� �# �4"�� +$@�7 N $*7 n �7��7 M {�:< ��	� �#
�]< �/'* a ��� M�"
 �j*Y�� ?@�	 � �- �2+,+! �� �BC .� _!a �	NC �7�'7 E�G*7
�@�T< �- �H #��$< /��9� ��T # A�� .� +_��� Af���V�� ?@�	 � M �� �hD �7
Q��� ? ��E#�� +$@�7 M�"
 ��L��D ��>7 �L� /4O �$@�7 ?@�	 � �j	4O f � \�%�N<��& #
Q��� +f ′(�) = � JZ �# �H ��� f(x) = x� ��>7�Y �7 f : R → R 67�� ���# ? � .�
�H �$@�7/� h(x) := (g(x), |g(x)|) ��>7�Y�7 h : R → R 67�� .� ��� 1��"g ��T #

JZ �#

g(x) =

⎧⎪⎨⎪⎩
e−x

�

x > � �L�
� x = � �L�
−e−x� x < � �L�

i

�5+! �
@

�_��N- 9�< ��t ? � �Ha $ Z/� � \�%�N<��& # ��r /*7�� ��#�	< �7 o��#�	< �]'7 �
' � �7
JZ �g�� �H #�# J�;< J���/� 6C�� �# +$@�7/� � \�%�N<��& # /'='� ? � #�) /��
��"@ JZ � �h� �H �)�� �� A�/'='� J���/� /L#�N7 +��� � �7��7 (�,�) ��>:< �#

+��� � . �
@
i

�I
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@

?���� � ?���# �
' � �7 +#�@/� �]OG� R� �7 R .� ?@�	 � �� �,+! �
@ �#
�L� /4O ��4"�� +$'4N�< F�����	- R �7 �0<Z � ��h� �$'4N- M�"
 (β�, β�) ?@�	 �
��4� J���/� �$@�"< o� �h� A��7 /	N�D�����	- f : P → M M�"
 ?@�	 �
i : f(p) A�4O� �@�T< ��0<Z ��>��� �7 �H �D� f(p) �7 A� \�%�N<��& # ��4)��
��4"��a � \�%�N<��& # ��4)�� M �7 m .� M� A��g�	d� � . ��H �# +#�@ ?@�	 �
K�8�L #.�	 � $%&�'� � . /���P �# �� _#�@ {�@ M � M� �7 �4� A��L.�� �j��9� �<
β�R → ?@�	 � � �h� �� . �
@ �# +$@�7 ?@�	 � i : M� →M A�4O� �@�T< �H

+��� E$@ E#�# J�;< S� × S�

i
��+! �
@

+$@�7 M .� Q�T� A��g�	d� � . M� ��� ?
	� /4O �H $-#/� J�;< �
@ ? �
E#�7 Mn .� . �	 � � A$*7−k A$%&�'� � . M� �s<�'� �1G
;� �	- ? � #�� �7
(y, V ) 1�h4n� E�T4�# M E�T<Z �$@�7 M� �# p ∈M� ��>:< .� A�/T �N	- U� �

�H #�@/� �D� J�'� p Q�O M .�

U� ∩ V = {q ∈M |yk+�(q) = · · · = yn(q) = �}

�L� �? ��7�'7 +��� f = i �7 ZZ �� �BC .� _!a �	NC .� K�:4N� A��d�4< �K
O ? �
p ∈ M� ��>:< .� /T �N	- M �# _M� $%&�'� �7 /*7�� J��'g �7a g : M� → N

�H #��# #�� J�'� p .� V ⊂ M /T �N	- M �7 ḡ A���	- 67�� E�T<Z �$@�7 ���	-
K�'H � �*� K�<���/� �6C�� �# +V ∩M� �7 g = ḡ ◦ i

yα(q) = yα(q) α = �, · · · , k
yr(q′) = ◦ r = k + �, · · · , n �H g̃ = g(q′)

��



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >


�'(�)*�
��+ ��,��	 $ ��� 67
%�� 8� ��9: ;�$

i

�3+! �
@

�Gj �� +K�4N�< M �7 g̃ � �*� �7 �#�C �$@�7 ���	- M� �H �7 g �L� /4O ��T # A�� .�
+�N�< ?
	� ��H ? � �$@�7 i = �,�,� �7 β−�

i : βi(M) → R 67��� .� /
 g �L�
� . M� ⊂ M �L� +#��# #�� . �	 � A�-$%&�'� � . #��� �# 9�< A�T # �
;�
#��$< /��9� E�T<Z �f(p) ⊂ M� �7 ���	- /*7�� f : p → M � $@�7 #. �	 � $%&�'�
�@�T< ? � �K ��L/� �]< �# _C∞ ��4)��a M� A�47 /4@�T< J��'g �7 �� f /4C� �H
M� A�47 /4@�T< J��'g �7 f �L� /4O �H $-#/� J�;< � . �
;� +$@�7 ���	- f
J���/� �H ��� A9�� �0'� A$*7 E���9L +#��# #�� �
;� ? � K- .�7 �$@�7 �4���V

+#�H p�>�

i

��+! �
@

f(P ) ⊂ �7 C∞ /*7�� f : P →M �#. �	 � $%&�'� M� ⊂M �L� �
��� �����
9�< M� A�47 /*7�� J��'g �7 f E�T<Z �$@�7 �4���V M� A�� �7 /*7�� J��'*7 f � �M�

+��� �4���V

�!
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i−�◦ �L� �H K�-# J�;< K�-��)/� +��� A�4O� �@�T< i : M� →M K ��L 23�*4�
/��h4n� /-�T4�# �R��&� p ∈ P �- Ǳ�.� �7 +��� 9�< C∞ E�T<Z �$@�7 �4���V f
U� = {q ∈ V |yk+�(q) = �H K�'H/� ^�n4<� J�'� f(p) Q�O M A��7 y, V
E�T4�# M (y�|U�, · · · , yk|U�) � $@�7 M� �# p .� /T �N	- M · · · yn(q) = ◦}

+$@�7 U� A� � M� A��7 /*Y�� 1�h4n�
�S ⊂M� .�7 ��g�	d� � . �- Ǳ�.� �7 ? ��7�	'7 � ���� �4���V i−� ◦ f �R�D �7�'7
�� p ∈ P .� /T �N	- M f �? ��7�'7 +��� .�7 f−� ◦ i(S) ⊆ P ��g�	d� � .
E�T4�# M ��
;� yk, · · · , y� � $<���	- yj ◦ f 67��� ��	- J�� +#��T</� U� A�47
�#�@ �4D�L �]< �# M� A�47 /*7�� J��'g �7 f �s<�'� +$'-#/� U� �7 1�h4n�
� +��� ���	-

i

��+! �
@

�K ��L/� �]< �# �� $'4N- KN�D�����	- J�@� �h� A� �7 �H /
�"
 ?@�	 � /4C�
$%&�'� � . +K���</� T���N �� /'@�	 � ?�'� +#�@/� 6&��� 1G
;� ? � .� A���N7
K�8�L M �4N7 $%&�'� � . M /���P �# �� M� +$@�7 E$'<�;< i : M� → M #.�	 �

+$@�7 �4N7 M .� A��g�	d� � . J��'*7 �H

i

�2
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!I+! �
@

Sn−� ⊂ Rn − {◦} ⊂ Rn E�H +#��# #�� �-$%&�'� � . �7 Q�hO A��7 K0� /: �t
+��� u=7 ? � .� (�) A��<�	< �##�L/� p�>� {x | ‖x‖� = �} 1��P �7 �H

k �"%x �� "�� �7 f−�(y) .� /T �N	- M �7 f : Mn → Nm �L� �
��� �����
�Ek � �7 +��� _/0� � �a n− k $*7 �7 M .� A��4N7 $%&�'� � . f−�(y) E�T<Z �$@�7
� . M f−�(y) 1��P ? � �# �$@�7 f : Mn → Nm �@�T< K]'� ��$:� M y �L�

+��� _/0� � a M .� A$*7−(n−m) $%&�'�

� +E$'<��) E�$0g �7 23�*4�

/ � �9� $@ E#��Z �j:7�� �H #�) #�d� �
@ �7 C∞ $%&�'� ��0&� p�t �
' � �7
�K�'H p�>� RN /�$�%C� A�-�BD .� / �-$%&�'� � . J��'*7 �� �0<Z �s<�'� ��� �#��#
���	- $%&�'� �- �H K�'H �7�x �� K�<Z �7 J�'H� +#�7 $-��) �4��	%� �0<Z A#�0@ ��#
A��g�	d� � . J��'g �7 �� A$%&�'� �- �\� � �$<�;< J���/� A� RN M �# �� _$'"	- �a
�# A�E$ �D #���� .� A���N7 �# KNd� ? � ��4"��a #�H ��h� J���/� /�$�%C� A�BD .�
�# Q�O ? � �7 �K�'H/� 1�"x� E#�;D A�-$%&�'� #��� �# �0'� �� K
O ? � +_#��$< �7
�# �H ��� �K�'H/� p�>� �� ��� �.X ��/%H ���O 1�"x� A��7 �H A��97� ��H �̀ �@

+K�'H/� E#�&4�� 1��$:� ? � .� 1�*D# �7 9�< ���#�

�2�<� #��� =!&

�H K�8�L O � �]� M �� O′ [@�V /���P �# �$@�7 M A�BD A��7 /;@�V O �L�
.� O′ �# A�-�g�	d�a U ⊂ V �H ##�L �D� O �# A� V M O′ �# U �- Ǳ�.� �7
+$'��</� [H�F �	3 �� [@�V M .� � �]� �- +_$'@�7 �4
��H O �# A�-�g�	d�
W /T �N	- M p ∈M �- Ǳ�.� �7 �H K�8�L 0K���� �C"D�� /���P �# �� O [@�V

+$'H 6>C �� O �# A�-�g�	d� .� /-�'4� A#�$*� �0'� �H $@�7 �4@�#

O′ A.�7 [@�V E�T<Z �$@�7 M $%&�'� A��7 A.�7 [@�V O �L� ����� �����
Ǳ�Bg� ��	- �E�G*7 +$@�7/� O � �]� � ��� /-�'4� �j*Y�� �H #��# #�� M A��7

+�D�L J���/� Rn �7 F����U& # .�7 A�-�g�	d� �� O′

�5
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A�-�g�	d� �!+�+� ��BC �7�'7 +��� $'"	- M �H K�'H R�D K�<���/� p�Y� �7 23�*4�
�7 +M = C� ∪C� ∪C� ∪ · · · �H $<��# #�� A��<�L �7 + + + � C� �C� �C� E�#�;D
/T �N	- Ū�∪C� �1��P ? � �# +#��# E#�;D ��4N7 �7 U� A.�7 /T �N	- C� p�Y�
Ui .�7 A�-�g�	d� .� A�E��d<. �$<� � ? � �� ��#� �7 +#��# E#�;D ��4N7 �7 U� A.�7
�- Ci ��	- ��0<Z ��	- `�	4� �Ūi ⊆ Ui+� � ��� E#�;D Ūi �- �H K ��Z/� ��$7

+U−� = U� = ∅ K ��L +$<�@�V/� �� M �\� � #��# �7 �# ��

i

!�+! �
@

J�� +��� � < i �7 Ai := Ūi−Ui−� �
@ A��:%O Wt�'� .� /g�	4� M J�'H�
�H �.�7 A�-�g�	d� .� /-�'4� A�$*� �7 �� Ai p�Y� �7 �$<�E#�;D �- Ai .� M �-
A� Vi = Ui+� − Ui−� M �# M �- �E�G*7 � �$<��# ���C O .� A�Bg �# M �-
�7 �H K ��T7 K�<���/� J�'� �� �-�g�	d� ? � �?�'s	- +$<�@�V J���/� �$<��# ���C
��� O � �]� �H K ��Z/� ��$7 O′ /;@�V �W �t ? � �7 +$'@�7 F����U	- Rn

+#��$< ���C j > �+ i �H A� Vj }�- �# Ui .� �>:< ��- �� . m$@�7/� /-�'4� �j*Y�� �
�

C ⊂ M � $@�7 M A�BD A��7 .�7 � /-�'4� �j*Y�� [@�V O �L� �H #�@ ���
J�;< ? � +$'H/� 6>C �� O Ǳ�Bg� .� /-�'4� A#�$*� �0'� C E�T<Z �$@�7 E#�;D
��]<a ��� ���	@ �j��9�� �$'"	- $%&�'� M .� /-�'4� �j*Y�� � .�7 [@�V �- �H $-#/�

+_K�4)�� �+�+! �� �BC 1�"x� �# �H /;@�V

�,
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/-�'4� �j*Y�� .�7 [@�V M O K ��L ��� � !"#$ �	� ���� �����
J�'� U ′ .�7 ��g�	d� M U ∈ O �- Ǳ�.� �7 �1��P ? � �# +��� M $%&�'� A��7
+��� M A��7 .�7 [@�V M 9�< �- U ′ ��	- ��  �#�L � Ū ⊂ U �H #�	< ^�n4<� J���/�

+O = {U�, U�, U�, · · ·} K ��L +��� $'"	-M �H K�'H R�D K�<���/� �p�Y� �7 23�*4�
U� �# Q�	;� � �4N7 A��g�	d� C� := U� − (U� ∪ U� ∪ · · ·) 1��P ? � �#
�7 .�7 A��g�	d� U ′

�
K ��L +$@�7/� M �7��7 C� ∪ U� ∪ U� ∪ · · · E�G*7 � ���

1��P ? � �# +��� C� ⊂ U ′
�
⊂ Ū ′

�
⊂ U�

C� := U� − (U ′
�
∪ U� ∪ · · ·)

K ��L +M = U ′
�
∪C� ∪U� ∪· · · � $@�7/� U� �# Q�	;� �H ��� �4N7 A��g�	d�

+K�-#/� ���#� �� $<� � ? � +C� ∪ U ′
�
⊂ Ū ′

� ⊂ U� �H ��� .�7 A��g�	d� U ′
�

�j*Y�� O �� . mp ∈ Un �H #��# #�� ��97 /D�H E�.�$<�7 A� n �p ∈M �- Ǳ�.� �7
J�'H� +��� /-�'4�

p ∈ U ′
�
∪ U ′

�
∪ · · · ∪ U ′

n ∪ (Un+� ∪ Un+� ∪ · · ·)

�H K ��L/� �d�4< �#�@/	< P F\O S�� U ′
n+� � Un+i ~ �*� �7 J��

p ∈ U ′
�
∪ U ′

�
∪ · · ·

� +��� ��	� J�-�7 �

+��� M $%&�'� A��7 /-�'4� �*Y�� .�7 [@�V M O K ��L ����� �����
���� E��n�# U ∈ O �H �ϕU : M → [�,�] ���	- 67��� .� A�� �#�L �1��P ? � �#

�H #��# #�� J�'�

+SuppϕU A� U �- Ǳ�.� �7 _�

M �# �̀	d� ? � _�a �7 �'7 J��a ∑
U ϕU (p) = � A� p ∈ M �- Ǳ�.� �7 _!

/'*� �7 �̀	d� ? � �#� \V/� 1��P 6	 /-�'4� A#�$*� �7 p .� /T �N	-
+_���

�� U ′ �? ��7�'7 +$@�7 E#�;D ��4N7 A���# �- U ∈ O .� M �- J� \!�: 23�*4�
Ū ′ ⊂ U ⊂ #��� �# �+!+! K� A��L ��
7 �7 +K�'H/� ^�n4<� !+�+! �� �BC �# $'<��
�	=� � ��� M �7��7 Ū ′ �7 �H K���/� ψU : M → [�,�] ���	- /*7�� �7 �M

��
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K ��# � �	- �# eV �$'<�@�V/� �� M �- U ′ J�� +��� U .� A��g�	d� � . JZ
K�'H � �*� ��� /D�H J�'H� +∑U∈′ ψU > �

ϕU := ψU/
∑
U∈O

ψU

/��a �4N7 C �H C ⊂ U ⊂M A��7 �+!+! K� �
<Z {�@ �7 ]0�� \!�: J� \!�:
1�"x� J���/� �"C ��� 9�< �� ���O ? � �$@�7 ���# ��� .�7 U � _E#�;D �j��9� �<

+#�	<
M−C +K�'H/� ^�n4<� E#�;D ��4N7 �7 Up ⊂ U .�7 A��g�	d� �p ∈ C �- Ǳ�.� �7
M − C �# Q�	;� � $<��# E#�;D ��4N7 �H K�<�@�V/� Vα A.�7 A�-�g�	d� �7 ��
��� O /-�'4� �j*Y�� � .�7 � �]� M A���# {Up, Vp} .�7 [@�V �J�'H� +$'4N-

K ��L +��� ��� �7�C JZ #��� �# � ���O �H

O = {U ∈ O|U ⊂ Up A� p M Ǳ�.� �7 } �H f =
∑
U∈O′

ϕU

�H #��# #�� JZ .� A�/T �N	- ��>:< �- A�.� �7 �� . ���� ���	- 6	 �P�O ? �∑
U ϕU (p) = K ��# �- p ��	- Ǳ�.� �7 �H ��� m��� /-�'4� �̀	d� M 1��P �7 JZ �7

� +Suppf ⊂ U K ��# U ⊂ Vα E�L �- � �

.� A�� �#�L E�T<Z �$@�7 M $%&�'� A��7 .�7 [@�V M O �L� ������ �����
�H #��# #�� J�'� ϕiM → [�,�] ���	- 67���

+��� /-�'4� �j*Y�� {p|ϕi(p) �= �, i ∈ N} A�-�g�	d� ��  �#�L _�

+∑i ϕi(p) A� p ∈M �- Ǳ�.� �7 _!

� +Suppϕi ⊂ U �H #��# #�� A� U ∈ O M i �- Ǳ�.� �7 _2

@	 �� X�7 ��d�4< .� _!a � _�a (��) �# �#�P {ϕi : M → [�,�]} ��  �#�L
\�� �	3 0�B	 3��,� ��<Z �$'H �$P 9�< _2a �# � �#�L ? � �L� +$'��</� 0�B	 3��,�

+K���</� O
+#�	< 1�"x� J���/� �� �hD ? � �� �BC ? �)Z /4O�� �7 J�'H�

f : M → A�E$'<�;< E�T<Z �$@�7 E#�;D ���	- $%&�'� Mn �L� ����� �����
+#��# #�� S��'� N M �7 RN

�3
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M = U� ∪ �7 (xk, Uk, · · · � (x�, U�)) /��h4n� E�T4�# /-�'4� A#�$*� 23�*4�
ψi : M → [�,�] 67��� � E#�H ^�n4<� !+�+! �� �BC ��� �� �- U ′

i +#��# #�� · · ·∪Uk
A��7 +#��# ���C Ui �# JZ �	=� � ��� M �7��7 U ′

i �7 �H K�'H/� ^�n4<� J�'� ��
1��P �7 �� f : M → RN 67�� �N = nk + k

f := (ψ� •x�, · · · , ψk •xk, ψ�, · · · , ψk)

U ′
i �7 ψi J�� � #��# ���C U ′

i �# A� i M Ǳ�.� �7 p �>:< �- J�� +K�'H/� � �*�
(∂fα/∂xβi ) /7�H�f e ����−N ×n �H ��� m$@�7/� ?@�	 � f 67�� eV ���� �7��7
�L� ��� . m��� M�"
 f �?�'s	- +#��# �7 �# �� (∂xαi /∂x

β
i ) /<�	- n× n e ����

1��P ? � �# +p ∈ U ′
i �H #��# #�� A� i M E�T<Z �f(p) = f(q) #�@ R�D

ψi •xi(p) = E�G*7 +q ∈ Ui �H $-# /� J�;< ? � +ψi(q) = � ? ��7�'7 � ψi(p) = �

� +��� M�"
 Ui �7 xi �� . �p = q ? ��7�'7 � ψi •xi(q)

+#�	< ���4)� �n+ � �� N #�@/� �;�	- Gj 	g �H $-#/� J�;< 22�2 ���N�

'�
��(� >!&

+�N�< A. ��K- ��>7�� �J#�7 c"���−C∞ �H $�-# J�;< _���a +�

A�0���� ��	- _�D�/� ��]4<� �H ��t J�	-a �H $�-# J�;< �ZZ K� 1�"x� �# _^a
+$'>"���−C∞ K- �7 A′ �#

x : U → Rn �-KN�D����U	- .� A�� �#�L �7 A�4� / �BD M �L� _���a +!
J�$7a +$'4N- c"���−C∞ K- �7 /T	- � $<�@�V/� �� M �0<Z �� '��# �H �$@�7

+��� #�D �7 �h='� n A��>:< �- �# �H $�-# J�;< _$*7 / �#���< .� E#�&4��

M ���	- ��#.�� $%&�'� �- A��7 ∂M �H $�-# J�;< ��7�;� 1��P �7 _^a
+��� � �*4@�)

���	- ����	- 67��� S�H�� � ���� �4���V ����	- 67�� �- �H $�-# J�;< _���a +2
+���

Ǳ�.� �7 �H ��� ���	- /4C� �0'� � /4C� f : M → N 67�� �H $�-# J�;< _^a
+$@�7 ���	- g ◦ f A� g : N → R ���	- 67�� �-

��
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/
 �0'� �KN�D����U& # $O �#a w#��# #�� 9 �	4� ���	- ��4)�� $'� R �7 +5
_+�N�< ? � Q���� ��� m#��# #��

U ⊂ �H $@�7 A �# A�- (x, U) ��	- � �#�L A′ � .�7 N ⊂ M �L� _���a +,
Q�	�NH�� M A��7 A �H /t�@ �7 ���� Q�	�NH�� N A��7 A′ $�-# J�;< �N

+$@�7

(x, V ) ∈ �H (x|V ∩N , V ∩N) ��	- ��g�	d� 1��P �7 �� A′ �H $�-# J�;< _^a
+#�	< � �*� A

�h='� e%t� A′ � ��� ���	- i : N → M A�4O� �@�T< $�-# J�;< _�a
+#��# �� ��P�) ? � �H ��� N �7 A#�&7

��t �7 gi � fi KN�D�����	- �n �7 Sn−� �7 p� � p� � �h� �# �H $�-# J�;< +�
+$'4N- c"��� ���	-

�H $�-# J�;< 1��P ? � �# �p, q ∈ M � $@�7 ���	- $%&�'� M �L� _���a +3
+#��# #�� c(�) = q � c(�) = p �7 c : [�;�] →M ���	- K) M 

+�D�L �]< �# J���/� M �7 M �� c /4O �H $�-# J�;< _^a

+$'D����U& # M� × (M� ×M�) � (M� ×M�) ×M� �H $�-# J�;< _���a +�
+$'D����U& # 9�< M� ×M� � M� ×M� �H $�-# J�;< ?�'s	-

Sp̄� : M� → M� × A�04@�T< p̄� ∈ M� � p̄� ∈ M� Ǳ�.� �7 $�'H R�D _^a
p �→ (p̄�, p) � p �→ (p, p̄�) S���� �7 �� >7�Y �7 Sp̄� : M� →M�×M� � M�

+$<���	- �0@�7 $�-# J�;< +K���</� zo�7y �� �04@�T< ? � +K�'H � �*�

���	- /4C� �0'� � /4C� f : N →M�×M� �@�T< �H $�-# J�;< ��/%H _�a
���	- π� ◦ f : N → M� � π� ◦ f : N → M� SH�� A�-�@�T< �H ���
A��4)�� �0'� �K #�H � �*� M� ×M� �7 �H A���	- ��4)���E�Gg �7 +$'@�7

+#��# �� /Lk � ? � �H ���

�@�T< �� "�� J���/� � Z �$'@�7 ���	- i = �,� �H fi : N → Mi �L� _#a
w#�H �n;� p �# �- fi �� "�� SNO �7 �� p �# (f�, f�) : N → M� ×M�

f� × f� : N� × N� → �@�T< �i = �,� �H fi : Ni → Mi 67��� A��7
+K�'H/� � �*� (f�×f�)(p�, p�) = (f�(p�), f�(p�)) ��>7�Y �7 �� M�×M�

+#�	< J��7 J���/� �- fi �� "�� SNO �7 �� JZ �� "�� � Z

��
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f : Pn → �H $�-# J�;< +��� p �→ [p] ��>7�Y �7 �@�T< g : Sn → Pn K ��L +�
� f �� "�� +$@�7 ���	- f ◦ g : Sn → M �H ��� ���	- /4C� �0'� � /4C� M

+$�'H �N �:� �� f ◦ g �� "��

�>:< �- �/'* a $@�7 ���	- �j*Y�� f : U → R � .�7 U ⊂ R
n �L� _���a +�I

f �H $�-# J�;< 1��P ? � �# �_��� ���	- JZ �7 f �H #��# A�/T �N	-
_/0 $7a +��� ���	-

+��� ���	- f �H $�'H �7�x E�T<Z �$@�7 ���	- �j*Y�� f : Rn → R �L� _^a
o�4NL J���/� Rn .� /T �N	- M �7 ���	- /*7�� �7 �� f ��T # 1��"g �7

_/0 $7 J�$'� �<a +#�#

.� /T �N	- M �# h � g ���	- 6���� 67�� �# A���# f : Hn → R �L� _���a +��
�\� � a $<�/
 Rn−� × {�} {�:< ��	- �# Dj h � Dj g 67��� E�T<Z �$@�7 Hn

+_#�	< � �*� {�:< ? � �# �� Dj f J���/�

��4N7 �7 f �L� _^a{
(x, y) ∈ R� : � < x , � < y < e−�/x

�
}

+�N�< ���# _���a K
O �H $�-# J�;< �#�@ � �*�

∂M �7 A#�&7 �h='� ���	- ��4)�� E�T<Z �$@�7 ���	- ��#.�� $%&�'� M �L� +�!
+��� E$'<�;< i : ∂M →M A�4O� �@�T< �H #��# #��

−(n − A$%&�'� � . U . �� �H ��� .�7 A��g�	d� U ⊂ Mn K ��L _���a +�2
+��� A$*7−n ��#. �� $%&�'� M Ū �H $�-# J�;< +$@�7/� ���	- A$*7�)

�L� �$ ��T7 �]< �# �� � . Q��� ��� ^�)a
U = {x ∈ Rn : d(x,�) < � � � < d(x,�) < �}
+_��� 1��&4� U . �� �7 ∂Ū /�� ���� ��#.�� A$%&�'� Ū E�T<Z

3I
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i

!!+! �
@

�# S′ A�0��H J#�H �D�Y� �7 �� �
@ ? � +$ ��T7 �]< �# �� !!+! �
@ _^a
�
@ +#�# ���#� $7� �� �� JZ � �#�H ���H J���/� ↑ c��� E$@ �n;� /O��<
S $�-# J�;< +$'��</� S ����B!� ��� ��H T8�� �� S� ��4N7 ?4D�L .� �P�O

+��� F�����	- S
� �7

F�����	- ��4<�H ��g�	d� �7 �$<��# #�� ��4N7 �# �H A��D�Y� {�:< 20������'
+���

$%&�'� Ū ��� ��� �7��7 U . �� �7 S E�T<Z �$@�7 R� − S J��H/7 ��&���� U �L�
���	- A�-$%&�'� � . A��7 �0'� ��� �	NC ? ��7�'7 +��� A$*7�! ��#.��

+��� ���#

�H #��# #�� f : R� → R� /4@�T< $�-# J�;< _���a +�5

+f(x,�) = (x,�) A� x �- Ǳ�.� �7 _�a

+f(x, y) ∈ H A� y > � �- Ǳ�.� �7 _!a

+f(x, y) ∈ R� −H� A� y < � �- Ǳ�.� �7 _2a

/�� ���� ���	- �#�@ $ $=� ?� �V ��=&P K�< � � X�7 ��=&P K�< �7 f �L� _5a
+��� ���	- f #�)

KN�D����U& # f : ∂M → ∂N � $<���	- ��#. �� $%&�'�N � M $�'H R�D _^a
f(x) ∈ �7 x ∈ ∂M A��L/
 .� �P�O ��g�	d� P = M ∪f N K ��L +���
p ∈ Q�O /��h4n� E�T4�# (x, U) �L� +��� N � M A�9d� `�	4� �# ∂N
f(U∩∂M) = �H A��<�L �7 $'@�7 f(p) Q�O /��h4n� /-�T4�# (y, V ) � ∂M

3�
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�7 U ∪V ⊂ P .� /	N�D�����	- E�T<Z �(y ◦ f)|U∩∂M = x|U∩∂M � V ∩∂N
e
*'� �� %��� �7 �=&P /'�8�V ��	�< �7 V � x c��� Hn �7 U J#�4��D �7 Rn

� �*� P �7 ���	- ��4)�� M �o� � ? � �H $�-# J�;< +K�'H/� � �*� �y
+$'H/	<

i

!2+! �
@

α : U → /	N�D����U& # � M �# ∂M .� U A�/T �N	- $�'H R�D Q�O _�a
�7 � α(p) = (p,�) A� p ∈ ∂M �- Ǳ�.� �7 �H #��# #�� J�'� ∂M × [�;�)

��j$*7a +K ��L/� �]< �# �� β : V → ∂N × [�;�) KN�D����U& # �7�;� 1��P
$�-# J�;< +_$<��# #�� E���	- / �-KN�D����U& # ?�'� �H K�'H �7�x K �#�C
M A��4O� A�04@�T< �H #��# #�� J�'� P �7 #�&7 �h='� � ���	- A��4)��
∂M × (−�;�) �7 U ∪ V .� β � α c��� / �:�� �@�T< � $<���	- P �# N �

+��� KN�D����U& #

i

!5+! �
@

�H K ��T7 �]< �# H� .� /�H �# .� /g�	4� 1��P �7 �� R� $�'H R�D _#a
�%4n� �& �# �7 $�'H R�D �?�'s	- +K ��4D�L /
 �� �# JZ .� ∂H� �7 {�:<
A�-$%&�'� $�-# J�;< +K �E#�H � �*� ���	- ��4)�� R� �7 _�a 1��P �7 (α, β)

+�N�< /<�	- �@�T< KN�D����U& # ? � ��� �$'D����U& # K- �7 �P�O ���	-

3!



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

����
%� >�$ 
�'(�)*�
��+ ��,��	 $ ���

A�4O� �@�T< JZ ��>��� �7 �H $�'H � �*� H�×H� �7 A���	- ��4)�� _���a +�,
M �- �7 � ��h� � Z w$@�7 E$'<�;< $<���/� A�4O� � Z +$@�7 ���	- R� A�47

w$<���	- ��-�&���� .�

A��<�L �7 M × N �7 ���	- A��4)�� �$'@�7 ��#. �� $%&�'� N � M �L� _^a
+$'@�7 ���	- _� �� ���N� �# E$@ � �*�a /@�7 A�-�@�T< ��	- �H $�7��7

��>7�Y �7 f : R → R 67�� $�-# J�;< +��

f(x) =
{
e−�/x x > �

� x ≤ �

� ��� e−�/x� �- x > � A��7 �H #�H /D�*� /*7�� J���/� �4"��a ��� ���	-
+_��� e−�/|x| �- x < � A��7

�L� �H $�-# J�;< �E$@ E#��Z ZZ �� �BC �# �H A��	�	Y � ZZ K� M	H �7 +�3
f : M → ���	- /*7�� E�T<Z �$'@�7 M �# �9d� �� 4N7 A�-�g�	d� C� � C�
A� f 6C�� �# +C� ⊂ f−�(�) � C� ⊂ f−�(�) �H #��# #�� J�'� [�,�]

/t�@ �7 ���� E#�� 1�"x� +C� = f−�(�) � C� = f−�(�) �H �D� J���/�
�$�'H ��# �� o��4
< �H

C = �7 f ���	- /*7�� C ⊂ M �� 4N7 ��g�	d� �- Ǳ�.� �7 ��� /D�H _���a
+K�'H � �*� f−�(�)

Ui = �
@ �7 A� Ui �- ���� M − C A��7 ���	@ /;@�V {Ui} K ��L _^a
� . �H ��� /��h4n� /-�T4�# x � ���� x−�({a ∈ R

n : |a| < �})
/*7�� fi : M → [�,�] K ��L +#��T</� Rn A� �7 �� M −C .� A.�7 ��g�	d�
�∂fi/∂xj �7 ��]< 67��� +��� M − Ui �7 fi = � � Ui �7 � < fi �7 ���	-
+K���</� · · · � ! �� �� "�� .� f SH�� /89 1�:4;� �� · · · � ∂�fi/∂xj∂xk
i ≤ �� "��� �� fi � · · · �f� SH�� /89 1�:4;� ��	- ��	 �V�� αi K�'H R�D

+C = f−�(�) � ��� ���	- f =
∞∑
i=�

fi/(αi �i) $�-# J�;< +���

y�(a, b) = a + b � y�(a, b) = a � �*� �7 R� �7 (y�, y�) /��h4n� E�T4�# +��
+$ ��T7 �]< �# ��

+$�'H �"��=� � �*� M	H �7 �� ∂f/∂y�(a, b) _���a

.� M �- �∂Ii/∂yj �� "��=� A��7a +$�'H �"��=� 9�< ZZ E���9L .� �� JZ _^a
/4O ∂f/∂y� �= ∂f/∂I� �H #�@ ��� _+$�'H J��7 y� � y� SNO �7 �� �- Ii
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+��) �- yi �7 /�� #��# /T4N7 i � y �7 ∂/∂yj �T%	g my� = I� �L�

�� ∂/∂x �$47�a +$�N �'7 /">C 1�h4n� �# �� ∂/∂x� + ∂�/∂y� ?��GVX +��
�"��=� JZ A�� .� �� ∂�/∂x� �e�� m$�'H �"��=� ∂/∂θ � ∂/∂r SNO �7

+��� �
r

[
∂

∂r

(
r
∂

∂r

)
+

∂

∂θ

(
�

r

∂

∂θ

)]
���V +_$�'H

E�.�$<� �7 f(M) E�T<Z �n < m � $@�7 C� �GH .� ���	- f : Mn → Nm �L� +!I
+_$@�7 ���	@ M A�-�&���� #�$*� �H /t�@ �7 ��4"��a ��� �&P

An,�, · · · , An,� 67�� ��n �7 [�,�] × [�,�] 67�� K�N:� o�� � . �
@ �# +!�
J�;< k e $<� �7 An,k 67�� �0<Z �# m��� E$@ E#�# J�;< n = �,�,� Ǳ�.� �7

���� � . 1��P �7 A��9LE��	@ +��� E$@ E#�#
+��� An.� �� ��# � ?�8�V 67�� _���a

+��� An,��n �� ��# � X�7 67�� _^a

+$<��# ��4;� �� An,k+� � An,k A�0*7�� _�a
An−�,�+� 67�� �# An,��+� � An,��+� �An,��+� �An,��+� A�0*7�� _#a

+$<��# ���D

i

!,+! �
@

{�@ �7 �� f : [�,�] → [�,�]× [�,�] 67��

(k − �)/��n ≤ t ≤ k/��n ⇔ f(t) ∈ An,k

+��� [�,�]×[�,�] A� �7 � M �7 M ��4���V f $�-# J�;< +K�'H/� � �*�

�
@ �# �H /"���� �7 f(p/�n) ∈ R� K�'H/� � �*� p/�n ∈ [�,�] Ǳ�.� �7 +!!
+��� #�0;� � .
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g : [�,�] → �4���V /*���� A���# �\� � ���� �
;
 �� 4���V f $�-# J�;< _���a
��H ? � +�N�< �&P E�.�$<� �7 o� �h� � ��� M�"
 g $�-# J�;< +��� R�

+$�-# J�;< E#��) ��@�- A�0�%�� S��'� ^�n4<� �7 ��

�7 F�����	- A� �h� �AB �>C �7 g � �h� ?�8�V �# A�E� �# J#�9D� �7 _^a
w��� �� ��"@ /'='� ? � �)�# +$ ��Z ��# �7 S�

.� P = {t�, · · · , tk} .��D� �- Ǳ�.� �7 +��� �4���V c : [�,�] → R
n K ��L +!2

/���P �# �� C /'='� +�(c, P ) :=
k∑
i=�

(c(ti), c(ti−�)) K�'H/� � �*� [�,�]

�� sup
P
{�(c, P )} +$@�7 ��$<��H X�7 .� {�(c, P )} ��g�	d� �H K�8�L �	
F^�>�

�&P E�.�$<� �7 �/<$@ pGP� /'='� �- � �h� �H $�-# J�;< +K���</� c (�R
+���

��g�	d� �
' � A��7 /D�H � �.X {�@ $�'H �7�x �$@�7 ���	- $%&�'�M �L� _���a +!5
/-�T4�# M� .� �>:< �- #�L �H ��� M A$*7−k $%&�'� � . M M� ⊂M

M� ∩ U = {p : xk+�(p) = �H ##�L �D� A��<�L �7 M �7 (x, U) /��h4n�
+· · · = xn(p) = �}

E�T4�# ?�'� �H ��� M �� 4N7 $%&�'� � . /���P �# M� $�-# J�;< _^a
+#�@ �D� M .� �>:< �- #�L /��h4n�

+�N�< R� �7 R .� /'@�	 � }�- � �h� {(x, |x|) : x ∈ R} ��g�	d� $�-# J�;< +!,
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�7 f ��#�	< $�'H �7�x �$@�7 ���	- f : U → Rn−k � .�7 U ⊂ Rk �L� _���a +!�
Rn .� A$%&�'� � . �##�L/� � �*� Γf = {p, f(p) : p ∈ U} 1��P �7 �H U

+���

A$%&�'� � . �- _��9� 1��P �#a 1�h4n� �� "��� ����� .� eV $�'H �7�x _^a
� ZZ �� �BC �<a +��� J��7 �7�C /*Y�� 1��P �7 _���a �
@ �7 Rn .�
$ ��# .��< /'	Y 67�� �� �BC �7 �	@ m$'4N�< A�C /D�H E�.�$<� �7 ZZ �� �BC �<
�2�! �� �BC J�	- �j���� ZZ �� �BC _+�-$%&�'� ^�NO ^�4H .� 5� ��=&Pa
$�-# J�;< /'	Y 67�� �� �BC �7 JZ ��N �:� �7 m��� �-$%&�'� �7 ^�NO ^�4H .�

_+�N A��# J���/� S��>� /)�7 �Hq .� �<�T� �H

�- � �h�a +��� .�7 /4@�T< ��-$%&�'� ?�7 ?@�	 � �- �H $�'H �7�x _���a +!3
_+��� .�7 �.�7 ��g�	d�

f : � �$@�7 $'"	- A$*7−n $%&�'� N � E#�;D A$*7−n $%&�'� M �L� _^a
+��� � �7 f $�'H �7�x +$@�7 ?@�	 � M → N

�� "�� �7 f−�(y) .� A�/T �N	- �7 f : Mn → N �L� �$�'H �7�x �� ZZ E��9L +!�
+��� _/0� � �a n− k $*7 �7 �4N7 A$%&�'� � . f−�(y) E�T<Z �$@�7 k

�# E$@ /D�*� f : P� → R� �@�T< g([x, y, z]) = (yz, xz, xy) K ��L +!�
�>:< [@ �# g �H $�-# J�;< +#�7 ��<�4�� ��  � � o� �h� �H ���� � �hD
��=� �- �� ±�/� �� %P�D �7 �H $'4N- /t�:< �A� �h� {�:<a �N�< ?@�	 �
+#��# #�� A�7 ��  � � ��< �=� R� �# P� J#�H . �	 � A��7 /@�� +_$<��# ���C
1�.��?-�H � 1�"%�- �x� ��n� � ��$'- ^�4H .� 2!� �� 2�3 1�=&P �7

+#�@ �*���

��g�	d� � . �- Ǳ�.� �7 �H K�8�L T�� /���P �# �� f : X → Y �4���V 67�� +2I
67�� L(f) $�:  8_��5� +$@�7 E#�;D f−�(C) ��g�	d� �C ⊂ Y E�#�;D
�� ��"<# � . }�- �7 xn ���"<# M Ǳ�.� �7 �H ��� / �- y ∈ Y ��	- ��g�	d� �f

�$�'H �7�x +y = lim f(xn) K�@�7 �4@�# �X �# A��T	-

+L(f) = ∅ �H ��� JZ f J#�7 E�� A��7 /D�H � �.X {�@ _���a

+L(f) ⊂ f(X) �H ��� �4N7 /4C� �0'� � /4C� f(X) ⊂ Y _^a

+L(f) �= ∅ �H #��# #�� �4N7 f(R) �7 f : R → R� �4���V /*7�� _�a

3�
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����
%� >�$ 
�'(�)*�
��+ ��,��	 $ ���

��� KN�D�����	- /4C� �0'� � /4C� f : X → Y M �7 M �4���V 67�� _#a
+L(f) ∩ f(M) = ∅ �H

�@�T< �H ��� �4N7 $%&�'� � . /4C� �0'� � /4C� M� ⊂ M $%&�'� � . _-a
+$@�7 E�� i : M� →M� A��4O�

/���P �# f 67�� m#��# #�� f : M → R E�� /4@�T< �$@�7 $%&�'� M �L� _�a
+$@�7 ���	- $%&�'� M �H $@�7 ���	- $<���/�

�N�< /-�'4� �>:< /�� ��� /-�'4� �j*Y�� �H $�7��7 [�,�] A��7 /;@�V _���a +2�
+_#��# ���C [@�V .� �Bg /-�'4� A#�$*� �0'� �# [�,�] .� �>:< �- �/'* a

�7�x ���� /-�'4� �>:< � ���	@ O [@�V /4��O �# �� J$@ M��H K� _^a
+_#�@/	< E#�&4�� J#�7 /-�'4� �j*Y�� .� �j4:�:O �H #�@ ���a $�'H

�j��9� �<a /-�'4� �>:< [@�V M O �H /4��O �# �� J$@ M��H K� _�a
A�-� �#�L m$ ��# .��< &�3 V! �7 �	@a +$�'H �7�x ���� E��n�# / �BD A��7 _���	@
�H / �- U ′ ��	- `�	4� 9�< � U ′ ⊂ U � U ∈ O �H (U,U ′) A�0�. .� C
_+$ ��T7 �]< �# �$'<�@�V/� �� �BD �H / �- U ∈ O ��	- E��	- �(U,U ′) ∈ C

� �E��n�# A�/T �N	- U ⊃ M� ��4N7 A$%&�'� � . M� ⊂ M �L� _���a +2!
�H #��# #�� f̃ : M → R ���	- /*7�� $�-# J�;< �$@�7 ���	- f : M� → R

+Suppf̃ ⊂ U � $'H/� �$P f̃ = f {�@ �# M� �7

+��� c%r ��� K
O E�T<Z �M� = (�,�) � M = R �L� �H $�-# J�;< _^a

��� K
O E�T<Z �K�'H R�g A��4NNL�< $%&�'� �7 �� R �L� �H $�-# J�;< _�a
+��� c%r

�$@�7 /<�	- �@�T< f � M� = N = S� �M = R� �L� ?�'s	- 2���((��
/4@�T< �7 �4���V /*���� f ���O ? � �# �6C�� �# m��� c%r ��� K
O E�T<Z
/*7�� �7 �� f ���� +#��# .��< Af���V�� /	H �7 1�"x� ��� �#��$< #�� S� �7 R� .�
o�4NL /*Y�� 1��P �7a #�# o�4NL J���/� M� .� A�/T �N	- �7 ���	-

+_$�'H E#�&4�� /<�
 .��D� .� e�� � E#�#

T#�. �� /:�:O A�-� Z�# �7 #�&'��< n × n A�-e ���� ��	- ��g�	d� _���a +22
� . GL(n; R) J�� +K�-#/� J�;< GL(n; R) #�	< �7 � E$���< 0���_ 0I�
SL(n; R) `�� 0I� T#�. +��� ���	- A$%&�'� ���� Rn

� .� .�7 A��g�	d�
M	H �7 +��� M J�'����# �7 A�-e ���� ��	- E��L � . �$�#�@� E��L � 
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�'(�)*�
��+ ��,��	 $ ��� ����
%� >�$

$�-# J�;< �D(det) #��� �# �-$%&�'� �7 ^�NO ^�4H .� !5 ��=&P �# Q���D
+��� GL(n; R) �# n� − � $*7 �7 A��4N7 $%&�'� � . SL(n; R) E��L �H

��h� J���/� Rn(n+�)/� 1��P �7 �� J��:4� n×n A�-e ���� ��g�	d� _^a
ψ(A) = ��>7�Y �7 �� J��:4� A�-e ���� ��g�	d� �7 GL(n; R) .� ψ �@�T< +#�H
�� GL(n; R) .� ψ−�(I) E� �L � . +��� A #�0<��� At �H �K�'H/� � �*� A.At
A ∈ O(n) A��7 /D�H � �.X {�@ �H $�-# J�;< +K���</� O(n) ���"�� T#�.

+$'@�7 $��*4� _JZ A�-J�4� � a A A�-�>� �H ��� JZ

+��� E#�;D O(n) $�-# J�;< _�a

RA : GL(n,R) → GL(n; R) �@�T< �R� �&� A ∈ GL(n; R) �- Ǳ�.� �7 _#a
KN�D����U& # RA �H $�-# J�;< +K�'H/� � �*� RA(B) = BA ��>7�Y �7 ��
�A�E��d<. E�$g�C .� E#�&4�� �7 +ψ ◦ RA = ψ A� A ∈ O(n) �- Ǳ�.� �7 � ���
�� "�� K- (∂ψij/∂xk�(A)) e ���� A� A ∈ O(n) �- Ǳ�.� �7 �H $�-# J�;<
$'4N- Rn

� �# /��h4n� 67��� �- xk� �d' � �#a +��� (∂ψij/∂xk�(I)) e ����
�H $ ��T7 �d�4< ZZ E���9L .� _+$'4N- ψ A��&���� 67�� n(n + �)/� �- ψij �

+��� GL(n : R) $%&�'� � . O(n)

Q���D .� E#�&4�� �7 _-a

ψij(A) =
∑
k

aik ajk (A = (aij))

$�-# J�;<

∂ψij

∂xk�
(A) =

⎧⎪⎪⎨⎪⎪⎩
aj� k = i �= j
ai� k = j �= i
�ai� k = i = j
� 1��P ? � ��r �#

A ∈ �- �# �\� � I ��>:< �#a ��� n(n+�)/� e ���� ? � �� "�� �H $�-# J�;<
+��� n(n− �)/� $*7 �7 O(n) �H $ ��T7 �d�4< +_A� O(n)

O(n) ∩ E��L +detA = ±� A� A ∈ O(n) �- Ǳ�.� �7 �H $�-# J�;< _�a
+$'��</� R(n) �L��#� T#�. � SO(n) `�� ���"�� T#�. �� SL(n; R)

Mat(m,n; k) � ��� m×n A�0N ���� ��	- ��g�	d� �T; �	< Mat(m,n) K ��L +25
�$�-# J�;< +��� k �� "�� �7 m× n A�0N ���� ��	- ��g�	d�

3�
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����
%� >�$ 
�'(�)*�
��+ ��,��	 $ ���

J�'� G � P /4;T � A�-e ���� �X� ∈ Mat(m,n; k) �- Ǳ�.� �7 _���a
k × k ?�
��< e ���� M A� �H �PX�G =

(
A� B�

C� D�

)
�H $<��# #��

+���

�$'@�7 ε .� �4	H A−A� A�-� Z�# ��	- �L� �H #��# #�� J�'� A� ε > � _^a
+��� ?�
��< A E�T<Z

E�T<Z �$'4N- ε .� �4	H A−A� A�-� Z�# �H PXG =
(
A B
C D

)
�L� _�a

Ik �L� 20������' +D = CA−�B �H ��� K �� "�� �7 X /4C� �0'� � /4C�
E�T<Z �$@�7 k × k /<�	- e ���� �T; �	<(

Ik O
X Ip−k

)(
A B
C D

)
=

(
A B

XA+ C XB +D

)
�H ��� k(m + n − k) $*7 �7 A$%&�'� � . M(m,n; k) ⊂ M(m,n) _#a

+k ≤ m,n

3�
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� ���

���� ���

�+	��:� 8�9 �- ?�(� 8�9  !)

/���*Y� +$<��L/� �]< �# v �7 o .� /<�
�V J��'g �7 �� v ∈ R
n ��>:< ��-� A���N7 �#

p ∈ Rn E��n�# ��>:< .� �̀ �@ �7 /<�
�V 1��P �7 �� JZ K�% �� �H #��# #�� 9�<
/	) c : R → Rn $�'H R�D �Gj �� +#�@ ��� �+2 �
@ �7 +K ��T7 �]< �#
Rn .� A��>:< 9�< c′(t) = (c′(t), · · · , cn(t)) 1��P ? � �# +��� � \�%�N<��& #
\_�� ����% �� JZ +$@�7/� ��	� /'='� �7 � ��� c(t)+c′(t) � c(t) ?�7 ��� ����
#�$4�� c(t)+c′(t) �7 c(t) .� �H /<�
�V 1��P �7 � E$���< c V�  % c′(t) ���� ����% � 

+K ��L/� �]< �# �#��#

i

�+2 �
@

��
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?�%� @AB & ��� "	��:� 8�9� �. ?�%� 8�9� ��&

i
!+2 �
@

�� p+ v �7 p .� J�
�V ��� /D�H �/Y� � �
@ �7 ��h� ? � A.�� Q$� ��]'� �7
�H ���� Rn ×Rn ���# / �0�. ?�'� ��	- ��g�	d� +K�'H ��P�� (p, v) ��. �7
$�K����% ��<Z Ǳ�Bg� � E$���< Rn ���� $�2, � �K�-#/� J�;< TRn #�	< �7 ��<Z

+_#�@ ��� !+2 �
@ �7a K���</� Rn  % ����
#�	< ? � �7 �]< �K�-#/� J�;< _p �# v ��#�7a vp #�	< �7 �� (p, v) ∈ TRn Xj �	*�
�Gj *D +K�-#/� [ �	< TpRn #�	< �7 �� v ∈ Rn �7 A�- (p, v) ��	- ��g�	d� �A��\L

+K�-# J�;< v F�O M �0'� �7 �� TRn .� �Bg �- �H ��� �407

i
2+2 �
@

ϕ : R
n × R

n → R
n � �h� �@�T< �TR

n � v .� �Bg ?���� �7 Q�hO A��7
A��>:< ϕ(v) �v ��	� ��#�7 �- Ǳ�.� �7 +K ��L/� �]< �# �� ϕ(a, b) = a ��>7�Y �7
A��g�	d� � . J��'g �7 �� ϕ−�(p) ��T # A�� .� +$@�7/� ���4�� JZ �7 v �H ���
�# 1��P �7 �n = � ���O A��7 �H m�D�L �]< �# J���/� Rn × Rn .� (�hn7
��� �� ϕ−�(p) �
' � A��7 ��� A�E9�T<� �
@ ? � +#�# J�;< ��<Z J���/� 2+2 �
@
/D�H �#�	< � $"� J���/� A��#�7 A�BD M �7 � . W �t �7 �� ��� ? � +K���'7 p �%

#�@ � �*� ���

(p, v)⊕ (p, w) := (p, v + w)

a� (p, v) := (p, av)

�!
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"	��:� 8�9� �. ?�%� 8�9� ��& ?�%� @AB & ���

+$<�@/� � �*� R×Rn � ⋃p∈Rn ϕ−�(p)×ϕ−�(p) �7 S���47 Gj 	g _� � ⊕ Q�	g�a
_+$'-#/� J�;< Q�	*� • � +�7 S���47 �� � � ⊕ Xj �	*�

�@�T< .� E�T<Z �p ∈ Rn � E#�7 � \�%�N<��& # /4@�T< f : Rn → Rm �L�
vp �→ ��>7�Y �7 Tf(p)R

m �7 TpRn .� />) /4@�T< �Df(p) : Rn → Rm />)
#��# A�A#�g ��r �j�-�� (��) �@�T< ? � +#�	< � �*� J���/� [Df(p)(v)]f (p)

�@�T< mK�-#/� J�;< f∗p #�	< �7 �� �@�T< ? � +�)�#�V K�-��) JZ b �;� �7 �H
J�� +K�-#/� J�;< f∗ #�	< �7 �� �- f∗p ��	- `�	4� .� �P�O TRn → TRm

�# �/'* a ��� � \V~ �*� � . ���L� # �$'H/� � �*� Tf(p)R
m �# A��#�7 f∗p(v)

�_$<�7��7 Rm �7 TRn .� ?
	� S�H��

TRn
f∗ � TRm

π

� �
π

Rn
f � Rm

π ◦ f∗ = f ◦ π

�0'� ? � +#�@/� �4)�� 9�< Df(p) A� � .� �
%7 �f A�� .� �0'� �< f∗ ? ��7�'7
� \�%�N<��& # 67�� g : Rm → Rk $�'H R�D +�N�< (�) ���O ? � �# f∗ � �*� ���#

K ��# �W4;� A�E��d<. E�$g�C �7�'7 ��d�4< �# m��� A�T #

D(g ◦ f)(p) = Dg(f(p)) ◦Df(p) _�+2 a

K ��# �� �*� �7�'7

g∗
(
[Df(p)(v)]f(p)

)
=

(
Dg(f(p))(Df(p)(v))

)
g(f(p))

��@�< J���/� � . 1��P �7 _�+2 a M	H �7 �� Q���D ? �

g∗(f∗(vp)) = (g ◦ f)∗(vp)

? ��7�'7

g∗ ◦ f∗ = (g ◦ f)∗

�d' � �� ��4"�� m$@/� /'*� /7 Gj ��H Q���D ? � �#�"< Tf(p)Rm �# f∗(vp) �s<�'�
+�@�#�7 �# �� A�E��d<. E�$g�C #$d� J��7 �jD�P f∗ .� E#�&4��

�2
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?�%� @AB & ��� "	��:� 8�9� �. ?�%� 8�9� ��&

i

5+2 �
@

� �"�� ��]< �/7�H�f e ���� �7 {�"��� �# K�-�&� � (��) E���	- �eV ? � .�
c : R → /'='� �7 ��	� ��#�7 +Df SNO �7 �< K�'H/� J��7 f∗ ���� �7 �� /T'�
�
1��P �7 �� t �# c �7 ��	� ��#�7 +#�	< J��7 J���/� 9�< ��0&� ? � ���� �7 �� Rn

�H $@�7 c(t) = (t, f(t)) �
@ �7 /'='� ��L�a +K�'H/� � �*� c′(t)c(t) ∈ Tc(t)R
n

��#�	< �7 ��	� c) #�$4�� �# ��#�7 ? � mc′(t)c(t) = (�, f ′(t))(t) E�T<Z �f : R → R

��#�7 �H $�'H ��� _+#�@ ��� 5+2 �
@ .� _���a �	NC �7 +��� (t, f(t)) �# f
.� ��� 1��"g �j:�C# t ��]=� �# c ��#�	< �7 ��	�

c∗(�t) = [Dc(t)(�)]c(t)

= (c�
′
(t), · · · , cn′(t))c(t)

��� 5+2 �
@ .� _^a �	NC �7a ��� t �# R �7 ��	� ��
 ��#�7 �t = (t,�) �H
+��� Rm �# /'='� M g ◦ c E�T<Z �$@�7 � \�%�N<��& # g : Rn → Rm �L� +_#�@

.� ��� 1��"g t �# g ◦ c �7 ��	� ��#�7

(g ◦ c)∗(�t) = g∗(c∗(�t))

= g∗(t �# c �7 ��	� ��#�7)

+#�@ ��� ,+2 �
@ �7
i

,+2 �
@

�5
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C�7 C�*�2* ����� �. ?�%� 8�9� $�& ?�%� @AB & ���

@	7 @	2�12 	���
� �- ?�(� 8�9 &!)

R�D +K ��L/� �]< �# �� i : M ↪→ RN AE$'<�;< � M A$*7−n ���	- $%&�'� Q�O
R
N �7 R

n .� i◦x−� 1��P ? � �# +K ��# p Q�O (x, U) 1�h4n� E�T4�# M $�'H
+��� Ti(p)RN .� A$*7−n / �BD � . (i ◦ x−�)∗(Tx(p)Rn) ��j4d�4< +��� n �� "�� �7
�L� ��� . m#��$< /T4N7 x /��h4n� E�T4�# �7 �BD � . ? � +##�L ��� �+2 �
@ �7

E�T<Z �$@�7 A�T # /��h4n� E�T4�# y

(i ◦ y−�)∗ = (i ◦ x−� ◦ x ◦ y−�)∗

= (i ◦ x−�)∗ ◦ (x ◦ y−�)∗

(y ◦ J���� �7 /	N�D����9 � (x ◦ y−�)∗y(p) : Ty(p)R
n → Tx(p)R

n ? ��7�'7 �
+��� x−�)∗x(p)

i

�+2 �
@

3+2 �
@ �# 1��P �7 �H �#�H ��� u=7 ? � �7 J���/� 9�< �T # /: �t �7
E�T<Z �$@�7 c(�) = x(p) �7 /	) c : (−ε, ε) → Rn �L� +K �E#�	< ��P�� �� JZ
�# ���	- K) �- � �#��# ���C i(M) �# �j��	� �H ��� RN �# /	) α = i ◦ x−� ◦ c
�α∗(��) = (i◦x−�)∗◦c∗(��) 1��P ? � �# +_w1�"x�a ��� �
@ ? � �7 9�< i(M)

��#�7 �- �E�G*7 +#��# ���C (i◦x−�)∗(Tx(p)Rn) �# A� α �- �7 ��	� ��#�7 ? ��7�'7 �
��	� ��#�7 �Tx(p)RN �# ��#�7 �- �� . m��� A� α M ��	� ��#�7 ��BD � . ? � �#
��g�	d� .� ��� 1��"g ���# �� A$*7−n A�BD � . �? ��7�'7 +$@�7/� c /	) �7
�� A$*7−n A�BD � . ? � +i(M) �# ���	- A�0	) �7 i(p) �# ��	� A�-��#�7 ��	-

+K�-#/� J�;< Tp(M, i) #�	< �7

�,
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?�%� @AB & ��� C�7 C�*�2* ����� �. ?�%� 8�9� $�&

i

3+2 �
@

�K�-# ��
;� K �#�C �� �P�O A�-�BD _A�9d�a `�	4� J�'H�

T (M, i) :=
⋃
p∈M

Tp(M, i) ⊂ i(M)× R
N ⊂ TR

N

�K�'H/� � �*� � . ��>7�Y �7 ϕ : T (M, i) →M A� �h� /4@�T<

ϕ(v) = p ⇔ v ∈ Tp(M, i)

�8��� �# �Q�O ? � �7 +#��# A��#�7 A�BD ��4)�� π−�(p) ��� �- �TRn ���O �# ���
+#�	< �4;�7 �C# /	H $ �7 �0����

/'='� +$ ��T7 �]< �# �� i : S� ↪→ R� A��4=� �@�T< � M = S� $%&�'�
+c′(θ) = (− sin θ, cos θ) � #�\L/� S� {�:< �� �%H .� c(θ) = (cos θ, sin θ)

i

�+2 �
@

up = (− sin θ, cos θ) K�'H/� � �*� A� p = (cos θ, sin θ) ∈ S� �- A�.� �7
�7�C k ∈ Z �7 θ + �kπ /'* �θ ��$:� � �0'�7 �7 A��#�7 ?�'� �- �H ��� ?@��a
1��"g Tp(S�, i) 1��P ? � �# +_#��$< #�� u�O ? � .� /%
;� /�� �$@�7/� J��7
KN�D����U	- ? ��7�'7 +#�@ ��� �+! �
@ �7 +up ^��B� ��	- ���@ A�BD .� ���

��
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C�7 C�*�2* ����� �. ?�%� 8�9� $�& ?�%� @AB & ���

�� � . ���L� # �H �K ��# �� f�(λup) = (p, λ) ��>7�Y �7 f� : T (S�, i) → S� × R�

�#.��/� � \�B �*�

T (S�, i) f� � S� × R�

�
�

��
π

�
�

�

�
π′

S�

A�-��� �� π′−�(p) �
;7 A�-�g�	d� �L� +π′(a, b) = a �H π′ ◦ f� = π /'* 
A��#�7 A�BD ��4)�� M _/*�"t �
@ �7a A��� �- 1��P ? � �# �K�'H � �*� π′

E�G*7 m#�7/� �-��� �7 �� �-��� f� �H ��� /'*� ? � �7 ���L� # A� \�B �*� +#��#
o� �h� A��7 />) KN�D����9 � M �A��� �- �7 f� A$=� �H ��� ��� ?@��

+$@�7/�

i

�#�H �<�@ #�@/	< �� A� �H �� ��+2 �
@

�# +$ ��T7 �]< �# �� i : S� ↪→ R� A��4O� �@�T< � M = S� $%&�'� Q�O
p� �;� f� �@�T< A�0�Lk � �7 f� : T (S�, i) → S� × R� �@�T< }�- ����O ? �
��#�7 �- A�.� �7 E�T<Z �$@�7 �4@�# #�� /4@�T< ?�'� �L� ��� . +#��$< #�� X�7 �#
.� A�� �#�L {f−�(vp)|p ∈ S�} A�-��#�7 ��g�	d� /4N �7/� �R� �# v �= � �7�x
�-��#�7 ? � � �#�@/� E#�# �"N< A��#�7 S� .� �>:< �- �7 �H �$@�7 �&P�< A�-��#�7
?�'� �H #��#/� J�gq� Af���V�� .� _���@#a A���BC +$''H/� ����� �4���V �
@ �7
+_##�L ��� �+2 �
@ �7 �#�H �<�@ #�@/	< �� A� �H ��a ��� ?
	� ��r /4�*Y�
T (M, i) → /"��'� �@�T< 9�< ���O JZ �# #�	< 1�"x� J���/� �H �N- 9�< �T # Q���
�JZ ��]< /��g�Y�� � � ���@# A���BC .� E#�&4�� J�$7 ��� m#��$< #�� M × R�

J��7 �7 +$ ��T7 �]< �# M ���%�� ��� A��4O� �@�T< �� i : M ↪→ R� �@�T<
�@�T< � �h� M �$@ � �*� M �hD �# �H R� .� (�hn7 A��g�	d� � . ��4:�C#

�3
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��>7�Y �7 f : [�;�π]× (−�;�) → R�

f(θ, t) =
(
� cos θ + t cos(θ/�) cos θ

,� sin θ + t cos(θ/�) sin θ, t sin(θ/�)
)

��#�7 �M .� p = (� cos θ,� sin θ,�) ��>:< �- �# +���

vp := (−� sin θ,� cos θ,�) = f∗
(
(�,�)(θ,�)

)
���� ���# f∗((�,�)(θ,�)) ^��B� ��	- E���7�# S%>� ?�	- +��� ��	� M �7

+��� E$@ E#�# J�;< ?�� �>:< {�>) �7 �I+2 �
@ �# �H

i

�I+2 �
@

�H $�'H ���

f∗((�,�)(θ,�)) =
[
Df(�,�)(�,�)

]
(�,�,�)

=
[
∂f

∂t
(�,�)

]
(�,�,�)

= (�,�,�)(�,�,�)

�
<Z Q�O �

f∗((�,�)(�π,�)) =
[
∂f

∂t
(�π,�)

]
(�,�,�)

= (−�,�,�)(�,�,�)

(� cos θ,� sin θ,�) {�:< ��	- �7 ?�� �>:< A�-��#�7 �H�O �7 �#�C 9L�- �H ��� /'*� J�$7 ? �
f∗((�, λ(θ))(θ,�)) �
@ �7 A��#�7 �- E�T<Z �$@/� ?�'� �L� ��� . mK�4N�< �4���V 1��P �7 �
�&P ���n� � �	- �# $ �7 67�� ? � +��� �4���V /*7�� λ : [�;�π] → R �H #�7/�
A���BC �H �J�7�NO .� /<��� ��$:� �� �BC �7 �'7a �H �λ(�π) = −λ(�) ��G*7 � $@�7
�7 ��4���V ��>7 ?�� �>:< A�-��#�7 ^�n4<� J#�7 Q�=� +$@�7/� Q�=� _��� E#��

��
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E#�7 KN�D�����	- M × R� A��7 T (M, i) .� /4@�T< }�- �H $-#/� J�;< p�Y�
T (M, i) �H $�Z [�V A�T # ���O �S���� ? � �7 +#��$< #�� �$@�7 9�< ��� �7 ��� �

+�N�< M × R
n ��"@

���N7 /*Y�� �]< .� T (M, i) ��4)�� �$@�7 E$'<�;< i : M ↪→ RN �L� �Q�O ? � �7
/;n7 �/'* a π−�(U) E�T<Z �$@�7 M �7 /��h4n� E�T4�# (x, U) �L� ���� E#��
F�����	- �
@ �7 � ��� �7 ��� 1��P �7 Xj �	*� �� _#��# ���C U A�� �H T (M, i) .�
�A� p ∈ U �- Ǳ�.� �7 �6C�� �# +�@�T< J���/� U × R

n A�� �7 F�����	- �
@ �7
�7 (M, i) ���

mp(x(p)Rn) := (i ◦ x−�)∗x(p)(Tx(p)Rn)

� �*� K�<���/� �? ��7�'7 +��� E$@ 6Y� /N �< �PG) �0 �7 mp �H ���� �7��7
K�'H

f : π−�(U) → U × R
n f(mp(vx(p))) = (p, v)

S�� T (M, i) A�-�"' ? � +��� /0 $7 �j*Y�� T (M, i) �Q�	*� /'D J�7. �7
�#��T7 W%*� �-��4)�� .� K0� � ��97 E#�*�� ��D A�E#��<�) �7 T (M, i) �H #�@/�

8*���- AB� )!)

ξ = (E, π,B,⊕,�) /	 �� Kd'V M _$� =�>−n��� � a $�"%−n$����% ���
�H ���

+_K���</� ξ  8 	�F $�2, � 0�� $�2, S���47 �� �0<Za $'4N- �BD B � E _�

+��� B A� � �7 �4���V /4@�T< π : E → B _!

�
@ �7 / �04@�T< � � ⊕ _2

⊕ :
⋃
p∈B

π−�(p)× π−�(p) → E

� : R× E → E

�(R × π−�(p)) ⊆ ?�'s	- � ⊕(π−�(p) × π−�(p)) ⊆ π−�(p) �H �$'4N-
��� A$*7−n A��#�7 A�BD M π−�(p) ��� �- �0<Z ��>��� �7 � π−�(p)

��
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���C�7 � . p�@ �7 &��% 0L	�% �C"D�� ?�H �H A��<�L �7 m_R �� '��. J�$�� �7a
����

t : π−�(U) → /	N�D�����	- � p .� A� U /T �N	- �p ∈ B �- Ǳ�.� �7
A�-�BD KN�D����9 � M A� q ∈ U �- Ǳ�.� �7 �H #��# #�� J�'� U × R

n

+��� {q} × Rn �7 π−�(q) .� A��#�7

��g�	d� � . �- Ǳ�.� �7 ���� /*Y�� /t�@ ���� �# �J#�7 /0 $7 �j*Y�� {�@ J��
A �7 ξ|A /DGH �7 ξ = (E, π,B,⊕,�) R� �&� FGH .� ��H#�) ��>7 �A ⊂ B

FGH �7 ��4:�C# J��7 �7 +$��� J���/�

ξ|A :=
(
π−�(A), π)π−�(A), A,

⊕|⋃
p∈A

π−�(p)×π−�(p),�|R×π−�(A)

)

FGH ����# ?�	- �7 � m��� /<X�t $O .� [�7 A��9L#�	< ? � �H #�@/� �]OG�
v, w ∈ A�-��#�7 A��7 +K�-#/� J�;< �0'� E �7 /4O � � �π : E → B 1��P �7 ��
+K�-#/� J�;< av � v+w �7 S���47 �� �(a, v) � ⊕(u,w) �P�'g �a ∈ R � π−�(p)

π : X × �7 X × Rn #�) .� ��� 1��"g �A��=&P−n FGH .� Q��� ? �� E#��
� �*� /0 $7 ��4)�� {x} × Rn ��� �- �7 �H �o��&���� ?���� A�� � �h� Rn → X

J�;< εn(X) #�	< �7 � E$���< X $#� 0L	�% $� =�>−n ��� �� ? � +##�L/�
+��� εn(Rn) ���# TRn ��	� FGH +K�-#/�

+$@�7/� .�� K- ε�(S�) �7 T (S�, i) FGH �$ #�L �]OG� Gj "C �H ��t J�	- eV
ξ� = π : R��&� A��#�7 FGH �# ���� /'D pG>P� M �d' � �# $3�� VK ����
_ξ� ∼= ξ� K�N �</� �a K�8�L . �� K- /���P �# �� ξ� = π� : E� → B � E� → B

1��P �7 �� π−�
�

(p) ��� �- �H ##�L �D� J�'� h : E� → E� /	N�D�����	- �H
.�� K- FGH +K���</� A. �� K- �� h �@�T< +$'H � �h� π−�

�
(p) A�� F����9 �

/'*� ? � �7 ���# �0DGH #��� �# J#�7 /0 $7 {�@a +K���</� /0 $7 �� εn(B) �7
_+��� /0 $7 ξ|U �H #�@/� �D� p .� U /T �N	- M p �>:< �- Ǳ�.� �7 �H ���

�I
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i

��+2 �
@

FGH M .� A�E#�� Q��� Q�O ? � �7 �$'4N�< /0 $7 T (M, i) � T (S�, i) A�0DGH
�# �_T (M, i) �<a ���7�� ���< #�) �#�	< p�>� J���/� 9�< � q p�@ �7 /0 $7 ��r
�# �� �#�@ �4D�L �]< �# S� A�� A$*7−� A��#�7 FGH M J��'g �7 �H /���P
��)�� J���/� [�,�]×R A� � .� (�,−a) �7 (�, a) A��L /
 �7 �� M +$ ��T7 �]<
A��7 �� π �@�T< +#��Z ��$7 J���/� [�,�] �7 � �7 � A��L /
 �7 �� S

� �
<Z Q�O
��+2 �
@ +K�'H/� � �*� π{(�, a), (�,−a)} = {�,�} 1��P �7 � < t < �

$�'H R�D +$-#/� J�;< �� S
� .� {�,�} ��>:< /
 #9< �# M J#�7 /0 $7 �j*Y��

M .� a�% M �� /*7�� ?�'�a $@�7 π ◦ s = IdM �7 �4���V /*7�� s : S� → M

J�� +��� ��]< s̄ = −s̄(�) �H s̄ : [�,�] → R �4���V /*7�� �7 67�� ? � +_$'��</�
�7 $ �7 �/'* a #�@ �&P / � �# s o�7 /4N �7 eV �##�L �&P / � �# s̄ /4N �7
M �j*C�� �H $-#/� J�;< ? � +_##�L �&P s(θ) ∈ π−�(θ) A� θ ∈ S

� M A�.�
+��� /0 $7 ��r /DGH

i

�!+2 �
@

��
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J#�7 KN�D����	- �7�;� +$@�7/� J#�7 F����9 � �7�;� A.�� K- �H ��� ?@��
A�04@�T< .� �& M .� ��� 1��"g ξ� �7 ξ� .� /DGH �@�T< ��+��� ?�'�

�H A��<�L �7 �f : B� → B� � f̃ : E� → E� �H �(f̃ , f) J�� �4���V

���� � 9�B �*� � . ���L� # _�

E�
f̃ � E�

π�

� �

π�

B�

f � B�

+��� />) A� p ∈ B� �- A�.� �7 f̃ : π−�
�

(p) → π−�
�

(f(p)) �@�T< _!

67�� f : Rk → R� �H ���� TR� �7 TRk .� /DGH �@�T< M (f∗, f) ��.
+��� E��n�# � \�%�N<��& #

	���
� �- ?�(� AB� 5!)

A�04@�T< j : N ↪→ R� � i : M ↪→ Rk �$%&�'� � . Nm ⊆ R� � Mn ⊆ Rk �L�
T (N, j) �7 �� T (M, i) A�BD f∗ E�T<Z �$'H �$P f(M) ⊆ N {�@ �# f � �A�4O�
��	� ��#�7 v ∈ T (M, i) �H #�@ ��� ��� /D�H ��� ? � ��]OG� A��7 m#��T</�
���� N �# f ◦ c /'='� �7 ��	� ��#�7 f∗(v) �\� � �$@�7/� M �# c A�/'='� �7
�7 T (M, i) .� /DGH��@�T< M �7 W �t ? � �7 +f∗(v) ∈ T (N, j) �d�4< �# �
� ���	- /4@�T< �� f : M → N�Y�O u=7 �# �H ��� �d' � �4
< +K���/� T (N, j)

m#�# 6���� J���/� R
� �7 /*Y�� �
@ �7 �� f �H ��� ��D�L �]< �# J���/� /*Y��

f : M → N 9�< � $'4N- N � M #�d� $%&�'� �# E�$'<�;< j � i �H /4��O �7 �/'* 
�# �� j ◦ f ◦ i−� : i(M) → j(N) �@�T< ��� /D�H +��� �0<Z ?�7 ���	- /4@�T<
K�-��)/� /���7 �H /4��O +K�-# 6���� Rk �7 /*Y�� �
@ �7 �� JZ � �4D�L �]<

$>� �� �� ?�.@ 0�+�A� 0�� ?�.@ 0�,��/ ���$�B9 $>� �� �C�� �� �,��/ (DE+ (�*�� (9 (.&9�

0�$9 �'�.@ 0�,.7�� �� EF ���$�B9 $>� �� ?�.@ 0�,��/ �9 �� �G
H@9 (D ��8 0�A� �� � ���$�B9
���E+ IJ� �� ��,��/ 0�� �E&���
�K�� (9 f ���  �E � �*LE+ ����� �
<� ���/M�:�B� ?�$;�
��$N ���$9 ��
 ��&N  �� 5� ���F
O
 %��& �� ���$4 ��)P ���
9 �&���

�E+ �.� �� � ���
9

�)��(.�$4

�!
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� Rk �# M E�$'<�;< j � i �H �f = IdM � M = N ���O �/'* ���� ��E#�� �K�'H
+$'@�7 R�

i
�2+2 �
@

w ∈ Tx(p)R
n �H (i ◦ x−�)∗(w) /%H �
@ �7 �� Tp(M, i) �P�'g �1��P ? � �#

w ∈ �H (j ◦ x−�)∗(w) �
@ �7 �� Tp(M, j) Ǳ�Bg� �
<Z Q�O � ��@�< J���/�
M �7 �K ��T'7 (j ◦x−�)∗(w) �7 �� (i◦x−�)∗(w) �s<�'� +�@�< J���/� Tx(p)Rn
+��� A. �� K- p�Y�7 �H �K���/� T (M, j)|U �7 T (M, i)|U .� /DGH��@�T<
���� /��h4n� E�T4�# .� �:4N� ��-��� �7 /8�:�� Tp(M, i) → Tp(M, j) �@�T<

1��P ? � �# �$@�7 A�T # /��h4n� E�T4�# (y, V ) �L� �� .
(i ◦ y−�)∗(w) = (i ◦ x−�)∗

(
(x ◦ y−�)∗(w)

)
� �

(j ◦ y−�)∗(w) = (j ◦ x−�)∗
(
(x ◦ y−�)∗(w)

)
�7 T (M, i) .� A.�� �- �@�T< �7 � #�	< 6�	d� J���/� �� �04@�T< ? � ��	- �? ��7�'7
T (M, i) A�d7 �\� m��� i E�$'<�;< .� �:4N� T (M, i) ��T # J��7 �7 +$��� T (M, j)

.� A�E#��<�) �T; �	< TM Gj 	g K�  ��# ��� �H /��O �# +#�	< E#�&4�� J���/� TM .�
�04N �" S%r� �H ��� A�E��@ ? � +(�hn7 FGH M �< ���� . �� K- A�0DGH
Q�"<# �7 �H �s<Z �#��$< A$' �@�) �-�� �j4:�:O /�� �$''H E�T< �̀Y�� ? � �7 $'% ��
�� �%H �H A�=< �7 ��� M �- A��7 A��#�7 FGH M �0'� � M �� 8��� �K�4N- JZ
E�.�$<�7 Q�O ?�g �# � $@�7 �4@�# �� A. �� K- �GH M �# #��� T (M, i) (��)
�7 9d7 �� TRn /4C� +K�<���/� ��%7 wK�4N- ��H ? � �7 �#�C � Z +$@�7 /*�"t /D�H
� �D f : Rn → Rm A��7 9�< f∗ �K�'H/� E#�&4�� _εn(Rn) �/'* a o������ /'*�

+K�'H/� E#�&4�� zK $C f∗y pG>P� .� ����O ? � �# +#�	< $-��)

�2
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� M A�� TM A��=&P−n FGH M �M $%&�'�−n �- �7 ����� �����
J���/� A��<�L �7 (f∗, f) /DGH��@�T< M �f : M → N ���	- �@�T< �- �7

��H #�	< ���'4�

9�< Id∗ : TM → TM �@�T< E�T<Z �$@�7 /<�	- �@�T< Id : M → M �L� _�
+(g ◦ f)∗ = g∗ ◦ f∗ E�T<Z �g : N → P �L� +$@�7 /<�	-

tn : TRn → εn(Rn) / �0 . �� K- �f : Rn → Rm ���	- 67�� �- Ǳ�.� �7 _!
� \�B �*� � . ���L� # �H A��<�L �7 �D� J���/� tm : TRm → εm(Rm) �

����
TRn

f∗ � TRm

tn

� �

tm

εn(Rn)
/	 $C f∗ � εm(Rm)

+��� . �� K- (TM)|U �7 TU E�T<Z �$@�7 M .� .�7 A$%&�'� � . U ⊆ M �L� _2
$ $=� J�	- ���# (f |U )∗ : TM → TN �@�T< �f : M → N �- Ǳ�.� �7
#��# #�� A��<�L �7 TU ∼= (TM)|U A. �� K- M ��4:�C# J��7 �7 +��� f∗
A�4O� �@�T< i : U ↪→ M �d' � �# +$<#�L/� � \�B �*� � . A�-��#�	< �H

�+���
TU i∗ � TM

∼=

� �
�

�
�

�
�	

⊆

(TM)|U

TU
(f |U )∗ � TM

i∗

��
�

�
�

�
�	

f∗

TM

+��� �4&0< JZ �# �<�#�4�� A��%�O ���� /*�"t ���N7 �
' � �7 TM �)�� 23�*4�
.� ��97 A�E#��<�) TM Ǳ�Bg� .� M �- /�� �K ��Z/� ��$7 TM FGH M �0'�

+��� . �� K- Ǳ��@�
�O��� �K ��# ���4)� �# TM / �0DGH �� K�'H �n;� ��� A�$47� �# �s<�'�
E�T<Z �$@�7 /��h4n� /-�T4�# (x, U) �L� +$�	0D K�-��) ��E#�� � �407 �� �)��

(f, M, N) ���� (� �*; (9 QN�� �� RfS (/ ��:�9 (<
. �.&��9 ���*/� 3��'.�� f∗ ��E� �� �.N��
�$�5 �)*���'. i : U ↪→ M 0
.�� �:�B� � T�
� (9 U 5� IdU ���E+ �:�B� �f : M → N (/ ���
0�(F
EC (9 �� TU U� $+V )*���'. ��H@W i∗ : TU → TM � IdU∗ : TU → TM 0�,.:�B�

�X���B�� Y��

�5
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(x−�)∗ ��@�T< ? � ��
*�a #�7 $-��) A. �� K- M x∗ : TU → T (x(U))

x(U)×R
n J�	- �j���� 9�< T (x(U)) � ���� (TM)|U J�	- �j���� TU J�� +_���

�#�@/� E#�7 (x(p), v) �
@ �7 /�. �7 x∗ c��� A� e ∈ π−�(p) ��>:< �- �$@�7/�
F����9 � �
;7 �� π−�(p) A�BD x∗ J�� �a $@�7/� Rn .� A�h'g v �d' � �# �H
y �L� +_$@ $-��) �-�� �
@ ?�	- �7 9�< R

n .� A� v �- �#��T</� {p} ×R
n A��

�7��7 (y(p), w) �7 y∗(e) A� w ∈ Rn M Ǳ�.� �7 E�T<Z �$@�7 A�T # /��h4n� E�T4�#
(x(p), v) J�� m#�	< �n;� �� w � v A�-��#�7 ?�7 {�"��� J���/� /4O�� �7 +���
J��'*7 �� (y◦x−�)∗ �s<�'� �#�@/� �4@�T< y(p, w) �7 y∗◦x−�∗ = (y◦x−�)∗ c���

K ��# �K�'H /:%� zK $C (y ◦ x−�)∗y

w = D(y ◦ x−�)(x(p))(v) _!+2 a

J�	- ? � +��� #�'4�� �7�C � /'*� �7 �$'@�7 �n;� �0DGH �
' � J�$7 {�@ ? �
+#.��/� TM � �*� �7 �#�C �� �� �H ��� A��4
<

E�T<Z �v, w ∈ Rn � $'@�7 p ���@ A�-�'��# �7 1�h4n� E�T4�# �# y � x �L�
K�'H/� � �*�

(x, v) ∼
p

(y, w) ⇐⇒ w = D(y ◦ x−�)(x(p))(v)

A��>7�� ∼
p

�H #�	< W�:=� J���/� /L#�� �7 �W4;� A�E��d<. E�$g�C .� E#�&4�� �7
? � +K�-#/� J�;< [x, v]p #�	< �7 �� (x, v) ���@ A. �� K- �GH m��� A.�� K-
�# ��	� A�-��#�7 ��	- ��g�	d� � E$���< p �# ��	� A�-��#�7 �� A.�� K- A�0�GH
p �7 �� ∼

p
�7 �"N< A.�� K- A�0�GH π �@�T< mK�-#/� [ �	< TpM �7 �� p ∈M

A�0����D �7 +#��T</�

[x, v]p + [x,w]p := [x, v, w]p , a.[x, v]p := [x, a.v]p

E�T4�# ^�n4<� .� �:4N� � �*� ? � +K�'H /� � �*� π−�(p) �7 A��#�7 A�BD ��4)��
Rm �7 Rn .� /	N�D����9 � D(y◦x−�)(x(p)) �@�T< �H ��� ���� y � x /��h4n�

+���
�#�@/� � . p�@ �7 �@�V � M�"
 /4@�T< ug�7 �TM A��7 $ $ � �*�

tx : π−�(U) → U × R
n [x, u]p �→ (q, v) _2+2 a

�- Ǳ�.� �7 ��� �.X ? ��7�'7 �$'@�7 KN�D�����	- �04@�T< �<�L ? � �H K ��# ���#
? � .� /g�	4� �- �\� � �$@�7 .�7 t−�x (A) ��g�	d� �A ⊂ U × Rn .�7 ��g�	d�

�,
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���# �JZ .�7 A�-�g�	d� �H #��# #�� TM �7 A�4� +$@�7 .�7 $ �7 9�< �-�g�	d�
J��'g �7 � � ? � .� � ��� ��NO /	H ��� ? � 1�"x� ��� +$'4N- �-�g�	d� ?�	-

+#�@/� E#��� E$'<��) �7 �� ��N� M .� /;n7
#�	< �7 �� π−�(p) ��� +K ��# ���4)� �# π : TM → M FGH M �S���� ? � �7
�L� +$@�7 �407 TpM #�	< $ �@ ��47� +TpRn #�	< ��"@ ���# �K�-#/	< J�;< TpM
�$'@�7 f(p) � p S���47 Q�O /��h4n� E�T4�# (y, V ) � (x, U) � �f : M → N

K�'H/� � �*�

f∗([x, y]p) := [y,D(y ◦ f ◦ x−�)(x(p))(v)]f(p) _5+2 a

+_? �	� K- .�7a ��� y � x ^�n4<� .� �:4N� � �*� ? � �H #�@ W�:=� /4N �7 ��4"��
1��P �7 �� tn �_!a 1�"x� A��7 +��� /0 $7 ��BC .� _�a {�@ �1��P ? � �#
���� E$@ � �*� _2+2 a �# tx � ��� R

n /<�	- �@�T< Id �H K�'H/� � �*� tId
+��� bY�� _!a K
O �#��# /�G
;� ���L� # A� \�B �*� W�:=� �
' � �7

�j" �:� p ∈ U A�� TU FGH �6C�� �# +��� /0 $7 �jhn;� 9�< _2a {�@
�M A��7 A.�� K- �GH �- �H ��� ? � JZ 1��&� �0'� m��� p �7 TM ��� J�	-
�� �#��# #�� p #�L A�4;�7 /��h4n� A�0-�T4�# M �# �� . �#��# A�4;�7 �P�'g
� +p #�L � U ⊂M �# /��h4n� A�0-�T4�#

i : M → �L� +K���</� M  % ���� ��� �� π : TM → M FGH �eV ? � .�
/-�T4�# (x, U) �L� �6C�� �# +��� . �� K- T (M, i) �7 TM E�T<Z �$@�7 E$'<�;< Rk

�7�'7 E�T<Z �$@� Rk /0 $7 /��h4n� E�T4�# � �@�T< Id � �$@�7 p Q�O 1�h4n�
K ��# _5+2 a

i∗([x, v]p) =
[
Id, D(i ◦ x−�)(p)(v)

]
i(p)⏐⏐%tn = tId(

i(p), D(i ◦ x−�)(x(p))(v)
)
∈ Tp(M, i)

Ǳ�& � J�4��# ? � �# A�T # [:< }�- T (M, i) ��� +��� A.�� K- M tn ◦ i∗ eV
+K�'H/� E#�&4�� JZ A�d7 TM #�	< .� �eV ? � .� � �$'H/	<

���� . �� K- T (M, i) �7 �H K $@ E��n�# M �7 /DGH �)�� �7 WD�� �H J�'H�
? � �7 �T # A�0DGH � Z +��� /C�&�� E.�$<� �� �� �)�� ? � �H K�'H �n;� $ �7
�# �� / �0DGH ?�'� .� �%4n� �̀< �# � ���� �"�� ���V wK�7��7 K�<���/� �0�L9 �

+�)�� K�-��) ���#�

��
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�H �K ��L /� �]< �# �� c : (−ω, ω) → M / �-/'='� �Q��� ?���� J��'g �7
E�T4�# (x, U) �L� +c(�) = p � $<�@/� � �*� � Q�O /T �N	- M �# M �-

K�'H/� � �*� �$@�7 p #�L A�/��h4n�

.� /4@�T< J��'g �7 x ◦ c�, x ◦ c�

+$<��# �7��7 W4;� � �# Rn �7 R

⇒ c�≈
p
c�

+$'4N- T ′M �� $ $ FGH �P�'g �E��n�# A�- p ∈ M Ǳ�.� �7 A.�� K- A�0�GH
≈p �7 �"N< c A.�� K- �GH �H #��# #�� f# /4@�T< f : M → N �@�T< Ǳ�.� �7
�1��89 �7 ?4)�#�V J�$7 +#�@/� �4@�T< ≈f(p) �7 �"N< f ◦ c A.�� K- �GH �7
+��� TM J�	- �j4:�:O Q��� ? � �H #�# J�;< J��� /� /L#�N7 �H K�'H /� ��0��
��]< γ �7 �"N< x−� ◦ y A.�� K- �GH �7 �� [x, v]p ��� /D�H ��]'� ? � A��7

+K�'H ���'4� f∗ �7 9�< �� f# � γ′(�) = v �7 Rn �# A�/'='� γ �H K�'H

� />) A�T%	g �� p �# ��	� ��#�7 +$'4N�< E#�� J�$'� Ǳ��@� ���# Q��� �#
p �# W4;� M y � #�@/� � �*� f ���	- 67��� ��	- ��g�	d� �7 �H K�'H/� � �*�

�H /'*� ? � �7 z���

�(fg) = f(p)�(q) + g(p)�(f)

?@� � +$<��# �� /Lk � ? � � = (∂/∂xi)
∣∣
p

A�-�T%	g �H K �E#�H �]OG� Gj "C
�$'@�7 �7��7 p .� /T �N	- M �# g � f � $@�7 A�T%	g ?�'� M � �L� �H ���
M �# �L� ��� . +��� ���C �7 � /:4;� �- A��7 Gj 	g {�@ ? � +�(f) = �(g) E�T<Z
#��# #�� h : M → R $'<�� A���	- 67�� E�T<Z �f = � K�@�7 �4@�# p .� /T �N	-

�d�4< �# � Supp(h) ⊂ f−�(�) � h(p) = � �H

� = �(�) = �(fh)

= f(�)�(h) + h(�)�(f) = �+ �(f)

E�T<Z �f = g K�@�7 �4@�# p .� /T �N	- M �# �L� Q�O

� = �(f − g) = �(f)− �(g)

�"��=� J���/� �� �(f) �$@�7 E$@ � �*� p .� /T �N	- M �7 �0'� f �s<�'� eV
� $@�7 M �7��7 p .� /T �N	- M �# �H K�'H ^�n4<� A��t �� h ��� /D�H �#�	<

+K�'H � �*� �(fh) �� �(f) e�� � Supp(h) ⊂ f−�(�)

�3
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$*7 /%��# }�- �7 /�� ���� A��#�7 A�BD M / �-�T%	g ?�'� ��	- ��g�	d�
�K .�#�V/� JZ ��$:� ?��*� �7 Gj  q +�N�< ��%*� �"C .� JZ

� ��� Rn �# � .� U ^$=� .�7 /T �N	- ���	- /*7�� f K ��L ��	 �����
�H A��<�L �7 �#��# #�� gi : U → R ���	- 67��� 1��P ? � �# +f(�) = �

A� x ∈ U �- Ǳ�.� �7 _�

f(x�, · · · , xn) =
n∑
i=�

xigi(x�, · · · , xn)

+gi(�) = Dif(�) K ��# A� i = l, · · · , n �- Ǳ�.� �7 _!

�7 hx ���� ^$=� U J�� +hx(t) := f(tx) K�'H /� � �*� �x ∈ U Ǳ�.� �7 23�*4�
J�'H� +��� � �*� �7�C � ≤ t ≤ � Ǳ�.�

f(x) = f(x)− f(�) =
∫ �

�

h′x(t) dt

=
∫ �

�

n∑
i=�

Dif(tx).xi dt

� +gi(x) =
∫ �

�

Dif(tx) dt K�'H R�D K�<���/� �? ��7�'7

A��#�7 FG
H M p ∈ Mn �# />) 1�:4;� ��	- ��g�	d� ����� �����
E�T<Z �$@�7 p Q�O /��h4n� E�T4�# (x, U) �L� �6C�� �# +��� A$*7−n

∂

∂x�

∣∣∣
p
, · · · , ∂

∂xn

∣∣∣
p

1��P �7 �� A� � W4;� �- � �$''H/� $���� �� �BD ? �

� =
n∑
i=�

�(xi) •
∂

∂xi

∣∣∣
p

+_#�@/� �n;� � ≤ i ≤ n �H �(xi) #�$g� c��� � eVa �@�< J���/�
�H $�'H ��� 23�*4�

�(�) = �(� •�) = � •�(�) + �(�) •�

�(c) = c •�(�) = K ��# U �7 c �7�x 67�� �- Ǳ�.� �7 ��d�4< �# +�(�) = � ? ��7�'7 �
�7 +��� ^$=� U $�'H R�D +p = � � M = Rn �H $ ��T7 �]< �# �� /4��O +�

��
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+K ��L/� �]< �# f−f(�) 67�� A��7 !+5+2 K� �# $'<�� �� gi 67��� �U �7 E��n�# f Ǳ�.�
1��P ? � �#

�(f) = �(f − f(�)) = �
( n∑
i=�

Idigi
)

=
n∑
i=�

[
�(Idi)gi(�) + Idi(�)�(gi)

]
=

n∑
i=�

�(Idi)
∂f

∂Idi
(�) = �

�-�T%	g ? � p�Y�7 m$''H/� $���� �� A��#�7 A�BD �- ∂/∂Idi
∣∣
p

�H $-#/� J�;< ? �
�7 Rn .� ��
O� ? � Q�:4<� A��7 x /��h4n� E�T4�# .� E#�&4�� +$'4N- />) �:4N�
� +��� E#�� /' �	� M

�# 1�:4;� ��	- .� E$@ �4)�� FGH K- .�7 �H ##�L/� �]OG� 2+5+2 �� �BC .�
�� 4�# �7 ��� /D�H ��� ? � E�$-�;� A��7 +��� TM #�) �j4:�:O 9�< M .� {�:< ��	-

Q���D +K�'H ��]< �� � =
∑n

i=� a
i(∂/∂xi)

∣∣
p

�T%	g [x, a]p A.�� K-

∂

∂xi

∣∣∣
p

=
n∑
j=�

∂yj

∂xi
(p)

∂

∂yj

∣∣∣
p

�H $-#/� J�;< �$@ E#�# J�;< ! �hD �# �H

bj =
n∑
i=�

ai
∂yj

∂xi
(p) ⇐⇒

n∑
i=�

ai
∂

∂xi

∣∣∣
p

=
n∑
i=�

bi
∂

∂yi

∣∣∣
p

J���/� /L#�� �7 +(x, a) ∼p (y, b) $ �L/� �H ��� A���#�*� J�	- ���# ? � �
�##�L/� ��]< � . p�@ �7 /4@�T< f∗ �7 ���'� ? � �=� �H �#�# J�;<

[
f∗(�)

]
(g) = �(g ◦ f)

∑n
i=� a

i(∂/∂xi)
∣∣
p

E�T<Z �$@�7 Rn �7 /<�	- /��h4n� E�T4�# �T; �	< x �L� �H #�@ ���
+K ��T7 /
 εN �7 �� TR

n �
<Z {�@ �7 �#�@/� ��]< ap �7

� �C o��]< W4;� �T%	g � v ∈ TpM ��	� ��#�7 J��� /���&� }�- Xj �	*�
��d�4< �# mK �@/	< � �C ∑n

i=� a
i(∂/∂xi)

∣∣
p

� [x, a]p ?�7 /���&� }�- �/'* +K4�N�<
�7 ?n� K�<���/� v(f) .� �##�L/� � �*� p .� A�/T �N	- �7 �H $@�7 /*7�� f �L�

��
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�� �O�� _��]<a W4;� �T%	g M J��'g �7 ��	� ��#�7 ��"*� ��	g �# +K ��Z J���
�#�@/� E$�	0D ��E#�� � . ��>7�� .� E#�&4�� �7 9�< f∗ �@�T< ��x��� � ���

(f∗v)(g) = v(g ◦ f)

(∂/∂t)
∣∣
t�

A�d7 � �K�-# J�;< t #�	< �7 �� R� �7 /<�	- E�T4�# �H ��� �����
A�/'='� c : R → M �L� +��� Tt�R A��7 A�� �V ? � mK�'H E#�&4�� (d/dt)

∣∣
t�

.�
��#�7 �$@�7 � \�%�N<��& #

c∗

(
d

dt

) ∣∣∣
t�

) ∈ Tc(t�)M

J�;< (dc/dt)
∣∣
t�

A�'@Z #�	< �7 �� ��#�7 ? � +K���</� t� �� c  % ���� ����% ��
J�7�NO �# Q�	*� E�"4@� �� #�H �C# $ �7 A��9L#�	< ? � .� E#�&4�� �# �4"�� +K�-#/�
�# t �H #�@/� E#�&4�� (dc/dt)

∣∣
t

/'*� �7 dc/dt #�	< .� �d<Z �# Xj �	*� �$-$< |�
+$@�7/� R� .� (�) ��>:< M |t �# t /�� ���� /��h4n� E�T4�# M dt

+$'4N- TM J�	- �j4:�:O �J�	���� ?���� � ?���# �$ �E#�7 /V J�'H�� �H ��t J�	-
+$<��# �� ��P�) ? � ��]OG� �7�C A�0���� ��	- $ �L/� �H #��# #�� /%H A���BC
+##�L/� 1�"x� �	�	Y �	NC �# �\� � ��� �>� .� /��) � /<X�t /	H ��BC ? � ���
A��=&P−n FGH M .� �4%��H A��4)�� M ���	- $%&�'� �7 TM ��	� FGH
M #�) TM p�Y� �7 eV ���� U × Rn ��"@ �j*Y�� TM J�� +#��# E��n�#
TM A�� ���	- ��4)�� M J#�H ���4�� A��7 /*�"t /: �t �/'* m��� $%&�'�
�� A� (TM)|U .� v �Bg �- E�T<Z �$@�7 M �7 /���� x : U → Rn �L� +#��# #��

�
@ �7 #�&7 �h='� 1��P �7

v =
n∑
i=�

ai
∂

∂xi

∣∣∣
p

, p = π(v)

�@�T< �1��P ? � �# +K�-# J�;< xi(v) #�	< �7 �� ai $�8��7 +�@�< J���/�

v �→
(
x�(π(v)), · · · , xn(π(v)), ẋ�(v), · · · , ẋn(p)

)
∈ R

�n

�@�T< Gj 	g �(x◦π, ẋ) �P�O �@�T< +��� U×Rn �7 (TM)|U .� /	N�D�����	-
(y, V ) �L� +K ��T7 /
 �#��$<�4�� �
@ �7 U × Rn �7 �� TU �H /t�@ �7 ���� x∗
�H ��t J�	- E�T<Z �v =

∑j=i
n (∂/∂yj)

∣∣
p

�L� 9�< � �$@�7 A��T # 1�h4n� E�T4�#

�II
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K ��# �$@ �]OG� Gj "C

bj =
n∑
i=�

ai
∂yj

∂xi
(p) =

n∑
i=�

aiDi(yi ◦ x−�)(x(p))

E�T<Z �(t, a) = (t�, · · · , tn, a�, · · · , an) ∈ R�n �L� �eV

y∗�(x∗)−�(t, a) =
(
y ◦ x−�(t),

n∑
i=�

aiDi(y� ◦ x−�)(t),

· · · ,
n∑
i=�

aiDi(yn ◦ x−�)(t)
)

+��� ���	- π : E → B �H $-# /� J�;< 1��"g ? �
Q�	�NH�� e%t� �7 ��<Z �H �K ��# TM �7 c"���−C∞ A�0���� .� A�� �#�L �? ��7�'7
+$<�@/� ���	- �TM �7 ���	- ��4)�� ? � �7 x∗ A�0 .�� /0 $7 +#�# o�4NL J���/�
� E �H K�8�L ����K A��#�7 FGH /���P �# �� π : E → B A��#�7 FGH ��H �#
���	- A��>:< �- #�L �# JZ /*Y�� A�0 .�� /0 $7 ��	- � $'@�7 ���	- $%&�'� B

+��� ���	- π : E → B �
' � �d�4< +$'@�7

8*���- C�	�� ;!)

s : �4���V /*7�� �π : E → B FGH .� a�% M .� ��]'� �H K �@ /� ��Z#� 
A��#�7 A�0DGH #��� �# m$@�7/� ���C �7 π ◦ s = IdB ��>7�� B �7 �H ��� B → E

TM A�0@�7 +$��� ���	- o�7 ��0&� �7 � #�H {�@ J���/� �� o�7 A���	- ����	-
�7 �� A��#�7 J�$�� �$@�7 RN .� A$%&�'� � . M �L� +K���</� M �% $����% &���� ��
��� �5+2 �
@ �7a #�	< ��"*� J���/� M �7 ��	� A�0<�
�V �� 4���V ^�n4<� 1��P
#��#/� J�gq� �#. �<�@ J���/	< �� E�H M A� � A�-�� $ �L/� �H A���BC +_#�@
J�;< ��j$*7 +#��$< #�� �$@�7 �&P ���n� � �	- �# �H S� �7 A��#�7 J�$�� }�- �H
�H �7 $<�/>) �:4N� � �	- �# �H ��	� A��#�7 J�$�� �# J���/	< �H #�# K�-��)

+#�	< ^�n4<� ���7�� ���<
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i
�5+2 �
@

�� X(p) ��#�7 � E#�# J�;< Z � � Y �X A�-#�	< �7 �� A��#�7 A�0<�$�� S%r�
��#�7 M� �1�C�� /)�7 +Xp ∈ TpM �H #�@ ��� mK�-#/� J�;< Xp 1��P �7
�]< �# 1�:4;� ��g�	d� J��'g �7 �� TM �L� +K�-#/� J�;< X �7 9�< �� TpM �#

K ��# M A��7 (x, U) /��h4n� E�T4�# �- Ǳ�.� �7 E�T<Z �K ��T7

∀ p ∈ U : X(p) =
n∑
i=�

ai(p)
∂

∂xi

∣∣∣
p

���	- � �4���V X : M → TM �H $<���	- �H $<� �4���V /4C� �0'� � /4C� ai 67���
1��P �7 �� X + Y $ $ A��#�7 J�$�� �$'@�7 A��#�7 J�$�� Y � X �L� +$@�7

(X + Y )(p) := X(p) + Y (p)

1��P �7 �� fX A��#�7 J�$�� �f : M → R �L� ��7�;� 1��P �7 +K�'H/� � �*�

(fx)(p) := f(p)X(p)

9�< fX � X + Y E�T<Z �$'@�7 ���	- f � Y �X �L� �H ��� ?@�� +K�'H/� � �*�
K�N �'7 K�<���/� U �7 +#�7 $'-��) ���	-

X =
n∑
i=�

ai
∂

∂xi

+��� p �→ (∂/∂xi)
∣∣
p

A��#�7 J�$�� �T; �	< ∂/∂xi �H
�# f �7 X ��x��� �7 E�T<Z �$@�7 A��#�7 /<�$�� X � ���	- /*7�� f : M → R �L�

�#�@/� �P�O X̄(f) : X → R $ $ /*7�� �E��n�# ��>:< �-

X̄(f) := Xp(f)

�I!
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Ǳ�.� �7 E�T<Z �$@�7 ���	- A��#�7 J�$�� X �L� �H #�	< �7�x J���/� �	O. /	H �7
X(p) = .� /*Y�� �
@ �7 ��H ��� m��� ���	- 9�< X̄(f) 67�� �f ���	- 67�� �-
�)Z �̀	d� �H X̄(f) =

∑i=�
n ai(∂f/∂xi) +#�@/� �d�4< ∑n

i=� a
i(p)(∂/∂xi)|p

�� �%H Ǳ�.� �7 X̄(f) �L� �e
*��7 +��� E$@ ��
;� ���	- 67��� .� / �07�B%P�O .�
X A��#�7 J�$�� _X̄(xi) = ai A� i �- Ǳ�.�7 J��a E�T<Z �$@�7 ���	- ����	- 67���

+��� ���	-
�X ���	- A��#�7 J�$�� �- �H K $ # +$@�7 M �7 67��� ��	- ��g�	d� F K ��L
X̄(fg) = fX̄(g)+ gX̄(f) p�Y� �7 +##�L/� X̄ : F → F 67�� M � �*� S��
�Xj �	*� +��� F ��:%O A��7 W4;� M X̄ �? ��7�'7 +X̄(f + g) = fX̄(f) + X̄(g) �
�H ��� JZ ��� ? � ���# +$<��L/� /
 X̄ o��]< W4;� �7 �� X ���	- A��#�7 J�$��
A��#�7 J�$�� M Ǳ�.� �7 E�T<Z �$@�7 F ��:%O A��7 E��n�# /:4;� A : F → F �L�

#�@ � �*� ��� /D�H �6C�� �# +A = X̄ $ �7 �X J�� A#�&7 �h='� ���	-

Xp(f) := A(f)(p)

+K���/� p �# Xp W4;� M �7 S���� ? � �7 �

�"	�$� =!)

? � �# A�T # S%>� Gj *D � ���� ���	- A�-$%&�'� �� *��>� .�rZ ��>:< ��	� FGH
��]< A�0DGH {�N"� �� *��>� �7 A$*7 �hD $'� +#�@ /���7 �N�< �.X (�h)
J��47 �L� �H ��� �̀Y�� ? � �Q�hD ? � ��	- �# /%P� v'-Z +#.�#�V/� JZ �7
J���/� 9�< /-��n�# A��#�7 FGH �- �7 �#�	< � �*� A��#�7 A�BD M �7 A��4)��
Q�O �# +E��n�# $%&�'� �- ��	� FGH �7 (�h) �7 m#�H � �*� �� �7�;� ��4)��
�0 ��0&� JZ Ǳ�;'� �H �K�'H/� p�>� �-$%&�'� (�h) �# A$ $ ��0&� ��Y�O

+��� A��#�7 A�BD M �7
/-�'4� $*7 �7 A��#�7 / �BD ��
;� f : V → V #�&'��< />) A�04@�T<
/ �0<Z � �� < det f �H / �0<Z �#�	< K�N:� J���/� [n7 �# �7 �� �0<Z � $'-#/�
\L7 �� ��# E��L �# � \L7 b,�: �� Q�� E� �L �# />) 1G $"� +det f < � �H
f : Rn → �@�T< �J�#�L�7 �0 />) � $"� M .� E#�� /���� +K�8�L/� &���.�%
��=&P �7� �7 �"N< ��
*<�a ��� f(x) = (x�, · · · , xn−�,−xn) ��>7�Y �7 Rn

A�04@�T< �L� m#��$< #�� E��L �# ? � ?�7 �4���V �\L A��7 /-�� }�- +_xn = �

�I2
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? � �# �_Rn
� �7 Gj 	g �/'* a K ��T7 /
 Rn

� A�0N ���� �7 �� Rn → Rn />)
�9d� .�7 $%&�'� � . �# �J�#�L�7 �0 A�04@�T< � �0 �D�O A�04@�T< 1��P
+$'-#/� ��
;� _det �= � �H / �0<Z �/'* a #�&'��< A�04@�T< ��	- ��g�	d� .�
�K �E#�
< � �*� �� �0 ��0&� .�'- �H ��� ���� ��:x /	H Gj *D �0 �D�O pG>P�
?�7 �0 �D�O �@�T< .� K�-��n7 �s<�'� ���) � $'H �&O ��<Z A9�� $@�7 ���C �H
J� �	< A�4"�� �� ��N� �K�'H u=7 W � V _F����9 � /��a 1��&4� A��#�7 A�BD �#
���C A��D�Y� A�-��4)�� W � V �7 �
<Z �T� ��N�< ?
	� ��H ? � Gj 	g m#�@/�

+K�-#
S��� ��  �V �# �- �H K�'H/� ��� �4
< ? � �7 �$ $ ��4)�� ? � �)�� A��7
f(vi) = ��>7�Y �7 f : V → V KN�D����9 � M V A��7 (v′

�
, · · · v′n) � (v�, · · · , vn)

1X#�*� M	H �7 f 67�� A = [aij ] e ���� �1��P ? � �# m$''H/� �n;� v′i

v′i =
n∑
j=�

ajivj

$'4N- \L5�K (v′
�
, · · · , v′n) � (v�, · · · , vn) K�8�L/� /���P �# +��� Q�hO �7�C

c��S� P�L7 �% /���P �# �� �0<Z � _$@�7 �0 �D�O f �/'* a detA > � �H
��g�	d� �\� � ���� A. �� A��>7�� p�Y� �7 J#�7 �d	- ��>7�� +detA < � �H K�8�L

+##�L/� K�N:� A. �� K- �� 4�# �# �7 �>7�� ? � �7 �"N< S��� A�-� �V ��	-

i

R� �R �# �0d	- � ��$40 S��� A�0d'H .� / �-�<�	< ��,+2 �
@
R� �

A��4�# +#�@/� �4&L V $��% \L7 M �A. �� K- �� 4�# �# ? � .� M �- �7
�L� �? ��7�'7 +K�-#/� J�;< [v�, · · · , vn] #�	< �7 �� #��# W%*� JZ �7 (v�, · · · , vn)

K�@�7 �4@�# �H �(v�, · · · , vn) ∈ μ /4C� �0'� � /4C� E�T<Z �$@�7 V �7 /40 μ
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J�;< −μ #�	< �7 �� �T # �0 �$@�7 V �7 �n;� /40 μ �L� +[v�, · · · , vn] = μ

+K���</� #��$<�4�� �0 �� Rn A��7 [e�, · · · , en] �0 +K�-#/�
KN�D����9 � �$'@�7 �0 �7 E��	- A$*7−n A��#�7 A�BD �# (w, v) � (V, μ) �L� Q�O
[v�, · · · , vn] = �L� �H K�8�L _ν � μ �7 �"N<a \L7b,�: /���P �# �� f : V →W

A� (v�, · · · vn) M A��7 {�@ ? � �L� �H ��� ?@� � m[f(v�), · · · , f(vn)] = ν E�T<Z �μ
+��� ���# 9�< JZ .� ?
	� A�07�n4<� ��	- A��7 E�T<Z �$@�7 ���C�7

�εn(X) = X×R
n A$*7−n /0 $7 /0 $7 FGH {x}×R

n A�-��� .� M �- �7
f : εn(X) → εn(X) �L� +K�-#/� �"N< �� [(x, e�), · · · , (x, en)] #��$<�4�� �0
�- �0 � � $'H/� �&O �� A��� �- �7 �0 f � E�T<Z �$@�7 $'"	- X � A.�� K-

�� %���7 �� aij : X → R 67��� �L� �� . m$'H/� R�g �� A���

f(x, ei) =
n∑
j=�

aji(x)(x, ej)

�s<�'� +#�@/	< �&P E�Ts�- � ��� �4���V det[aij ] : X → R E�T<Z �K�'H � �*�
�7 μ �0 M .� ��]'� �$@�7 E��n�# � /0 $7 ��r A��=&P−n FGH π : E → B

��g�	d� �- Ǳ�.� �7 �H ��� π−�(p) A�-��� .� M �- A��7 μp 1�0 .� A�� �#�L �E
�$'H/� �$P � . �# p� �;� A��L.�� {�@ �# U ⊂ B $'"	- � .�7

�7 �� U × Rn A�-��� � �$@�7 A. �� K- t : π−�(U) → U × Rn �L�
�0 �D�O �-��� ��	- �7 t � 1��P ? � �# �K�'H ����� #��$<�4�� �0

+��� J�#�L�7 �0 �-��� ��	- �# � � ���

t′ : π−�(v) → U × � �$@�7 ���C �7 (�hn7 A� t A��7 {�@ ? � �L� �H #�@ ���
�� . m$'H/� �$P {�@ ?�	- �# #�) �7 #�) 9�< t′ E�T<Z �$@�7 �T # A.�� K- R

n

t′ ◦ t−� : U × R
n → U × R

n

�$'4N- E �7 �0 M E�$''H � �*� μp 1�0 �H $-#/� J�;< ? � +��� A.�� K-
[@�V �� B �H U A�-�g�	d� .� A�� �#��L A��7 A��L.�� {�@ �
<Z �7 {��;�

+$@�7 ���C�7 �$'-#/�
JZ �7 9�< −μ = {−μp} A�T # �0 �$@�7 μ = {μp} �0 A���# /DGH �L�
�# ���7�� ���< �Gj �� +$@�7 �0 A���# /DGH �- �H �N�< ��t ? � ��� �#��# #��
+#��$< /40 }�- �#�@ �4D�L �]< �# S� A�� A��#�7 FGH M J��'*7 �H /���P
J���/� J�'� ��#�7 �# JZ ��� �- .� �#��$< /@�7 }�- ���7�� ���< �H /��O �# �� .
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[−�;�] × �� A �Gj �� +$ Z �]'7 o�7 �# 1��h7 �0<Z ��	- A ��  �#�L �H #�	< ���4)�
? � �# +$<�E$@ �4D�L /
 (�,−a) � (�, a) JZ �# �H ��D�L J���/� {−�,�}
$ Z/� �]'7 [−�;�] × [−�;�] .� �P�O M ���7�� ���< . �� 1��h7 A 1��P
�4@�# �� μp ��L.�� 1�0 M �7 �s<�'� +_#�@ ��� ��+2 �
@ .� ��� �	NC �7a
s(p) ∈ A∩π−�(p) #�&7 �h='� ��#�7 �7��7 s(p) ^�n4<� �7 s : S� →M /@�7 �K�@�7

+#� \V/	< /@�7 }�- M �� . ���� Q�=� ? � �H mK�'H/� � �*� [s(p)] = μp �7

i
+���7�� ���< . �� _��� ���+2 �
@

E�H �7 �0 _^

? � ��r �# � �#�	< ��$40 J��47 �� JZ �H K�8�L �	
��L7 /���P �# �� FGH
�& M .� ��� 1��"g ���# ����L7 ��� mK�8�L/� �	
F� \LQ �� JZ 1��P
FGH (�) ���O �# �� � �*� ? � +��� ξ FGH �7 /40 μ �H �(ξ, μ) �
@ �7
/"��� ��. ����L7 ������ +#�7 ��
7 J���/� M R� �&� $%&�'� M �7 TM ��	�
��$40 Rn $%&�'� +TM �7 �0 M � M $%&�'� .� SH�� �(M,μ) �
@ �7 ���
+��� � �*� �7�C #��$<�4�� �0 JZ �7 �H �TR

n ∼= εn(Rn) p�Y� �7 ��� . m���
��>:< �- A��7 ��� /D�H ���� ? � E�$-�;� A��7 +��� � \�40 9�< Sn−� ⊆ Rn E�H
�# �H �K ��T7 �]< �# �� w = pp ∈ εn(Rn) ∼= TR

n ��#�7 �p ∈ R
n−� E��n�#

v�, · · · , vn−� ∈ �L� �K�'H � �*� e�� � �_!� �� ���N�a #��$< ���C i∗(TpSn−�) ⊆ TpR
n

[w, i∗(v�), · · · , i∗(vn−�)] �H [v�, · · · , vn−�] ∈ μp /4C� �0'� � /4C� E�T<Z �TpSn−�
+_#�@ ��� ��+2 �
@ .� _^a �	NC �7a $@�7 W%*4� TpRn A��7 #��$<�4�� �0 �7
�7 #��$<�4�� �0 �##�L/� � �*� S���� ? � �7 �H μ = {μp|p ∈ Sn−�} /40

+##�L/� � �*� Sn−�

/D�H ��� ? � E�$-�;� A��7 +��� � \�40 $%&�'� M .� �T # /���� S�×S� ^���
Tp(M� ×M�) ��� E�T<Z �$'@�7 ��$40 / �-$%&�'� M� � M� �L� �H #�@ �O�� � �
(πi)∗ : �H �@�< J���/� V�p × V�p 1��P �7 �� T (M� × M�) ��	� FGH .�
�7 p SNO �7 Vip A�-�BD � . � ��� A��#�7 A�-�BD KN�D����9 � Vip → Tp(Mi)

�I�
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$-#/� J�;< ? � ���� /0 $7 TS� J�� +_!� �� ���N�a $''H/� �H�O �4���V �
@
�7 9�< A��:%O−n ^��� �- +��� � \�40 �d�4< �# � ��� /0 $7 9�< T (S�×S�) �H
JZ �# �H ���� E$@ p�>� �� �� ���N� �# JZ 1�"x�a $@�7/� � \�40 �1��P ?�	-

+_##�L/� b �;� 9�< ��#.�� $%&�'� �7 ��	� FGH
Gj "C +$@�7/� � \V�'40 A$*7−� $%&�'� M .� Q��� ? �� E#�� ���7�� ���<

��g�	d� � . �7 �R� �# M E�$@ E$<�;< Q$� #��� �# �H K #�	< E$-�;�

S = {(� cos θ,� sin θ,�)|� ≤ θ < �π} ⊂M

�H�O �4���V ��>7 p �7 �"N< �H #�	< ?��*� A��<�L �7 �� vp A�-��#�7 J���/�
wp =a �>:< �- �# E#��) ��@�O A�-��#�7 ?�7 .� J��47 �H ��� Q�=� ���� +$''H/�
��
;� �0<Z ��	- ��g�	d� �H #�	< ^�n4<� �� A��#�7 _JZ /&'� � � f∗((�,�)(θ,�))

E�T<Z �K�@�7 �4@�# �� μp �0 A� p ∈ S �- A��7 �s<�'� +$-$7 A��#�7 J�$�� K 
1��P ? � ��r �# � [vp, wp] ∈ μp �H K�'H ^�n4<� K�<���/� 1��P ? � �7 �� wp

+_##�L ��� �3+2 �
@ �7a ��� Q�=� ? � �H +K�'H/� ^�n4<� �� −wp

i
+��� � \V�'40 ���7�� ���< ��3+2 �
@

�# +#��# �7 �# �� ���7�� ���< �� . �$@�7 � \V�'40 $ �7 9�< P� A� �h� ��=&P
B′ ⊂ ��g�	d� � . �- � ξ = π : E → B E��n�# � \�40 FGH �- A�.� �7 �6C��
J���/� 9�< A�T # 1��P �7 �� P� A� \V�'40 +��� � \�40 9�< ξ|B′ $ $=� �B
�� A(p) = −p ��>7�Y �7 A : S

� → S
� �t�:4� �@�T< ��� /D�H m#�	< E$-�;�

�>7�Y ?�	- �7 Ā : R� → R� />) �@�T< $ $=� �@�T< ? � +$ ��T7 �]< �#
.� ��� 1��"g ���# A∗ : TpS� → T−pS� �@�T< �1��P ? � �# +$@�7/�
�@�T< +K ��T7 /
 {p}×R� �7 �� TpS� �
' � �7 {� �;� �(p, v) �→ (A(p), Ā(v))

A��7 A�� �V i = �,� �7 vi = (p, ui) ∈ TpS
� �L� �H ��� ���� J�#�L�7 �0 Ā

+$'&%4n� A�040 �7 (Ā(u�), Ā(u�), A(p)) � (u�, u�, p) A�-� �V E�T<Z �$@�7 TpS�
[Ā(v�), Ā(v�)] ∈ E�T<Z �[v�, v�] ∈ μp � $@�7 S� �7 #��$<�4�� �0 μ �L� �H $-# /� J�;< ? �

�I3
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f �H /���P �#a ��� J�#�L�7 �0 A : S� → S� �@�T< �? ��7�'7 +−μA(p)

J�N
 �-$%&�'� JZ $*7 � $@�7 ��$40 A$%&�'� �7 ��$40 $%&�'� M .� A�E$'<�;<
�7 K
O ? � .� +_$'4N- /'*< �7 /<�#�L�7 �0 � J#�7 �0 �D�O K�-�&� �$@�7
$@�7 ν = {ν[p]} �0 A���# P� �L� ��N�< � \�40 P� �H ##�L/� {�"'4�� /4O��
�D�O g K�-��n7 �s<�'� E�T<Z �$@�7 p �→ [p] ��>7�Y �7 �@�T< g : S

� → P
� �

�"N< A �@�T< $ �7 1��P ? � �# m##�L/� �P�O S� �7 {μ̄p} /40 �$@�7 �0
+$@�7 −μ � μ �7��7 μ̄ /4N �7 ��� . +$@�7/� Q�=� �H �$ �	< �&O �� �0 μ̄ �7

���O ? � �# +��� ��E$�s�V /	H ��*Y� R� �# P� A� �h� A�BD−� #��� �#
p �→ [p] �@�T< g : S� → P� �L� ���� �0 �D�O A : S� → S� �t�:4� �@�T<
�%4n� {�:< A��7 vp /��0 �g J#�7 �0 �D�O J#�H S%t �7 p�Y� �7 E�T<Z �$@�7
E�T<Z �$@�7 #�D n �L� �H $-#/� J�;< QX$4�� ? � ��H �# +#��Z ��$7 J���/� P�

+$'@�7 /� � \V�< �0 1��P ? � ��r �# � ��� � \�40 Pn

��	� FGH ��0&� .� JZ �# �H #��# #�� M A� \�40 A��7 A��E#�� � �*�
�	
F \L7 /���P �# M $%&�'� �� �*� ? � W"t �7 +##�L/	< E#�&4�� Gj P� TM

�H #��# #�� _M �7 e%t�a A .� A′ A��g�	d� � . �H ���

+$<�@�V/� �� M �- (x, U) ∈ A′ ��	- �� '��# _�

+��� �"�� U ∩ V �7 det[∂yi/∂xj ] A� (x, U), (y, V ) ∈ A′ �- A�.� �7 _!

.� A′ A��g�	d� � . �$@�7 M �7 E��n�# /N%t� A � E#�7 M �7 /40 μ �L� J�'H�
�H ��� A .� A� (x, U) A�0���� ��	- ���@ �H K�'H �n;� K�<���/� A��<�L �7 A
$@�7 �0 �D�O x∗ : TM |U → T (x(U)) ∼= x(U) × Rn o��]< W4;� �@�T<
E$@ �4D�L #��$<�4�� �0 �x(U)×R

n ⊂ R
�n A�BD �7 �0 �H ��� ?@�� ��4"��a

(y ◦ x−�)∗ : W4;� �@�T< �H ��� /'*� ? � �7 ���# _!a {�@ �J�'H� +_���
�L� �e
*��7 +��� ���C�7 v<�# /7 �H $@�7 �0 �D�O T (x(U)) → T (x(V ))

�H #�	< ��$40 J���/� A��<�L �7 �� TM |U A�-��� �$@�7 E$@ �n;� �"C .� A′

� �*� ��4"�� +##�L/� �P�O TM �7 /40 S���� ? � �7 � �$@�7 �0 �D�O x∗

�"�� �7 /'4"� � �*� �Q�O ? � �7 +��� �407 A� \V #�0@ � /�$'- �]< .� �Nn<
+$�Z $-��) ��
7 ���N7 �j$*7 J�'����# ��Gg J#�7

�I�
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/'*� ? � �7 ���# ���� ���C�7 M �7 ��	� FGH A��7 ��� �7�C c ��@ ��	- �
' �
+$@�7/� � q �� �BC A���C�7

� �M �7 T ′M A��#�7 /DGH �M E��n�# $%&�'� �- Ǳ�.� �7 �L� � ����� ��%��
�4@�# #�� J�'� (f#, f) /DGH �@�T< M �f : M → N ���	- �@�T< �- ��.� �7

�H $@�7

�$@�7 ���C�7 �+5+2 �� �BC _�

�$@�7 ���C�7 t′n (�) A�0 . �� K- A��7 �+5+2 �� �BC _!

�$@�7 ���C�7 T ′U ∼= (T ′M)|U (�) A�0 . �� K- A��7 �+5+2 �� �BC _2

�- Ǳ�.� �7 � . ���L� # �H $<��# #�� A� eM : TM → T ′M A�0 . �� K- E�T<Z
���� � \�B �*� A� f : M → N ���	- �@�T<

TM f∗ � TN

eM

� �
eN

T ′M f∗ � T ′N

F�h'� JZ �� ��#� .� �� �	@ Xj �	4O� �H ��� K�dO J�'� 1�"x� ? � 1��89 23�*4�
�-�� � # /%�) � ?	�@�) #�	< m_$ �@/� �4N) JZ .� /8� �# E�)X�7 � �a $'H/�
(u, U) �L� +��� E#�� E#�*�� ��D 1�"x� �# /%P� E�$ � �F�P�� ? � ��	- �7 +##�L/�
+$'4N- x(U) × Rn ��"@ �# �- (T ′M)|U � (TM)|U E�T<Z �$@�7 M S7 /����
+e
*��7 � $'H/� � �h� A�T # �7 �� /
 A�-��� �H #��# #�� /4@�T< �? ��7�'7
�07�;� �d<Z �� T ′M � TM �7 c ��@ �H ��� ? � K�-# J�;< K�% �� Gj 	g �H �s<Z
E#��Z�7 �� �� �� 4@��) Gj 	g �# ? � ��4"�� +�D�L /
 �� �0<Z J��47 �j4:�:O �H $<��#
�# �.X 1�"x #�d � �0 �7 Q�O ? � �7 mK �E#�7 JZ .� A#���� $-�@ J�'H �� � $''H/�

+##�L ���C� ��� ? � A��7 /��"x� ��� �.X ��-��H

 �9 �;�"� 05�� �+ )� �� (/ )����� ��FZ� [�\�] � [�^�] 0���AN �0�
B��/ $>� (_J� 5��
�,��/ 0�
B��/ (9 ��
E+ 0�,.:�B� � ��
E+ 0�+)�'�* 0�
B��/ 5� �$'9 $HP* �
.���� U� ��+�
.����
$�5 (9 �
.���� )�)P� � ��)��N� 0�+�A� $9 (εn, f∗) �9 �;�"� �
_9 (/ ���� �
<� ���/ 0�,.:�B� �

���� 5�� �+ �5�9 0�+)�'�*

�I�
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p�@ �7 / �0 . �� K- 1��P ? ��# +$@�7 M �7 /��h4n� E�T4'�# (x, U) K ��L
�H $'4N- / �0 . �� K- �K �E#�# J�;< ∼= $O�� #�	< �7 �H �� �0<Z .� �� �# mK ��# �� � .
αx #�	< �7 �� (tn|x(U))◦ ∼= ◦x∗ ◦ (∼=)−� S�H�� +$'<���/� 1�"x �7 �� _2a {�@

+K �E#�# J�;<

TU x∗� T (x(U))
∼= � (TRn)|x(U)

∼=
� �

tn|x(U)

(TM)|U αx � ε(Rn)|x(U)

� . 1��P �7 �� βx K�<���/� �T ′ A��7 ∼=′ A. �� K- �� E#�&4�� �7 ��7�;� 1��P �7
�K�'H � �*�

T ′U x#� T ′(x(U))
∼=′� (TRn)|x(U)

∼=′

� �
t′n|x(U)

(T ′M)|U βx � ε(Rn)|x(U)

��� �\� � ���� A.�� K- M β−�
x ◦ αx : (TM)|U → (T ′M)|U 1��P ? � �#

p ∈ M �H #��T</� p A�� T ′M ��� �7 KN�D����9 � 1��P �7 �� p A�� TM
��H\� KN�D����9 � �H ��� S%>� ? � J#�# J�;< �� /%P� F$- +$@�7/� E��n�#

+��� �:4N� /��h4n� E�T4�# ^�n4<� .� p A�� A�-��� ?�7

A�04@�T< ��	- �H ��� �.X +y = x|V � ��� .�7 V ⊆ U K�'H R�D Xc!�Y
A�4O�

i : U ↪→M ĩ : V ↪→M
j : V ↪→ U k : y(U) ↪→ x(U)

�K ��L/� �]< �# �� � . ���L� # αy � αx ��N �:� ��]'� �7 +K�'H A��\L�	< ��

(TM)|U
∼=
 TU x∗� T (x(U))

∼=�

⊆

�

(�)

�

j∗ (�)

�

j∗ (�)

(TM)|V ∼=
 TV
y∗� T (y(V ))

∼=�

_,+2 a

��I
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∼=� (TRn)|x(U)
tn|x(U)� εn(Rn)|x(U)

(�) ⊆

�

(�)

�

⊆

∼=� (TRn)|y(V )
tn|y(V )� εn(Rn)|y(U)

67�� #��� �# ��� ? � ��]OG� A��7 +$<� \�B �*� X�7 ���L� # �# 67�� ��0� .� M �-
�K�'H/� / �	< ��97 � . 1��P �7 �� JZ �_�a

(TM)|V ⊆
 TM ⊆ � (TM)|U

∼=

� �
�

�
�

�
��

ĩ∗

�
�

�
�

�
��

i∗

�

∼=

TV j∗ � TU

�	� u%�� � $<� \�B �*� TM A��7 _2a {�@ #�� ���# �7 �� �	� �# u%�� �#
_!a 67�� �k ◦ y = x ◦ j �
' � ���# �7 +��� � \�B �*� �i ◦ j = ĩ J�� 9�< ����
�H #�# J�;< #�@ /� �_�a 67�� #��� �# �7�;� /�X$4�� �7 +$@�7/� � \�B �*� 9�<
y(V ) ↪→ Rn � x(U) ↪→ Rn A�4O� A�04@�T< JZ �# m��� � \�B �*� 9�< _2a 67��
9�< � . ���L� # �H #�@/� �d�4< _,+2 a ���L� # A� \�B �*� .� �J�'H� +$' Z/� ��
7

���� � \�B �*�
(TM)|U αx � εn(Rn)|x(U)

⊆

� �

⊆

(TM)|V αy � εn(Rn)|x(V )

p A�� A�-��� ?�7 αy KN�D����9 � A� p ∈ V �- A�.� �7 �H ��� /'*� J�$7 ? �
b�=P βy � βx #��� �# S%>� ?�	- p�Y� �7 +��� αx .� /8�:�� KN�D����9 � J�	-
��4)�� .� �< � ��� E$@ E#�&4�� _2a �� _�a (��) .� X�7 QX$4�� �# �H ��� +���
�7 β−�

y ◦ αy = β−�
x ◦ αx A��N� A� p ∈ M �- A�.� �7 �? ��7�'7 +TM (�hn7

+��� ���C�7 p A�� A�-���

��� �7�C �
@ M �7 T ′M � TM #��� �# �H K ��# .��< /	� �7 J�'H� X;Y
�� _�a (��) .� �0'� JZ �# J�� � �K�'H/� �7�x TM A��7 �0'� 9�< �� K� ? � +���

+$@�7/� ���# 9�< T ′M A��7 QX$4�� �K�'H/� E#�&4�� _2a

���
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���L� # E�T<Z ����	- /4@�T< f : A→ B � $'@�7 .�7 B ⊆ Rm � A ⊆ Rn �L� ]V!
���� � \�B �*� � .

TA
∼= � (TRn)|A tn|A � εn(Rn)|A

f∗

� �

K $C f∗

TB
∼= � (TR

m)|B tm|B � εm(Rm)|B
� . ���L� # +A �7 f̄ = f �H #��# #�� f̄ : Rn → Rm /4@�T< ]� \!�: 2$7 3�*4�

+$'4N- A�4O� A�04@�T< j : B ↪→ Rm � i : A ↪→ Rn �H �$ ��T7 �]< �# ��
(TRn)|A tn|A � εn(Rn)|A

�
�

�
��

∼= ⊆

� �

⊆

TA TRn
tn � εn(Rn)

f∗

�

f̄∗

� �

K $C f∗

TB TRm
tm � εm(Rm)

�
�

�
��

∼= ⊆

� �

⊆

(TRm)|B tm|B � εm(Rm)|B

�H #�@/� S�� ��� ? � +��� � \�B �*� ���L� # ? � �# ?
	� ��:%O �- �p�Y� �7
S�H�� �#

TA
∼=� (TRn)|A tn|A� εn(Rn)|A ⊆� εn(Rn)

K $C f∗� εm(Rm)

�
TA f∗� TB

∼=� (TRm)|A tm|B� εm(Rn) ⊆� εm(Rm)

f∗y � zK $C f̄∗y A�04@�T< ��� . +$<���/� 1�"x� �7 � ���O �# �� K� ? � � $<�7�7
+$<�7��7 A �7 zK $C

�# A� p ∈ A �- A�.� �7 �H K�-# J�;< K�-��)/� J�'H� ]0�� \!�: ]� \!�:
+$'4N- /
 p A�� ��� �7 �@�T<

p ∈ �H #��# #��� A′ .�7 A��g�	d� �7 f̄ = f �7 f̄ : Rn → Rm /4@�T<
�H #�@/� �d�4< �4
< ? � .� ∼= �- �H �K ��# �� � . p�@ �7 ���L� # �e�� +A′ ⊆ A

��!
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+��� A�4O� �@�T< i : A′ ↪→ A � ���� A�T # .�7 $%&�'� � . A��g�	d�

TA = TA � (TR
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�7 +#�	< ~ �*� J���/� zK $C f∗y �7 A′ �7 �� zK $C f̄∗y �\� � �$<�7��7 (TA)|A′ �7
1�"x� K� ? ��7�'7 � $<�7��7 K- �7 p ∈ M �- .� A�/T �N	- �# S�H�� �# ��T # J��7
� +$@

p ∈ U ∩ V �7 E��n�# 1�h4n� E�T4�# �# (y, V ) � (x, U) K�'H R�D Q�O XdY
�� KN�D����9 � /
 TM .� p �# ��� �7 β−�

x ◦αx � β−�
y ◦αy �
' � 1�"x� A��7 +$'4N-

/D�H �� . �U = V �H K�'H R�D K�<���/� u=7 ��%H .� ?4��H J�$7 �$''H/� Ǳ�:��
+K�'H ��� y|U∩V � y ?�'s	- � x|U∩V � x A��7 �� _���a �	NC ���

� \�B �*� � . �# p� �;� _3+2 a ���L� # 1��P ? � �# �U = V K�'H R�D
��>4N� �_^a �	NC �7�'7 � ���� /0 $7 �� �	� u%�� A� \�B �*� ��� . +���
(y◦x−�)∗◦ �H $-#/� J�;< _3+2 a ���L� # �J�'H� +��� � \�B �*� 9�< ���� �	�
(y ◦ x−�)∗ ◦ �/'* +��� b�=P T ′ A��7 QX$4�� ?�	- ���# +αy =K $Cαx
+##�L/� �P�O v<�#/7 β−�

x ◦αx = β−�
y ◦αy �]< #��� K
O �J�'H� +βy =K $Cβx

TU x∗� T (x(U))
∼=� (TRn)|x(U)

tn|x(U)� εn(Rn)|A
∼=
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���y∗ �
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�

(TM)|U T (y(U))
∼=� (TRn)|y(U)

tn|y(U)� εm(Rm)|B
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`�	4� .� SH��a TM → T ′M � �*4@�) /DGH��@�T< M ������ ? � �7
eN ◦ f∗ = 1�"x� +��� eM A. �� K- M p�Y� �7 �H �K ��# _�- β−�

x ◦ αx ��	-
� +E$'<��) E�$0g �7 ? �	� J��'g �7 f# ◦ eM

'�
��(� D!)

xi : Ui → M�"
 67��� .� A����"<# {(xi, Ui)} � �E��n�# A��g�	d� M K ��L _�
67��� .� M �- �H A��<�L �7 ���� Rn �# .�7 π(Ui) � Ui ⊂M �7 Rn

xi ◦ x−�i : xi(Ui ∩ Uj) −→ xj(Ui ∩ Uj)

�- Ui .� M �- �H #� \�7 A�4� M /4N �7 �H $�� /� �]< �7 +��� �4��V
? � ��:�:O �# ��� +$'4N- KN�D�����	- �- xi .� M �- � $<.�7 JZ �"N<
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x� : U� → R � U� = R K ��L +∗ �∈ R �H �M = R ∪ {∗} K ��L _���a
��>7�Y �7 x� : U� → R �7 U� = R− {�} ∪ {∗} � ���� /<�	-

x�(a) = a , a �= �, ∗ , x�(∗) = �

���]'� ? � A��7 +#��$< #�� E$@ �4���) /Lk � �7 M �7 A�4� }�- $�-# J�;<
? � .� +$'H/� 6>C �� ∗ A�-/T �N	- ��	- �� .� /T �N	- �- �H $�-# J�;<
�� �4� (��) ��	- �H _ρ : M×M →M /*7�� /'* a M �7 ρ �4� �"@ ��4@\L
�H #��# #�� J�'� _ρ(p, q) = � A� p �= q Ǳ�.� �7 ��� ?
	� �
' � 9d7 #��#
+$'4N- KN�D�����	- 9�< �- xi .� M �- � $<.�7 JZ �7 �"N< �- Ui .� M �-

.�7 A�-�g�	d� � . .� A�, A�, A�, · · · A����"<# �$@�7 .�7 A ⊂ R
n �L� _^a

A�- Ai .� /g�	4� �A �# .�7 A�-�g�	d� � . .� M �- �H #��# #�� J�'� A

+��� (�hn7

#��# #�� Supp(fi) ⊆ A �7 fi : A → [�,�] �4���V 67��� .� A�0��"<# _�a
E�T<Z �p ∈ A− C � �4N7 C �L� m#.��/� �$ �� �4N7 A�-�g�	d� � {�:< �H
�_^a M	H �7 �$47� 20������' � +#��# #�� fi(p) � infi(A ∩ C) �7 A� fi

+Āi ⊂ Aj �H $�'H S��� A��t �� (Ai, Aj) A�-�g�	d� �& �� ��"<#

.� M �- A��7 _�a �# ��� / �-���"<# j = �,�,�, · · · �H fi,j K ��L _#a
1��P �7 �� gi,j : M → [�,�] +$'@�7 xi(Ui) .�7 A�-�g�	d�

giij (p) =
{
fi,j(p) p ∈ Ui �L�
� p �∈ Ui �L�

� E#�H S��� C�, C�, C�, · · · (�) A����"<# �# �- gi,j ��	- +K�'H/� � �*�
1��P �7 M �7 �� ρ � ��� R �7 ��$<��H A�4� d $�'H R�D

ρ(p, q) =
∞∑
i=�

�

�i
d(Gi(p), Gi(q))

+��� �]< #��� �4� �"@ ρ $�-# J�;< +K�'H/� � �*�

p ∈ Ui �7 Uj M � Ui M A� p, q ∈ M �- Ǳ�.� �7 $�'H R�D _-a
p ∈ �H $<��# #�� J�'� Bj ⊂ xj(Uj) � Bi ⊂ xi(Ui) .�7 A�-�g�	d� �
Gj 	g ρ �H $�-# J�;< +x−�i (Bi) ∩ x−�i (Bi) = ∅ � q ∈ x−�j (Bj) �x−�i (Bi)

+��� M �7 �4� M 
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�7 �@�T< �# � �$'4N- 1�h4n� E�T4�# �# (y, V ) � (x, U) $�'H R�D _���a _!
1��P �7 TM

tx : π−�(U) → U × Rn [x, u]q −→ (q, v)
ty : π−�(V ) → V × Rn [y, w]q −→ (q, w)

A ⊂ U × �H t−�x (A) �
@ �7 A�-�g�	d� $�-# J�;< +$ ��T7 �]< �# ��
�
@ �7 A�-�g�	d� J�	- ���# �$<��# ���C π−�(U ∩ V ) �# � ��� .�7 Rn

+$@�7/� ���� .�7 B ⊂ V × Rn �H t−�y (B)

� �#�L M Ǳ�.� �7 �H $@�7 J�'� TM �7 A�4� �L� �H $�-# J�;< _^a
�- tx ��	- E�T<Z �$'@�7 KN�D�����	- �- txi .� M �- �M = ∪iUi �7 (xi, Ui)

+$'4N- KN�D�����	-

.� M �- �H #��# #�� A�4� TM �7 �H $ ��T7 �d�4< !� �� ��N� .� _�a
+$'4N- KN�D�����	- �0<Z �7 �"N< �- tx

�4���V E� → E� #�@ R�D ��� /D�H A. �� K- � �*� �# �H $�-# J�;< _2
/4@�T< /*Y�� �
@ �7 �H $�'H ��� ���
*� /T4���V 1�"x� A��7a +���

+_$@�7/� U × Rn �7 U × Rn .�

��>7 �f : B� → B� �@�T< /T4���V ���	� FGH � �*� �# �H $�-# J�;< _5
+##�L/� �d�4< f̃ : E� → E� /T4���V .� ��H#�)

M .� ��� 1��"g �B � �V A�BD M A� � FGH �# ?�7 ��*Y A.�� K- _,
/	N�D�����	- f � ���� KN�D����9 � A��� �- �7 f̄ �H A��<�L �7 �(f̃ , f) /DGH �@�T<
A�� ��*Y .�� K- /�� . �� K- ��r FGH �# +��� o#�) A�� �7 B .�

�$�7��7 � q p�@ �7 A�� �V A�-�BD

E� �# �# A�9d� `�	4� _���a

∞ � �0'�7 �
@ _^a

+���� _�a

f̃ = g ◦ h $�-# J�;< �1��P ? � �# +��� /DGH /4@�T< (f̃ , f) $�'H R�D _�
A�� �7 />) ��>7 �� ��� �- h �H$'4N- A��4���V A�04@�T< J�'� h � g �H

+$@�7/� KN�D����9 � �-��� .� M �- �7 g � �#�7/� �T # A���
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�7 �H s : B → E �@�T< �π : E → B FGH �- Ǳ�.� �7 �H $�-# J�;< _���a _3
+��� π A��7 o�7 M ���� π−�(p) �# �&P s(p) A� p ∈ B �- Ǳ�.�

��� /0 $7 /4C� �0'� � /4C� ξ A��=&P−n FGH �- �H $�-# J�;< _^a
/>) �:4N� � �	- �# �H �$'@�7 �4@�# #�� sn � + + + �s� o�7 n �H
�:4N� s�(p), · · · , sn(p) ∈ π−�(p) A� p ∈ B �- Ǳ�.� �7 ��T # J��7 �7 +$'4N-

+$'4N- />)

���� />) �:4N� o�7 n A���# A��=&P−n FGH �- �H $�-# J�;< _�a
�/*Y�� �
@ �7 �4"��

+��� A.�� K- ��>7�� �(x, v) A�0�. ��g�	d� �7 p̃ �H $�-# J�;< _���a _�

� x /��h4n� A�0-�T4�# ^�n4<� .� �:4N� f∗ � �*� �H $�'H W�:=� _^a
+$@�7/� JZ � �*� �# E#�&4�� #��� y

+$�'H W�:=� �� �+5+2 �� �BC �# E$<�� 1��89 _�a

�- [x, v]p �H / �-/'='� A.�� K- A�-�4�# � TM ?�7 ���'� �H $�-# J�;< _���a _�
Rn �# A�/'='� γ �H �$''H/� ��]< x−� ◦ γ .� A. �� K- ≈p A�-�4�# �7 ��

+$'H/� �]< f# �7 �� f∗ �@�T< ���� γ′(�) = v �7

�[x, a]p →
∑
i a
i(∂/∂xi)

∣∣
p

/ ���# ���'� #�� �7 ��� �7 �H $�-# J�;< _^a
+#�	< � �*� J���/� [f∗(�)](q) = �(g ◦ f) 1��P �7 �� f∗ �@�T<

V �7 ���	- A��4)�� �$@�7 R A�� /-�'4� $*7 �7 A��#�7 A�BD M V �L� _�I
�:4N� �H $�7��7 TV �7 V × V ^�B%P�O .� /	N�D�����	- � E#�	< � �*�
.� v, w ∈ V Ǳ�.� �7 �Rn ���O �# ��� �Rn ���O �# ��� +$@�7 � �V ^�n4<� .�

+$�'H E#�&4�� (v, w) ��#�7 [ �	< A��7 vw ∈ Vw #�	<

h : R → ���	- /4@�T< Ǳ�.� �7 E�T<Z �$@�7 ���	- g : R → R �L� �H $�-# J�;< _��
K ��# R

g(x) = g(�) + g′(�)x + x�h(x)

� ��� f(p) = � �7 f : M → R ���	- 67��� ��	- ��g�	d� Fp K ��L _���a _�!
+�(fg) = � �- f, g ∈ Fp ��	- Ǳ�.� �7 �H ��� />) A�T%	g � : Fp → R

+#��# W4;� M �7 #�&7 �h='� /*���� � $�-# J�;<
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A�07�B%P�O ��	- c��� E$@ $���� Fp .� A��#�7 A�BD � . W K ��L _^a
A�BD �7 p �# 1�:4;� ��	- A��#�7 A�BD $�-# J�;< +��� f, g ∈ Fp �7 fg

+��� F����9 � (Fp/W )∗ J�L�#

J�	- 9�< Fp/W eV ���� M $%&�'� $*7 �7 �7��7 (Fp/W )∗ $*7 J�� _�a
�H $�-# J�;< �$@�7 x(p) = � �7 /��h4n� /-�T4�# x �L� +#��# �� $*7
$'-#/� ��
;� Fp/W A��7 A�� �V xn +W � + + + �x� +W A�-�4�$	-
#��� �# ���� #�0;� $*7 �� ��N� �# �H ��t J�	- +_$�'H E#�&4�� !+5+2 K� .�a

+��� 1��&4� Gj ��H ��*Y� C� 67���

f(�) = � �7 f : R → R �
@ �7 C� 67��� ��	- A��#�7 A�BD V K ��L _���a _�2
+��� V �# A�07�B%P�O ��	- c��� E$@ $���� V .� A�BD � . W � ���

+#��# #�� limx→� f(x)/x �- f ∈ W ��	- Ǳ�.� �7 �H $�-# J�;<

K�'H R�D �� < ε < � Ǳ�.� �7 _^a

fε(x) =
{
x�+ε x ≥ �

� x ≤ �

/>) �:4N� �P�'g V/W �# /T	- � �$'4N- V �# �- fε ��	- $�-# J�;<
+$<.��/�

+��� R /4���' #��H c �H ��� cc = �c $*7 �7 (V/W )∗ $ ��T7 �d�4< _�a

�- �7 f E�T<Z �$@�7 �&P A��� �- �7 f∗ � �f : M → N �L� �H $�-# J�;< _�5
+��� �7�x M ��&����

��� �- �7 f∗ �H ��� ?@�	 � /4C� �0'� � /4C� f : M → N �@�T< _���a _�,
f∗ : />) � $"� �� "�� �7��7 p ∈ M �# f �� "�� ���/%H +$@�7 M�"
 TM .�

+��� TpM → Tf(p)N

�# f ◦ g �� "�� �H $�-# J�;< ���� KN�D����U�& # g �H �f ◦ g = f �L� _^a
_+$�'H �N �:� _#a�22�! �� ��N� �7a +��� �7��7 g(a) �# f �� "�� �7 a

/��	*� M ���O ��� ���# TM ��	� FGH �$@�7 ��#.�� M �L� _���a _��
+$'4N- (x, v) A�04& .� p̃ A. �� K- A�-�4�# TpM �P�'g �#�@/� � �*�
K- .�'- ��� �Rn A� �7 �< #�7/� Hn A� �7 �� p ∈ ∂M .� /T �N	- x �
' � �7
A�-�4��� ��	- �# ��	� A�-��#�7 TpM �# ��j4d�4< +$'H/� �H�O Rn �H �7 v
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�$@�7 p Q�O /��h4n� /-�T4�# x : U → Hn � p ∈ ∂M �L� +#��# #��
? � �H $�-# J�;< +��� A��#�7 A�BD � . x−�(Tx(p)Rn−�) ⊆ TpM E�T<Z
JZ �$@�7 ?@�	 � i : ∂M → M �L� �6C�� �# m�N�< x ^�n4<� .� �:4N� �BD

+��� �7��7 i∗(Tp(∂M)) �7

i_^a +$%&�'� .�� �7 ��	� A�-��#�7 _���a ���+2 �
@
+/��) � /%)�# A�-��#�7

/���P �.# �� TaHn �7 ��	� ��#�7 +a ∈ Rn−� × {�} ⊂ Hn K ��L _^a
�H $@�7 (a, v) �
@ �7 �ε(Hn) �7 THn A��L /
 �7 �"N< �H K�8�L /%)�#
E�L�- K�8�L /%)�# �� �N�< i∗Tp(∂M) �# �H v ∈ TpM ��#�7 +� < vn

E�T4�# ^�n4<� .� � �*� ? � �H $�-# J�;< +$@�7 /%)�# x∗(v) ∈ Tx(p)H
n

+��� �:4N� x /��h4n�
_�
@a

�h='� /40 ∂M E�T<Z �$@�7 μ �0 A���# M �L� �H $�-# J�;< _�a
��#�7 �- Ǳ�.� �7 �L� c:D � �L� [v�, · · · , vn−�] = (∂μ)p �H #� \V/� ∂μ #�&7

+[w, i∗(v�), · · · , i∗(vn−�)] = μp A� w ∈ TpM /��)
(−�)n �7 ��� �7��7 ∂μ �H $�-# J�;< �$@�7 Hn /��	*� �0 μ �L� _#a
�hD �# ^�n4<� ? � ���#a +Rn−� = ∂Hn �7 #��� /��	*� �0 �# ^�Y

_+#�@/� ?@�� �
g : ∂M × �@�T< +��� ���C�7 ! �hD .� �5 �� ��N� $�'H R�D _-a
J�;< +K�'H/� � �*� g(p, t) = (f(p), t) 1��P �7 �� [�,�) → ∂N× [�,�)

� (β−�)∗ ◦ g∗ ◦ α∗(v) ∈ Tf(p)(∂N) A��L /
 �7 �1��P ? � �# �H $�-#
+��� �)�� �7�C TM ∪ TM A�� .� TP �v ∈ Tp(∂M)

f : (∂M, ∂μ) → � $'@�7 ν � μ S���47 �0 A���# N � M �L� _�a
ν � M ⊂ P �7 μ �7 �H #��# /40 P $�-# J�;< �$@�7 �0 �D�O (∂N, ∂ν)

+��� ��L.�� N ⊂ P �7

���



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

?�%� @AB & ��� ����
%� F�&

K �E#�H �$ JZ b>� .� (�C �# �H ��� S� .� 1��"g M $�'H R�D _.a
/�H M �7 �H ��� N �7 M .� /	N�D���U�& # f K ��L +N = [�,�]× S� �
P �d�4< $%&�'� +$@�7/� �0 J�#�L�7 �A�T # �7 � ��� �0 �D�O S

� .�
w��� ��

(p, v) ∈ Tp(S�, i) A��L /
 �7 T (S�, i) .� �P�O A�BD �7 TR� $�-# J�;< _�3
+��� F�����	- (−p,−v) ∈ T−p(S�, i) �

�H S�−{(�,�,�)} �7 �#��$< #�� A�&P�< A��#�7 J�$�� }�- S� �7 �
' � �7 _��
?�'� $�-# J�;< +#��# #�� A�A��#�7 J�$�� ?�'� ���� F����U& # R

� �7
J�$�� �7 ��"@ (�,�,�) /���O �# �H �D� J���/� A��t �� A��#�7 J�$��

+$@�7 ��+2 �
@ �# E$@ E#�# J�;< A��#�7

i
��+2 �
@

�H A��<�L �7 #��# #�� R
n �7 R

n × R
n .� (a, b) �→ a •b /4@�T< $�'H R�D _��

A� λ ∈ R �- � a, a�, a�, b, b�, b� ∈ Rn �- A�.� �7

(a� + a�) •b = a� •b+ a� •b

a • (b� + b�) = a •b� + a •b�

λ(a •b) = (λa) · · · b = a� • (λb)

a • (�,�, · · · ,�) = a

�!I
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a •b = b •a = �H $@�7 �4@�# #�� J�'� A� b M �a �= � �- A�.� �7 �
mK ��T7 �]< �# �� /��	*� ^�Y ��� /D�H n = � A��7 �Gj ��a +(�,�, · · · ,�)

�]< �# �� (a, b) • (c, d) = (ac − bd, ad + bc) c%4n� ^�Y �n = � A��7 �
$�'H �7�x K4�� Rn A��7 #��$<�4�� ��  �V {e�, · · · , en} K ��L _+$ ��T7

�
@ �7 #�D �7 �h='� A� a ∈ Rn M A�.� �7 Sn−� �# �>:< �- _���a
+��� a •e�

+$<�/>) �:4N� a •en � + + + �a •e� E�T<Z �a �= 0 �L� _^a

Tp(Sn−�, i) a •en � + + + �a •e� � ��h� E�T<Z �p = a •e� ∈ Sn−� �L� _�a
+$<�/>) �:4N�

+p �→ a •p ���� �4���V a �# î �Y _#a

+��� /0 $7 TSn−� _-a

+��� /0 $7 TP
n−� _�a

R� � R� �7 /"��'� ^�Y+$'4N- /0 $7 TS� � TS� ��	� FGH �# �-
+��� � �*� �7�C /%�H A�-/ �4;- � ?4%�	- A�-/ ����0� .� E#�&4�� �7 S���47
+$'4N�< 9�< � \�4H�@ /4O /%�H #�$g� � $'4N�< � \�B �*� ?4%�	- A�-/ ����0�
� c%4n� �/:�:O #�$g� ��g�	d�y $ �L/� �H #��# #�� M��GH A���BC
/:�:O �$g� 1���- �7 � \�4H�@ ^�Y .� A�0���� �0'� �?4%�	- A�-/ ����0�
Af���V�� .� E#�&4�� �7 9��#Z M<��D ��j��)� +#�@ ��� �?� e���V �� ��:� �7 z$'4N-

+��� ���# � � 2 �! �� A��N� n A��7 K
O ? � �H $'H/� �7�x A�"

A�BD � ��� A��#�7 A�-�BD KN�D����9 � T : Rn → Rn $�'H R�D _���a _!I
+$ ��T7 �]< �# �� (�, T (v)) � (�, v) A��L /
 �7 [�;�] × Rn .� �P�O
J���/� S

� �7 A��#�7 FGH M /%H A�BD J��'g �7 �� �BD ? � �H $�-# J�;<
+_���7�� ���< K�	*�a #�	< #�$	%C

�D�O T �H ��� � \�40 /4C� �0'� � /4C� �Y�O FGH $�-# J�;< _^a
+$@�7 �0

A� t �- A�.� �7 � c(�) = p�7 c A�0�'='� ��	- A�.� �7 �
' � J#�# J�;< �7 _!�
�- A�.� �7 $�-# J�;< ���� �&P < p, c′(�) > /%)�# ^�Y �‖c′(t)‖ = �

A��Z #� +�N�< W%*4� i∗(TS�) �7 pp ∈ TpR
� ��	� ��#�7 A� p ∈ S�

� . ��>7�� �������� �x� �-$%&�'� �7 J�7�NO ^�4H .� !2 ��=&P �7�'7 �H K�'H/�

�!�
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�K ��# ��

< f, g >′ (t) =< f ′(t)t, g(t) > + < f(t), g′(t)t >

F�����	- A ⊂M �- A�.� �7 $�'H R�D +��� /-��n�# ���	- $%&�'� M K ��L _!!
20������' +��� � \�40 M $�-# J�;< +$@�7 /0 $7 (TM)|A FGH �S� �7
(TM)|c �\� � #��# ���C A� A ?�'� M �# p ∈ M �7 p� ∈ M .� c ��C �-
+#�	< �:4'� J���/� TpM �7 �� Tp�M �7 �0 �? ��7�'7 +��� /0 $7 9�<
�& M �$47� +#��$< /T4N7 c ^�n4<� �7 Q�:4<� ? � �H #�@ /���7 /4N �7
?4N
@ �7 �H �# +$''H/� 1�CG� p � p� �# �� �T $
 �H $ ��T7 �]< �# c′ � c
��� ?
	� �$<��L A� /��h4n� A�-/T �N	- �# �H /
��H 1�*>C �7 c

+$ Z #�� �7 /	- �# A�04��O
�d�4< J���/� �!� �� ���N� 9�< � � �hD ��	�	Y �# ��
O� .� E#�&4�� �7 2���((��
#��# #�� A� S� ⊂M .� A�/T �N	- E�T<Z �$@�7 � \V�'40 M �L� �H �D�L

+�N�< � \�40 �H

+#��# (�h4)� A��#�7 A�0DGH A� � K0� A�04)�� �7 A$*7 �� ���N� �#

/4@�T< f : Y → X � A��#�7 FGH M ξ = π : E → X $�'H R�D _!2
f(y) = π(e) �7 / �- (y, e) ��	- ��g�	d� E′ ⊂ Y × E K ��L +��� �4���V
f̃ : E′ → E � π′(y, e) = y 1��P �7 �� π′ : E′ → X �@�T< � ���
�7 A��#�7 A�BD ��4)�� .� E#�&4�� �7 +K�'H � �*� f̃(y, e) = e 1��P �7 ��
π′−�(y) = {(y, e)|e ∈ π−�(f(y))} �7 A��#�7 A�BD ��4)�� �π−�(f(y))

� ��� A��#�7 FGH π′−� : E′ → X �H $�-# J�;< +#�	< � �*� J���/�
�7 �� FGH ? � +$@�7/� F����9 � ��� �- �7 �H $@�7/� /DGH /4@�T< (f̃ , f)

+K���</� f c��� _ξ .�a 0e�9!� ��� � E#�# J�;< f∗(ξ) #�	<

(f̃ ′, f) ?�'s	- � K ��# ξ′′ : π′′ : E′′ → X �T # /DGH $�'H R�D _^a
J�;< +$@�7/� KN�D����9 � A��� �- �7 �H ��� ξ �7 ξ′′ .� /DGH �@�T< M 

+ξ′′ = ξ′ = f∗(ξ) �H $�-#

+f∗(ξ) = ξ|A E�T<Z �$@�7 A�4O� �@�T< i : A ↪→ X � A ⊂ X �L� _�a

+��� � \�40 9�< f∗(ξ) E�T<Z �$@�7 � \�40 ξ �L� _#a

�!!
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f∗(ξ) /�� $@�7 � \V�< �0 ξ ��� ?
	� $-# J�;< �H $ ����7 /���� _-a
+$@�7 � \�40

π : E → B J�� +��� A��#�7 FGH ξ = π : E → B K ��L _�a
/'*� �7 π∗(ξ) #�	< ���� ξ FGH B ��  �V A�BD �7 / �BD .� �4���V /4@�T<
$-��) � \V�'40 9�< π∗(ξ) E�T<Z �$@�7 � \V�'40 ξ �L� �H $�-# J�;< +���

+#�7

A��=&P−m FGH � ξ = π : E → B A��=&P−n FGH A�.� �7 _���a _!5
A�04& ��	- ��g�	d� E′′ ⊂ E × E′ K�'H R�D �R� �&� η = π′ : E′ → B

π′′(e, e′) = ��>7�Y �7 π′′ : E′′ → B K ��L +��� π(e) = π′(e′) �7 (e, e′)

−(m + A��#�7 FGH M π′′ : E′′ → B $�-# J�;< +��� (π(e), π′(e′))

+$'��</� η � ξ A�0DGH ξ⊕η 0���	# 6��5� �� FGH ? � +��� A��=&Pn)

+��� �7��7 π−�(p)⊕ π′−�(p) K�:4N� 6	 �7 p �7 ξ ⊕ η ���

f∗(ξ ⊕ η) = f∗(ξ) ⊕ 1��P ? � �# �H $�-# J�;< �f : Y → B �L� _^a
+f∗(η)

A�04@�T< �i = �,� �7 �ξ� = πi : Ei → Bi R� �&� A�0DGH A�.� �7 _�a
� �*� π(e�, e�) = (π�(e�), π�(e�)) 1��P �7 �� π : E�×E� → B�×B�

B� ×B� �7 ξ� × ξ� A��#�7 FGH M S���� ? � �7 �H $�-# J�;< +K�'H/�
+K ��#

$�-# J�;< �$@�7 Δ(x) = (x, x) A�>C �@�T< Δ : B → B × B �L� _#a
+ξ ⊕ η = Δ∗(ξ × η)

+��� � \�40 9�< ξ ⊕ η E�T<Z �$'@�7 � \�40 η � ξ �L� �H $�-# J�;< _-a

�0 ξ ⊕ η E�T<Z �$'@�7 � \V�< �0 η � � \�40 ξ �L� �H $�-# J�;< _�a
+��� � \V�<

� �*� W × W �7 /*�"t /40 �W E��n�# A��#�7 A�BD �- A��7 _.a
+��� � \�40 ξ ⊕ ξ E���	- �H $�-# J�;< JZ M	H �7 � E#�	<

�7 X �7 η � ξ A��=&P−� FGH �# �$@�7 ∞ �
@ �7 X �s<�'� _pa
+��� � \V�< �0 9�< ξ⊕η � $<� \V�< �0 J�@#�) �H $�'H �n;� A��<�L

�- �# π∗ 1��P ? � �# �$@�7 ���	- A��#�7 FGH π : E → M �L� _���a _!,
E .� ���	- $%&�'� � . M JZ .� π−�(p) ��� �- � ���� ��H�$O �� "�� �7 A��>:<

�!2
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+$@�7/�

F���U�& # 1��P �7 π c��� �H ���� E .� A$%&�'� � . �&P o�7 _^a
+##�L/� � �h� B A��

πM : M × A�04@�T< ?�'d	- � $'@�7 ���	- / �-$%&�'� N � M �L� _���a _!�
? � �# +N � M �7 /*�"t � ��h� S���47 πN : M × N → N � N → M

+T (M ×N) ∼= π∗
M (TM)⊕ π∗

N (NT ) �H $�-# J�;< �1��P

+�N- 9�< M ×N $�-# J�;< �$'@�7 � \�40 N � M �H /���P �# _^a

+$<� \�40 �# �- N � M $�'H �7�x �$@�7 � \�40 M×N �H /���P �# _�a

�
@ �7 y∗ ◦ (x∗)−� /7�H�f e ���� �H $�-# J�;< _!3(
Dj(yi ◦ x−�) O

X Dj(yi ◦ x−�)

)
T (TM) �/'* m��� � \�40 TM $%&�'� E���	- �H $-#/� J�;< ? � +���
�v ∈ TM �- Ǳ�.� �7 ���� /P�hn7 ��*Y� ����O ? � �#a +��� � \�40

1��P �7 �� (TM)v A��7 �0[ ∂

∂(x� ◦ π)

∣∣∣
v
, · · · , ∂

∂(xn ◦ π)

∣∣∣
v
,
∂

∂ẋ�

∣∣∣
v
, · · · , ∂

∂ẋn

∣∣∣
v

]
�:4N� x ^�n4<� .� /-$40 ? � �H $-#/� J�;< y∗ ◦ (x∗)−� K�'H/� � �*�

+#��# #�� TM $%&�'� A� \�40 A��7 1��&4� /��"x� !� �� ��N� �# _+���

v ∈ TpM � ��� M �7 v(p) = � �7 /��h4n� /-�T4�# (x, U) K ��L _���a _!�
�# c(t) = v + t(∂/∂xi)|p ��>7�Y �7 /'='� +��� ∑n

i=� a
i(∂/∂xi)

∣∣
p

�7��7
+(dc/dt)(�) = (∂/∂ẋi)

∣∣
v

$�-# J�;< +$ ��T7 �]< �# �� TM

+��� (∂/∂(xi ◦ π))
∣∣
v

�7��7 �&P �# JZ ��	� �H $�7��7 A�/'='� _^a

E�
f̃→ �� ��"<# +#��# W�C# A�-���"<# ��0&� �7 / �'@Z �7 .��< ���N� ? � �O _!�

�H K�8�L M�1� /���P �# �� f = g = IdB �7 /DGH A�04@�T< .� E� g̃→ E�

+$@�7 A��#�7 A�-�BD ?�7 A�04@�T< .� W�C# A����"<# ���� �- �#

�H $�-# J�;< �$@�7 ���	- A��#�7 FGH ξ = π : E → B �L� _���a
�
@ �7 W�C# A����"<#

�→ π∗(E) → TE → π∗(TB) → �

�!5
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{�:< .� /"��� ��. π∗(ξ) /%H A�BD .� �Bg �- _�a 20������' +#��# #��
�h'g _!a +$''H/� �n;� ��� JZ �7 ��	� A��#�7 �H ���� ��� M �#

+$<��T'7 (e, π∗X) �7 �� X ∈ Te(TE)

A��#�7 A�0DGH .� W�C# A����"<# � → E� → E� → E� → � �L� _^a
+�N- 9�< /��� �$'@�7 � \�40 �- Ei .� ��� �# �L� $�-# J�;< �$@�7

+��� � \�40 �;�	- T (TM) $�-# J�;< _�a

$%&�'� �H $�-# J�;< 1��P ? � �# �$@�"< � \�40 π : E → M �L� _#a
���7�� ���< �H ��� S%>� ? � 1�"x� A��7 /-�� ? �a +�N�< � \�40 9�< E
� \V�< �0 S

� �7 /DGH J��'g �7 �H J�'s	- +��� � \V�< �0 A$%&�'�
_+���

22 ? �	� �� ��#� � $<��#�7 �# �0-��L (�h) �# A�4;�7 1�gGt� 2� � 2I � �N�
�# �#�@/� E#�&4�� 2! �� ��N� �# �0<Z .� �
' � �7 E�Gg +$' Z/� ��	@ �7 ! �hD .�

+$'4N- ��	-� �7 9�< �I �hD

f : �@�T< n ≥ � Ǳ�.� �7 +p� = (�, · · · ,�,�) ∈n−� K�'H R�D _���a _2I
$�-# J�;< +K�'H /� � �*� f(A) = A(p�) 1��P �7 �� SO(n) → Sn−�

� ���� F�����	- SO(n − �) �7 f−�(p�) $�-# J�;< +��� .�7 � �4���V f
F�����	- SO(n−�) �7 f−�(p) A� p ∈ S

n−� �- Ǳ�.� �7 �H $�-# J�;< e��
+���

�	NC .� E#�&4�� �7 +$@�7/� A$'"	- �\� � ��� A��>:< M� SO(�) _^a
+��� $'"	- SO(n) A� n ≥ � �- Ǳ�.�7 �H $�'H �7�x �n �7 Ǳ��:�� � _���a

+#��# �&��� �# �j:�C# O(n) $�-# J�;< _�a

T ∗ : /C�=�� �@�T< �$@�7 />) /% $"� T : Rn → Rn �H /���P �# _���a _2�
�- Ǳ�.� �7a K�'H/� � �*� 〈T ∗(v), w

〉
=

〈
v, T (w)

〉 1��P �7 �� R
n → R

n

�h='� T∗(v) M Ǳ�.� �7 �\� � ���� />) _w −→
〈
v, T (w)

〉 �@�T< �v
#��$<�4�� ��  �V �7 �"N< T e ���� A �s<�'� +_w �→

〈
T ∗(v), w

〉 K ��# �#�&7
+#�7 $-��) A e ���� At E�#�0<��� �7��7 T ∗ e ���� �$@�7

T = �H K�8�L f�=!� ��� /���P �# �� T : Rn → Rn />) � $"� _^a
�L� +〈T (v), w

〉
=

〈
v, T (w)

〉 K�@�7 �4@�# v, w ∈ Rn �- A�.� �7 �/'* +T ∗

T /4C� �0'� � /4C� E�T<Z �$@�7 #��$<�4�� ��  �V �7 �"N< T � $"� e ���� A

�!,
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.� #��$<�4�� A���BC +At = A �$@�7 J��:4� A e ���� �H ��� ��=�� #�)
J���/� CDC−� 1��P �7 �� J��:4� e ���� �- �H #��#/� J�gq� />) �"
������ J�7�NO ^�4H .� �!! ��=&P �#a +��� A�>C /N ���� D �H ��@�<
$��*4� /N ���� �� C J���/� $�-# J�;< _+��� E$@ E#��Z JZ .� /%�%=� /��"x�
E�k � A�-��#�7 �H $�'H �̀ �@ �4
< ? � .� ��]'� ? � A��7 +#�	< ^�n4<� J���/�

+$'4N- #�	g K- �7 1��&4� E�k � � #�:� �7 ��]<
/���P �# �� _A o��]< J��:4� e ���� � a T ��=�� q�) />) � $"� _�a
�# ��<Z m〈v, T (v)

〉
≥ � A� v ∈ Rn �- A�.� �7 �H K�8�L G�"�gV� \Ah�〈

v, T (v)
〉
> K�@�7 �4@�# A� v ∈ Rn �- A�.� �7 �H K�8�L G�"� \Ah� /���P

20������' +��� � \���
*� E�T<Z �$@�7 ?�*� �"�� A �L� �H $�-# J�;< +�
+#�@ E#�&4�� 9����@ /@�H A��N��< .�

+��� ?�*��K�< �"�� E���	- At.A $�-# J�;< _#a
�H #��# #�� A� B E�T<Z �$@�7 ?�*��K�< �"�� A �L� �H $�-# J�;< _-a

_+��� E$@ R�D J��:4� A �H $@�7 J��#� a +A = B�

J���/� A = A�.A� 1��P �7 �� A� A ∈ GL(n,R) �- �H $�-# J�;< _�a
_-a �	NC � A.At 20������' +��� ?�*� �"�� A� � A� ∈ O(n) �H �@�<

+$ ��T7 �]< �# ��
20������' +$'4N- A .� �4���V /*7��� A� � A� A�0N ���� $�'H �7�x _.a
A����"<# � . E�T<Z �A(n) = A

(n)

�
.A

(n)

�
� E#�7 A �7 ��T	- A����"<# {A(n)} �L�

+��� ��T	- {A(n)

�
} .�

�#��# �&���� �# �j:�C# � ��� F����U	- O(n)×Rn(n−�)/� �7 GL(n,R) _pa
A��7 A�T # o�� ? � �H $�'H ���a +{A| detA < �} � {A| detA > �}

_+$@�7/� O(n) $*7 ?��*�

�4���V /*7�� �H K�8�L i����K /���P �# �� f�, f� : X → Y �4���V 67�� �# _2!
f�(x) = � f�(x) = H(x,�) �H ##�L �D� J�'� H : X × [�;�] → Y

.� 67��� .� A��N� J��'g �7 �� Ht(x) := H(x, t) ��>7�Y �7 Ht 67��� +H(x,�)

� f� ?�7 0F����K �� H �@�T< +#�	< /:%� J���/� H� = f� �7 H� = f�

+$'��</� f�
�H ��� /'*� ? $7 f : (X,A) → (Y,B) #�	< �B ⊂ Y � A ⊂ X �L�
f�, f� : (X,A) → (Y,B) �H K �@/� ��Z#� +f(A) ⊂ B � f : X → Y

�!�
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$'<�� A� H �H $'V���	- /���P �# _(Y,B) �7 (X,A) .� / �04@�T< J��'g �7a
+Ht : (X,A) → (Y,B) �H ##�L �D� �"C

�7 H : R
n× [�;�] → R

n � E#�7 �4���V A : [�;�] → GL(n,R) �L� _���a
H� �\� � ��� �4���V H $�-# J�;< �#�@ � �*� H(x, t) = A(t)(x) 1��P
(Rn,Rn−{0}) o#�) A�� �7 (Rn,Rn−{0}) .� / �04@�T< J��'g �7 H� �
T : (Rn,Rn − {0}) → #�&'��< />) � $"� �- �H $ ��T7 �d�4< +$'V���	-

+$@�7/� ����	- /<�	- �@�T< �7 �detT > � �7 (Rn,Rn − {0})

f(Rn − � f(0) = 0 ���� ���	- f : Rn → Rn �@�T< $�'H R�D _^a
A�04@�T< �H $�-# J�;< �$@�7 #�&'��< Df(0) �H /���P �# +{0}) ⊂ Rn−{0}

f : (Rn,Rn − {0}) → (Rn,Rn − {0})

Df(0) : (Rn,Rn − {0}) → (Rn,Rn − {0})

H(x, t) = f(tx) $�'H � �*� � < t ≤ � A�.� �7 20������' +��� ����	-
!+5+2 K� .� (x,�) {�:< �# /T4���V 1�"x� A��7 +H(x,�) = Df(0)(x) 9�< �

+$�'H E#�&4��

/	N�D�����	- f : U → Rn � ��� 0 ∈ Rn Ǳ�$"� .� A�/T �N	- U K ��L _�a
r > � `�*@ � 0 �# 9H�� �7 .�7 A�L Br ⊂ V K ��L +$@�7/� f(0) = 0 �7
h(x) =

(
�r
n arctan |x|

)
x ��>7�Y �7 �H $@�7/� /	N�D�����	- h : Rn → Br � ���

A�04@�T< �1��P ? � �# +��� E$@ � �*�
f, f ◦ h : (Rn,Rn − {0}) → (Rn,Rn − {0})

�7 f ◦ h E�L �- �K�8�L 0 �� \L7 b,�: ��
Id : (Rn,Rn − {0}) → (Rn,Rn − {0})

+$@�7/� �:4N� Br ⊂ V ^�n4<� .� � �*� ? � �H $�-# J�;< +$@�7 ����	-

1��P �7 �� Tp : R
n → R

n �@�T< A� p ∈ R
n �- A�.� �7 K�'H R�D _#a

U, V ⊂ Rn � �$@�7 KN�D�����	- f : U → V �L� +K�'H � �*� Tp(q) = p+q

�D�O p �# f /���P �# E�T<Z �$@�7 � \�40 M �L� �H $�-# J�;< +$'@�7 .�7
�L� �H $�-# J�;< +$@�7 �0 �D�O 0 �# Tf(p)◦f◦Tp

�@�T< �H ��� �0
�� M �0<Z �� '��# �H #��# #�� �0���0� .� C A�� �#�L E�T<Z �$@�7 � \�40 M

p �- A�.� �7 y ◦ x−� �@�T< A� (x, U), (y, V ) ∈ C �- A�.� �7 � $<�@�V /�
+��� �0 �D�O U ∪ V .�

�!3
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%� F�&

� \�%�N<��& # y ◦ x−� �H /4C� A��7 /4O _#a �# {�@ �H $�'H ��� _-a
�$@�7 _� \�%�N<��& # �j��9� �<a $%&�'� M �L� �? ��7�'7 +��� /'*� �7 $@�"<
�0	N�D�����	- .� C A�� �#�L �H ��� � \�40 /���P �# M �H #�	< � �*� J���/�
�$P _#a{�@ �# C � $<�@��7 �� M �0<Z �� '��# �H ##�L �D� x : U → Rn

.� /	
O �7 �#��# �:7�>� /%"C � �*� �7 � �*� ? � �
' � 1�"x� A��7 +$'H
f(0) = 0 �7 /	N�D�����	- f : Rn → Rn �L� �K ��# .��< A�" Af���V��
�$@�7 T (x�, · · · , xn) = (x�, · · · , xn−�, xn) �
@ �7 T : R

n → R
n � E#�7

R�D �7 +��� �0 �D�O 0 �# T ◦ f � f A�04@�T< .� /
 ���# E�T<Z
�0	N�D�����	- .� C A�� �#�L ?�'� M �L� �H $�-# J�;< �K
O ? � /4��#
+��� � \�40 TM ��	� FGH �M �7 ���	- ��4)�� �- A�.� �7 E�T<Z �#� \�7

�# T3j M .� ��]'� +��� A$*7−n � ���	- A$%&�'� � . Mn ⊂ RN K ��L _22
+p, q ∈M ⊂ RN �H ���� p− q �
@ �7 A��>:< �M

J�'� A� v ∈ SN−� ��#�7 E�T<Z �N > �n + � �L� �H $�'H �7�x _���a
�H #��# #��

+�N�< A.��� v �7 M .� /-. }�- _�a
A�04@�T< 20������' +#��# �7 �# �� v ��#�7 �p �# M �7 TpM ��	� ��=&P _!a
�# �� S

N−� A�47 TM � M ×M .� S��'� .�7 A�-�g�	d� � . .� (�hn7
+$ ��T7 �]<

π : RN → RN−� � ��� v �7 #�	g A�BD � . RN−� ⊂ RN K ��L _^a
�Ek � �7 +��� M�"
 /'@�	 � π|M �H $�-# J�;< +$@�7/� JZ �7 ��]< � �h�

+��� E$'<�;< π|M E�T<Z �$@�7 E#�;D M �L�

+$<�;< J���/� R
�n−� �# �� E#�;D � ���	- A$*7−n $%&�'� �- _�a

JZ �7�'7 �H ���� �?� /'�4 � M��GH �� �BC .� /P�) ���O ? � 2���((��
�# �� JZ .� / �0��"x� +��� ���# 9�< A�E#�;D ��r $%&�'� �- A��7 K
O ? �
�# / �0��#y � � zA9'
� � $<G��� �x� �� \�%�N<��& # A�-$%&�'� �7 A���$:�y
Af���V��y ^�4H �# +$�'H E$-�;� $�<���/� z��"<�4�� �x� ���N<��& # ��$'-
##�L/� �7�x � ��� E$�Z QX$4�� ? � �� A�T # �̀< 9�< z.�
<�� �x� �/���$:�
$<�;< J���/� S��'� A� RN M �# �� M E#�;D �j��9� �< $%&�'� −n �- �H
�d' � �# �H #�# J�;< J���/� �X�7 �7�;� /�X$4�� �7 +_N = (n+�)� �7 Gj 	ga
E$�Z ! �hD .� 2I �� ���N� �# �H f : M → R A�E�� �@�T< #�� .� $ �7

�!�
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+_##�L �N �:� z?��%�L � �X�V �x� ���N<��& q Af���V��y �7a +#�	< E#�&4��
+$<�;< J���/� R�n �# Gj 	g �� Mn �H $-#/� J�;< �?� /'�4 � .� A�T # K
O

�!�
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C�E�� AB�  !5

��4;� �� M �#� \V/� 1��P A��#�7 A�0DGH �7 �hD ? � �# �H / �-��4)�� ��	-
K�'H/� ~ �*� �T # A��#�7 A�BD �7 �� π−�(p) A�-��� .� M �- ���$H �- �# +$<��#
FGH M �H K�'H/� �� K- �7 A��<�L �7 �� $ $ A��#�7 A�-�BD ? � �	- e�� �
��� /��T'- ���O ? �� E#�� +$'-# ��
;� /%"C � �V A�BD J�	- A�� �7 A��#�7
V ∗ �H K �@/� ��Z#� +K�'H R�g V ∗ [<�L�# �7 �� FGH V A�-��� .� M �- �H
� $"� f : V → W �L� +��� λ : V → R �
@ �7 />) 67��� �	- A��#�7 A�BD
f∗(λ)(v) := λ(f(v)) �>7�Y �7 f∗ : W ∗ → V ∗ />) � $"� E�T<Z $@�7 />)
J�	- Id∗

V E�T<Z �$@�7 /<�	- IdV : V → V �L� �H ��� ?@�� +#�	< � �*� J���/�
$'-#/� J�;< E#�� ��
O� ? � +(f ◦ g)∗ = g∗ ◦ f∗ E�T<Z g : U → V �L� � ��� V ∗

(f−� ◦ f)∗ = Id∗
V �� . +�N- 9�< f∗ E�T<Z �$@�7 KN�D����9 � f : V → W �L� �H

+(f ◦ f−�)∗ = Id∗
W �

{v�, · · · , vn} �L� �6C�� �# +$<�7��7 V � V ∗ $*7 �$@�7 /-�'4� $*7 �7 V �s<�'�
V ∗ A��7 A�� �V v∗i (vj) = δij � �*� �7 v∗i ∈ V ∗ �P�'g E�T<Z �$@�7 V A��7 A�� �V
�7 c:D �< �#��# /T4N7 {v�, · · · , vn} ��g�	d� �H �7 v∗i />) 67�� +$'-#/� ��
;�
^�n4<� .� �#�@/� �P�O v∗i �7 vi J#�4��D .� �H V ∗ �7 V .� KN�D����9 � � m�0'� vi
�T # A�� .� +_$ ��T7 �]< �# �� �v� �7 v� ����� ��x��� ��� /D�Ha �N�< �:4N� � �V
� �*� � . 1��P �7 �� v∗∗ ∈ V ∗∗ := (V ∗)∗ K�<���/� / ���V }�- /7 �v ∈ V �L�

�2�
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�K�'H

v∗∗(λ) := λ(v) A� λ ∈ V ∗ �- A�.� �7

�H λ(v) = � A� λ ∈ V ∗�- Ǳ�.� �7 E�T<Z V ∗∗(λ) = � A� λ ∈ V ∗ �- Ǳ�.� �7 �L�
V ∗∗ �7 V .� /	N�D����9 h→ v∗∗ �@�T< �? ��7�'7 v = � K ��L/� �d�4< JZ .�
.� E#�&4�� � ���N�a K���</� V ∗∗ �7 V .� /*�"t KN�D����9 � �� �@�T< ? � +���
KN�D����9 � }�- G	g �H ��� ? � JZ ���# M +#.��/� ?@�� �� /*�"t �&P

+#��$< #�� �7 V .� /*�"t
� E′ :=

⋃
p∈B{π−�}∗ K ��L +��� A��#�7 /DGH ξ : E → B K�'H R�D Q�O

� U ⊂ B �L� +#��T'7 p �7 �� {π−�}∗ �H K�'H � �*� A��t �� ξ′ : E′ → B �@�T<
�
@ �7 /4@�T< E�T<Z �$@�7 /*Y�� A.�� /0 $7 t : π−�(U) → U × Rn

t′ : π′−�(U) → U × (Rn)∗

KN�D����9 � π−�(p) ��� �- �7 t �@�T< $ $=� J�� �#�	< � �*� J���/� /*�"t ��>7
�
@ �7 /	N�D����9 � ����

(t∗p)
−� : {π−�(p)}∗ → {p} × (Rn)∗

A.�� /0 $7 / �- t′ ?�'� �	- �
' � ?4���) �7 �S���� ? � �7 +K�'H � �*� K�<���/�
J�L�# FGH �K�'H � $"� A��#�7 /DGH �7 �� π′ : E′ → B K�<���/� �$'@�7 /*Y��
�7 (Rn)∗ .� /	N�D����9 � A�-��� �	- A��7 ��7 M ��� �.X �$47� �#a ξ FGH ξ∗

_+K ��T7 �]< �# Rn

F����9 � π−�(p) �7 A� π−�(p) �- �� . ξ∗ � ξ �H $��/� �]< �7 ?�'� ��$47�
$*7 M �7 A��#�7 A�BD �# �- �� . ���� ���# 9�< A#�$O �� ? � ��4"�� +���
K- K�<��47 /4O�� �7 �� #�@/� 6<�� V ∗ �7 V .� /*�"t KN�D����9 � J�$:D +$'4N-
S��r �# �$ # K�-��) �j$*7 �H ��t J�	- ��:�:O �# +K�'H � �*� ξ∗� ξ ?�7 A.��
�7�:� �# +$'H �
&� #��� ? � �# $<���/� #�) E$'<��) m��� . �� K- ξ �7 ξ∗ 1X�O
��� �7 ξ .� p �# V ��� J#�H � �h� �7 +��� . �� K- ξ �7 E���	- ξ∗∗ := (ξ∗)∗ FGH
ξ .� ξ∗ ?4)�� W �t �s<�'� +K�7� /� ��# /*�"t KN�D����9 � �7 ξ∗∗ .� p �# V ∗∗

+��� A. �� K- M Gj 	g �@�T< ? � �H K �7/� /V �K ����7 #��7 ��
�7��7 TM �7 ξ �H /4C� ��]<a #�	< KNd� /�$'- �
@ �7 �� ξ J��47 �L� /4O
�	g ξ �7 ξ∗ c:D ��
%7 +#�# ��$7 ξ∗ .� /�$'- /	Nd� J���/� 1�$'7 �_���

�2!
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p → ��>7�Y �7 R �7 B .� /7�� E�T<Z �$@�7 ξ∗ .� /@�7 σ � ξ .� /@�7 s �L� �$'H
+σ(p) ∈ π′−�(p) = π−�(p)∗ � s(p) ∈ π−�(p)�� . +#�	< � �*� J���/� ω(p)(s(p))

+K�-#/� [ �	< σ(s) �7 /L#�� �7 �� 67�� ? �
�7 �� �P�O FGH �#�@/� ��d<� Ǳ �7 TM ��	� FGH #��� �# �)�� ? � /4C�
���# p A�� T ∗M ��� +K�8�L/� M �<�f�4'H FGH JZ �7 � E#�# J�;< T ∗M #�	<
���� A���	- A��#�7 FGH M TM ��"@ 9�< T ∗M �<�k<�4H FGH +��� (Mp)∗

/'*� �7 ���# �TM A��7 y∗ � x∗ /*Y�� A.�� /0 $7 �# J#�7 c"���−C∞ �� .
+_y′∗ ◦ (x′∗) = y∗ ◦ (x∗)−−� ��:�:O �#a ��� y′∗ � x′∗ (�h) �# �7�@ K
O

+K�'H � �*� K�<���/� �� T ∗M .� ���	- A�0@�7 � � �4���V / �0@�7 ? ��7�'7
E�T<Z �$@�7 M �7 A���	- A��#�7 J�$�� X � T ∗M .� ���	- o�7 M ω �L�

+��� p⇒ ω(p)(X(p)) ���	- 67�� ω(X)

,-�� F� G�H2����� &!5

1��P �7 �� T ∗M .� df ���	- o�7 �$@�7 ���	- /*7�� f : M → R �L�

∀ X ∈ TpM : df(p)(X) := X(f)

�7 X �H $�'H R�D �(�hn7 +K���</� f ��N<��& # �� o�7 ? � +K�'H/� � �*�
�H K �@/� ��Z#� +c(t�) = p �H �$@�7 �7��7 dcdt

∣∣∣
t�

dc

dt
|t� = c∗

( d
dt
|t�
)

�H ��� /'*� J�$7 ? �

df
(dc
dt t�

)
= c∗

( d
dt
|t�
)
(f)

=
d

dt

∣∣∣
t�

(f ◦ c)

= (f ◦ c)′(t�) � d(f(c(t)))
dt

∣∣∣
t�

��@�< J���/� � . �� � 6	 �
@ �7 �� ��#�*� ? �

df(
dc

dt
) =

d(f(c(t)))
dt

�22
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T ∗M .� o�7 M �- dxi .� M �- E�T<Z �$@�7 /��h4n� /-�T4�# (x, U) �L�
�H K�'H/� �]OG� �� �*� ? � Q�	g� �7 +$'4N- U A��

dxi(p)
( ∂

∂xi

∣∣∣
p

)
= δij

��  �V J�L�# �H $'-#/� ��
;� T ∗
pM A��7 A�� �V dxn(p) � + + + �dx�(p) �? ��7�'7

�7 �� ω o�7 �- �H ��� /'*� J�$7 ? � +$@�7/� TpM A��7 ∂
∂n

∣∣∣
p

� + + + � ∂
∂x�

∣∣∣
p

1��P �7 U �7 �4
 /���P

ω(p) =
n∑
i=�

ωi(p)dxi(p)

/4C� �0'� � /4C� ω o�7 +$'4N- U �7 (�hn7 /*7��� �- ωi �H ��@�< J���/�
�?�'s	- +K ��# C∞ A��7 /07�;� K
O +$'@�7 �4���V ωi 67��� ��	- �H ��� �4���V
� 6	 �/'* a K�'H � �*� /0 $7 �
@ �7 �� o�7 �# 67�� ^�Y � �0@�7 6	 �L�

K�N �'7 K�<���/� _�>:< �7 �>:< ���
�� ^�Y

ω =
n∑
i=�

ωidx
i

�� � . �# p��;� M��GH Q���D �6C�� �# +$@�7 �4@�# [ �	< ?�'� $ �7 9�< df o�7
�K ��# ���#�

�7 E�T<Z �$@�7 ���	- /*7�� f � /��h4n� /-�T4�# (x, U) �L� ����� �����
K ��# U

df =
n∑
i=�

∂f

∂xi
dxi

ai = Xp(xi) = E�T<Z �$@�7 Xp =
∑n
i=� a

i∂/∂xi|p �
@ �7 Xp ∈Mp �L� 23�*4�
? ��7�'7 +dxi(p)(Xp)

df(p)(Xp) = Xp(f) =
n∑
i=�

ai
∂f

∂xi
(p) =

n∑
i=�

∂f

∂xi
(p)dxi(p)(Xp)

+� +��� ��	� J�-�7 �
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6��2 '�IB4J� 8��- F�+B� K���� )!5

pG>P� .� E#�&4�� .q _M��GH J�<�#9���<Z � �a M��GH ��N<��& # ��$'- J�hhn4�
/NH +$''H/	< A$ #�� ��4&L 94�'" X �H �<�T<Z xi 1�h4n� sxi M��H � �0'�7 �����
? � K�N:� .� /4��# ��
O� �H ��� ���� /'*� /7 pG>P� ? � �H $ �T7 $-��)/	<
Gj 	g +$ Z/� ��$7 _$' Z ��
7 ���# �H /t�@ �7 �4"��a M��H � �0'�7 ^��	H
/40 J#�H �n;� �M��H � �0'�7 ����� ��P�� A��7 E�� M #9< �H #�7 E$@ ?@��

+��	� ��#�7 �/'* m#� \V/� 1��P �4��� JZ �# ����� ? � �H ���

� �0'�7 ����� M �7 �"N< f M��H � �0'�7 1������ J�9�� df #�@/� R�D J��
? � /'*� �7 ? � �H �$@�7 ����� ? � .� /*7�� df $ �7 eV ���� o���4� �# M��H
67�� 1��P �7 �- dxi #�) ? ��7�'7 +$@�7/� ��	� A�-��#�7 .� /*7�� df �H ���
+#�# 9�	� ∂/∂xi ��	� A�-��#�7 .� $ �7 �� �0<Z �H ��� ?@�� �\� � �$<�@/� �N�
?�7 W7�>� #�d � /'*� �7 Gj 	g �$ $ � �*� �̀Y�� �K � \�7 �� 1�&�P�x ? � �s<�'�
�0<Z �# �H M��GH K�-�&� �j 	- ��
' � ?n� E���H +��� $ $ � K $C 1�OG>P�
A�-��#�7�7 �7��� 1��P �7 J��7 �7�C �#�@/� �4D�L E�07 M��H � �0'�7 1��	H .�
p�>� �0
��H � �0'�7 �	NC ���) 1��P �7 �H / �0<Z �T� �df ��]< �$'4N- ��	�

+dc/dt ��]< �##�L/� ��"*� ��	� A�-��#�7 1��P �7 �H �$<�@/�

Gj 	g �K�'H /���7 $ $ E�L$ # .� �� �0<Z � K�<97 � �� �� M��GH S4H �s<�'�
/	 $C J�<�# ��$'- A�-��H �# /4	NC � � /	H $ $ /-�L$ # S%r� �H $ # K�-��)
Q�$ �# J�$� � M��GH 1��P �# �7 �� df ��N<��& # ��0&� ���	��/D +��� �4&0<

? �< 1��P M��GH 1��P

����	
� x � M � ����� f ����
Ǳ��� �� ��������� �
� M � ����	��
����� f̄ = f ◦ x−� ���� �Rn � f̄ �����

 !f = f̄ ◦ x

f = ��"�� xn, · · · , x� �� ����� f ����
 �
� f(x−�, · · ·xn)

mK �E#�H p�>� � q

�2,



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >
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. H�	AB K+��� &�5

? �< 1��P M��GH 1��P

��  �
� ��#�� $� c : R → M ����
�% �f ◦ c : R → R &�'( ���

(f ◦ c)(t) = f(x� ◦ c(t), · · · , xn ◦ c(t))

����� �)��� ��� ��

(f ◦ c)′(t) =

n∑
i=�

Dif̄(x(c(t))).(xi ◦ c)′(t)

=

i=�∑
n

∂f

∂xi
(c(t)).(xi ◦ c)′(t)

��

d(f(c(t)))

dt
=

n∑
i=�

∂f

∂xi
(c(t)).

dxi(c(t))

dt

hxi = ��"�� t �� ����'� �� xi ����
t �� ����� f &�'( ��� ��  �"xi(t)

 f(t) = (x�(t), · · · , xn(t)) *�'+��
����� ,'�%�

df

dt
=

i=�∑
n

∂f

∂xi

dxi

dt

�	-� ." �� c ,/ �� �% 0� 0��1���2"�
,�"��$�3�- 45��6	
� ��'� �� �'�� ��'+�2"

! �
�

? �< 1��P M��GH 1��P

�7	8�	"

df
(

dc

dt

)
=

n∑
i=�

∂f

∂xi
(c(t)) •dxi

(
dc

dt

)
dc
dt

9:+ �� c(t) �� ;�2� ���� � ,'<
�������  �
�

df =

n∑
i=�

∂f

∂xi
dxi

����� �dt �� => ��

df =

n∑
i=�

∂f

∂xi
dxi

�� �% �
� ,/ �� 0��1���2" ��� 45���-�
�
�� �:? $� �� ��� !dt �� ��-@ ��AB�
xi(t) C��'� ��"'�< �� � ��'+�� �8�	"
0�� D�� ���4��
 ���  ����" ��	A�
�� ����� df �% �
� )EF� ��� G�('�

 �
� ;�2� 0������

���L A��L��H �� *��>� A��7 �.X 1��$:� A.�� E#��Z �7 �H A��%O�� �# ��j$*7
1��P �7 K ��4)�� Gj "C �H �� �s<Z ��	- �4���V ��>7 �K�'H/� 1�#�"� J�	 � 9�< �
.� $'%
;� /	H ��H ? � �H ##�L/� E$-�;� ?�7 ? � �# +K�'H/� �	�� M��GH

�$@�7/� ���� /<�	�Z J�7. �H ���:� �P� ��	��
A� p ∈ M �- Ǳ�.� �7 E�T<Z �$@�7 ���	- f : M → N �L� �H K �@/� ��Z#� 

�2�
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�
@ �7 �@�T< M �̀	d� �# � f∗p : TpM → Tf(p)N �
@ �7 />) �@�T< M 
A�-�BD ?�7 />) /4@�T< f∗p : TpM ⇒ Tf(p)N J�� �K ��# f∗ : TM → TN

#�	< �7 ��<Z �H ��� �)�� �7�C Tf(p)N
∗ → TpM

∗ �
@ �7 /4@�T< ���� A��#�7
��E#�� �
@ �7 ��<Z ��� �407 /�� �K�-#/� J�;< f∗

∗p

f∗
p : T ∗

f(p)N → T ∗
pM

T ∗M �7 T ∗N .� /<GH �@�T< �f∗
p A�04@�T< 6	d� .� �H #�@ ��� +K�-# J�;<

�7 pi ∈ M M .� [�7 Ǳ�.� �7 A� q ∈ N M � ��# J�
�� �6C�� �# m$ Z/	< ��$7
A�� .� +$'@�7 /
 (f∗)pz � (f∗)px �H #��$< #�� /%��# }�- � �$@�7 f(pi) �
@
K�'H R�D �N�< ?
	� ��	� FGH �7 �H #�H J���/� A��H �<�k<�4H FGH �7 ��T #
� �*� J���/� � . 1��P �7 T ∗M .� η /@�7 �1��P ? � �# +��� T ∗N .� /@�7 ω

�#�	<

η(p) := ω(f(p)) ◦ f∗p

�T # 1��"g �7

η(p)(Xp) = ω(f(p))(f∗pXp) (Xp ∈ TpM)

JZ $ �7 �$'H � ��� A��#�7 �7 η �
' � A��7 �#��# A�E#�� E�$ � �E$�s�V A��\L#�	< ? �a
�7 �� η ��)� o�7 _+#�# ��x�� JZ A�� �� ω e�� � #�H �:4'� N �7 f∗ c��� �� ��#�7

+K�-#/� J�;< f∗ω #�	<
J�$�� �7 M �7 X A��#�7 J�$�� J#�H �:4'� A��7 /07�;� o�� }�- �Q�O ? � �7

+#��$< #�� N �7 A��#�7
f : M → N �@�T< �- �H �&L J���/� �H �# ���H\� � ��*� �7 ��� �7
�<�k<�4H A�0DGH ?�7 ���n� �0 �7 f∗ /4@�T< � ��	� A�0DGH ?�7 f �7 f∗ /4@�T<
�0 �7 �H / �0<Z � J� ���H $'4N- �0d	- �H / �04@�T< �7 .���� +$'H/� $����
�7 A#�$O �� �H #��# #�� M��GH /��gGt� +$'��</� J� �����4'H �� $'4N- e
g
T ∗
M A�0@�7 � J� �����4'H A��#�7 J�$�H �� A��#�7 J�$�� ���� �� pG>P� e
g

�\L�# pG]P� ? � ��>� ��N< ��%*� Q�O ? � �7 +$'��</� J� ���H A��#�7 J�$�� ��
���� J� ���H A��#�7 A�0<�$�� �̀< �H #��� �t�) �7 /4O��7 ��� E$@ e
g �7 J��.

+$'4N- e
g �7 �0 �7 /:>'� �]< .� �H ��� / �0<Z J� ����4'H �̀< �
/>) /��h4n� / �0-�T4�# ?4D�L �]< �# �7 �� M��GH pG>P� ? � bY� W>'�
�x(vi) = ei �L� ����O ? � �# �#�# b�Y�� J���/� �$<�/>) 1G $"� �H Rn �7 x

�23
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E�T<Z

x(a�v� + · · ·+ anvn) = (a�, · · · , an)

�L� +�N�< S �� /���H# 1�h4n� E�T4�# M 9 A9�� x /��h4n� /-�T4�# �\� �
/ �- aij ∈ R Ǳ�.� �7 x′j =

∑n
i=� aijx

i E�T<Z $@�7 A�T # /��h4n� /-�T4�# x′
+(�hn7

i
�+5 �
@

? ��7�'7 � �aij = ∂x′j/∂xi p�Y� �7

x′j =
n∑
i=�

∂x′j

∂xi
xi _�+5 a

D(x′ ◦ �7 � ��� �7�x (∂x′j/∂xi) e ���� �H S%>� ? � .� �j	�:4N� �� S��>� ? �
Q���D � _ZZ a ��N �:� �7 +�D�L �d�4< J���/� �$@�7/� J�N
 x−�)

dx′j =
n∑
j=�

∂xj

∂xi
dxi _!+5 a

����� /���P J�	- �7 ���# dxi A�0%�N<��& # �H K�'H/� �]OG� ����BC .�
�- ��j4d�4< +$<$���</� J� ���H �� �0<Z ���� ? � �7 � $''H/� ����� xi �H $''H/�

�
@ �7 S�H��

ω′
j =

n∑
i=�

ωi
∂xi

∂x′j

�2�
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K�@�7 �4@�# A��#�7 J�$�� M A��7 J�N	- 1��"g �# �L� ��T # F�t .�

X =
n∑
i=�

ai
∂

∂xi
=

n∑
i=�

a′i
∂

∂x′i

��>7�� �# a′j 67��� E�T<Z

a′j =
n∑
i=�

ai
∂x′j
∂xi

S���47 A�0@�7 ��T # 1��"g �7 �J� �����4'H � J� ���H A��#�7 A�0<�$�� +$''H/� �$P
+$'��</� 9�< M �� "��� .� J� �����4'H � J� ���H _A��N<�� J�$��a ��N<�� �� T ∗M � TM

+��� .��< �" /	H �7 pG>P� ? � K0D A��7

�4� 	
� ,-��� 5!5

�# �� T : V� × · · · × Vm → R 67�� +$'@�7 A��#�7 A�BD Vm � + + + �V� �L�
A� vm � + + + �vk+� �vk−� �v� ^�n4<� �- Ǳ�.� �7 �H K�8�L />) $'� /���P
��	- ��g�	d� �p�Y� �7 +$@�7 />) v → T (v�, · · · , vk−�, v, vk+� · · · vm) �@�T<
�7 �� A��#�7 A�BD ? � �V�, · · · , Vm = V �L� +��� A��#�7 A�BD �/ �- T ?�'�
/% $"� f : V → W �L� +T �(V ) = V ∗ �H #�@ ��� +K�-#/� J�;< T m(V ) #�	<
�H #��# #�� f∗ : T m(W ) → T m(V ) />) /% $"� �1��P ? � �# +$@�7 />)

���� � �*� �7�C m = � ���O ��"@ Gj ��H

f∗T (v�, · · · , vm) = T (f(v�), · · · , f(vm))

�� T ⊗ S ∈ T k+l(V ) A��N<�� ^�B%P�O E�T<Z �S ∈ T l(V ) � T ∈ T k(V ) �L�

T ⊕ S(v�, · · · , vk, uk+�, · · · , vk+�) = T (v�, · · · , vk).S(vk+�, · · · , uk+�)

(S ⊕ T ) ⊕ U = �T # A�� .� +$'���&4� T ⊕ S �H ��� ?@�� +K�'H/� � �*�
? � +#��# #�� / ��−n A��N<�� A�07�B%P�O � �*� J�
�� �\� � S ⊕ (T ⊕ U)

(S�+S�)⊕T = S�⊕T + Gj �� �� . ���� />) $'� ���H#�) ��>7 A��N<�� ^�Y
J�L�# ��  �V {v∗

�
, · · · , v∗n} � V A��7 A�� �V {v�, · · · , vn} �L� �Ek � �7 +++ � S� ⊕ T

�P�'g E�T<Z �$@�7 T �(V ) = V ∗ A��7

v∗i� ⊕ · · · ⊕ v∗ik � ≤ i�, · · · , ik ≤ n

�2�
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+��� nk �BD ? � $*7 �\� � +$'-#/� ��
;� T k(V ) A��7 A�� �V �p�Y� �7
ξ = π : A��#�7 FGH �- .� � #�	< E#�&4�� J���/� $ $ A�" �)�� ? � .�

K�'H R�D +#�	< $���� �� A$ $ A��#�7 FGH �E → B

E′ =
⋃
p∈B

T k(π−�(p))

t : π−�(U) → � U ⊆ B �L� +#��T'7 p �7 �� T k(π−�(p)) A�BD �H π′ : E′ → B �
tp : π−�(p) → A�0	N�D����9 � 1��P ? � �# +$@�7 ξ A��7 A.�� /0 $7 U ×Rn

A�0	N�D����9 � � �*� ug�7 {p} × Rn

(t∗p)
−� : T k(π−�(p)) → {p} × T k(Rn)

.� �K�'H ^�n4<� �;�	- A��7 ��7 M �� T k(Rn) → Rnk KN�D���9 � �L� +$'��@/�
�# �7 +K���/� t′ : π′−�(U) → U ×Rnk �
@ �7 /4@�T< �7 (t∗p)−� A�04@�T< 6d�
M �7 �π′ : E′ → B /*Y�� A.�� /0 $7 J��'g �7 / �- t′ ?�' ��	- ?4D�L �]<

+��� k = � (�) ���O ξ∗ FGH +K�7� /� ��# T k(ξ) A��#�7 FGH

C��*�� ���
� � C��*��� *�H2�� ;!5

k �� "��� .� J� ���H A�-��N<�� FGH �� T k(TM) FGH �ξ = TM �H /4��O �#
(x, U) �L� +K���</� �� k �� "��� J� ���H A��N<�� J�$�� �� JZ A�0@�7 � �K���</�

E�T<Z �$@�7 /��h4n� /-�T4�#

dx�(p), · · · , dxn(p)

/ ��−k A��N<�� A�07�B%P�O � ��� (Mp)∗ A��7 A�� �V

dxi� (p)⊕ · · · ⊕ dxik(p) ∈ T k(TpM) � ≤ i�, · · · , ik ≤ n

.� A J� ���H A��N<�� J�$�� �- ��d�4< �# +$'-#/� ��
;� T k(TpM) A��7 A�� �V
1��P �7 �� ∪ �7 �� k �� "���

A(p) =
∑

i�,···,ik
Ai�,···ik(p)dxi� (p)⊕ · · · ⊕ dxik (p) (p ∈ U)

�5I
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D����� �
,�B � D�����B ��)*�� ;�5 ��)*�� 5 ���

1��P �7 ���E#�� �
@ �7 � �

A =
∑

i�,···,ik
Ai�,···ik dxi� ⊕ · · · ⊕ dxik

�?�'s	- +��� T k(TM) .� /@�7 dxi�⊕· · ·⊕dxik ��)� 1��"g �# �H ��@�< J���/�
�L�

A =
∑

i�,···,ik
A′
i�,···ikdx

′i� ⊕ · · · ⊕ dx′ik

E�T<Z

A′
α�,···αk

=
∑

i�,···,ik
Ai,···ik

∂xi�

∂x′α�
· · · ∂x

ik

∂x′αk

/D�H JZ 1�"x� A��7 +��� E$@ �-�� /��	*� 67��� .� /7�B%P�O � �̀	d� ? � �#
� �4���V A o�7 _+#�@ E#�&4�� ⊕ (��) � �I� ��=&P �# _!+5 a 1��"g .� ���

+$'@�7 ���	- � �4���V Ai�,···,ik 6"���� �� �%H �L� c:D � �L� ��� ���	-
J�$�� k �7 Ā A�T%	g 1��P �7 �� �� k �� "��� .� A J� ���H A��N<�� J�$�� �-

�
@ �7 67�� �H ��D�L �]< �# J���/� Xk, · · · , Xk A��#�7

Ā(X�, · · · , Xk)(p) = A(p)(X�(p), · · · , Xk(p))

A�-/ ��−k ��g�	d� �7 Ā �H #�@ ��� +Ā : X (M)k → c∞(M,R) �$'H/� $���� ��
�H /'*� ? � �7 m��� />) $'� �X (M)k ���	- A��#�7 A�0<�$�� .�

Ā(X�, · · · , Xi +X ′
i, · · · , Xk) =

= Ā(X�, · · · , Xi, · · · , Xk) + Ā(X�, · · · , X ′
i, · · · , XK)

Ā(X�, · · · , aXi, · · · , Xk) = aĀ(X�, · · · , Xi, · · · , Xk)

/>) F ���	- 67��� .� S ��Y �7 Gj 	g �#�@/� � �*� �>:< �7 �>:< Ā J�� �E�G*7
1��P ? � �# �$@�7 ���	- f �L� �/'* +���

Ā(X�, · · · , fXi, · · ·Xk) = fĀ(X�, · · · , Xi, · · ·Xk)

A� p �- Ǳ�.� �7 ��� .

Ā(X�, · · · , fXi, · · · , Xk)(p) = A(p)(X�(p), · · · , f(p)Xi(p), · · ·Xk(p))

= f(p)A(p)(X�(p), · · · , Xi(p), · · · , Xk(p))

= f(p).Ā(X�, · · · , Xi, · · ·Xk)(p)

�5�
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��)*�� 5 ��� D����� �
,�B � D�����B ��)*�� ;�5

+#��L/� ���C E#�&4�� #.�� 1�*D# �7 �j$*7 �H �K�4N- �T # A��BC p�t E�#��Z �E�)X�7

A : V×· · ·× �L� +F = C∞(M,R) � V = X (M) K�'H R�D ����� �����
�H #��# #�� A� A #�&7 �h='� A��#�7 J�$�� E�T<Z �$@�7 />)−F /*7�� V → F

+A = Ā

J�$�� E�T<Z �$@�7 E��n�# ��	� ��#�7 M v ∈ TpM �L� �H $�'H ��� �$47� 23�*4�
/��h4n� /-�T4�# (x, U) �L� �6C�� �# +X(p) = v �H #��# #�� A� X ∈ V A��#�7

K�'H � �*� K�<���/� E�T<Z �v =
∑n
i=� a

i∂/∂i|p � $@�7

X =

⎧⎪⎨⎪⎩ f

n∑
i=�

ai
∂

∂xi
U �7

� U ���) �#

� f(p) = � �7 ���	- /*7�� f � �$<�@ �4D�L �]< �# �7�x /*7�� �- ai .� M �- �H
X�, · · · , Xk ∈ A��#�7 A�0<�$�� �7 v�, · · · vk ∈ TpM �L� Q�O +��� Supp(f) ⊆ U

K�'H � �*� ��� /D�H �H ��� ?@�� E�T<Z �$'7� 6���� TM

A(p)(v�, · · · , vk) := A(X�, · · · , Xk)(p)

Xi(p) = /� i �- Ǳ�.� �7 �L� ���� A /& �*4@�) 1�"x� �?
	� ���N� �0'� J�'H�
�H K�'H/� �g#� �Yi(p)

A(X�, · · · , Xk)(p) = A(Y�, · · · , Yk)(p)

? � +_��� �7�;� Gj ��H /%H ���Oa K ��L/� �]< �# �� k = � ���O /L#�� A��7
�7�x �%O�� �# �� X(p) = Y (p) #�@/� �d�4< A(X)(p) = A(y)(p) .� �H K


+K�'H/�
���	- /*7�� f K ��L +$<�7��7 p .� /T �N	- M �# Y � X K�'H R�D �$47� X�Y

? ��7�'7 � fX = fY 1��P ? � �# Supp(f) ⊆ U � f(p) �7

fA(X) = A(fX) = A(fY ) = fA(Y )

+A(X)(p) = A(Y )(p) K ��# �#�@ /7� ��$:� p �# �L� �H
X(p) = � �L� �H K�-# J�;< ��� /D�H K
O 1�"x� A��7 �H ��� ?@�� X�Y
/T �N	- �# �\� � ���� p #�L /��h4n� /-�T4�# (x, U) K ��L +A(X)(p) = � E�T<Z

�5!
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D����� �
,�B � D�����B ��)*�� ;�5 ��)*�� 5 ���

M �# g �L� +$<�&P �- bi(p) ��	- �H X =
∑n
i=� b

i∂/∂xi K�N �'7 K�<���/� U
E�T<Z �Supp(g) ⊆ U � $@�7 M �7��7 V $'<�� p .� /T �N	-

Y = g

i=�∑
n

bi
∂

∂xi
=

n∑
i=�

big
∂

∂xi

�# +��� �7��7 X �7 V �7 � ��� ���	- �E$@ � �*� M �H �7 �H ��� A��#�7 /<�$��
K ��# �bi(p) = � J�� J�'H� +A(X)(p) = A(y)(p) K ��# _�a �	NC �7 �'7 �d�4<

A(Y )(p) =
n∑
i=�

bi(p) •A(g
∂

∂xi
)(p) = �

� +$@ �7�x K
O �\� �

� �C /���&� Ā �T%	g � A A��N<�� A��#�7 J�$�� ?�7 Gj 	g �! �� �BC �7 �]<
+K�'H/	< E#�&4�� Gj P� Ā #�	< .� � �K �@/	<

#��� �# /'* +��� �	g �7�C k = � (�) ���O �# ! �� �BC �H $�'H ���
/>)−C∞(M,R) �H X (M) → C∞(M,R) /*7�� �- : T �(TM) = T ∗M �<�k<�4H FGH
A��#�7 A�0<�$�� ��"@ ���# +��� E$@ �P�O ω J� ���H A��#�7 J�$�� M .� �$@�7
A�0<�$�� �H $'H/� Ǳ�:�� �� f∗ /4@�T< f : M → N ���	- �@�T< �- �J� ���H
�� k �� "��� f∗A J� ���H A��N<�� A�0<�$�� �7 �� N �7 �� k �� "��� A J� ���H A��N<��

�$'H/� � $"� M �7

f∗A(p)(X�p, · · · , Xkp) := A(f(p))(f∗X�p, · · · , f∗Xkp)

A��N<�� J�$�� E�T<Z �$@�7 � � k S���47 �� "��� .� A��N<�� A�0<�$�� B � A �L� �E�G*7
(A⊕B)(p) := A(p) ⊕ �K�'H � �*� K�<���/� k + � �� "��� .� A⊕B $ $ J� ���H

+$'H �	g (TpM)k+� �7 �H B(p)

�0'� �#.��/� K-��D �� �� A�-.��< ��	- Gj 	g J� ���H A��N<�� A�0<�$�� �
' � �7
+K�'H/� � �*� 9�< �� J� �����4'H A��N<�� A�0<�$�� u=7 /%H p�t ��	
� �t�) �7
Ǳ�.� �7 eV +��� TM .� X /@�7 �J� �����4'H A��#�7 J�$�� �- �H K �@/� ��Z#� 
J��'g �7 �� V E��n�# A��#�7 A�BD .� v �Bg �- Q�O +Xp ∈ TpM A� p �-
1��P �7 �� v(λ) ��� /D�H ��D�L �]< �# J���/� v : V ∗ → R />) /44@�T<
/@�7 .� ��� 1��"g �j:�C# �� k �� "��� J� �����4'H A��N<�� J�$�� +K�'H � �*� λ(v)

.� �L� +��� TpM∗ �7 />) −k 67�� M A(p) �- �? ��7�'7 +T k(T ∗M) FGH .�
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��)*�� 5 ��� M�N1*� � OB
� ��)*�� =�5

A�d7 Tk(TM) #�	< .� �K�'H E#�&4�� V ∗ �7 />)−k 67��� ��	- ��g�	d� A��7 Tk(V )

�@�< J���/� /*Y�� 1�h4n� q# +#�H E#�&4�� J���/� T k(T ∗M)

A(p) =
∑

j�,···,jk
Aj�,···jk(p)

∂

∂xj�

∣∣∣
p
⊕ · · · ⊕ ∂

∂xjk

∣∣∣
p

�PG) ��>7 � �_$'H �	g TpM∗ �7 ∂/∂xi|p �H K�'H/� J�;< �t�)a

A(p) =
∑

j�,···,jk
Aj�,···jk(p)

∂

∂xj�

∣∣∣
p
⊕ · · · ⊕ ∂

∂xjk

∣∣∣
p

K�@�7 �4@�# A A��7 �A�T # 1��"g �L�

A(p) =
∑

j�,···,jk
A′j�,···jk(p)

∂

∂x′j�

∣∣∣
p
⊕ · · · ∂

∂x′jk

∣∣∣
p

�H #�H W�:=� J���/� /L#�� �7 1��P ? � �#

A′β�···βk(p) =
∑

j�,···,jk
Aj�,···jk

∂x′β�

∂xj�
⊕ · · · ⊕ ∂x′βk

∂xjk

�# J���/� Ā �T%	g 1��P �7 �� k �� "��� A J� �����4'H A��N<�� A��#�7 J�$�� �-
�d�4< �� /*7�� � $'H �	g ωk, · · · , ω� J� ���H A��#�7 J�$�� �� k �7 �H �D�L �]<

�$-#/�

Ā(ω�, · · · , ωk)(p) = A(p)(ω�(p), · · · , ωk(p))

�##�L/� 1�"x� 9�< W �t J�	- �7 �H �#��# #�� ! �� �BC �7�;� A���BC �/*�"t ��>7
J� �����4'H A��N<�� J�$�� �- S���� ? � �7 � m��� .�d� Ā #�	< .� E#�&4�� JZ ���� �7 �
Q�$� �7 �H ��D�L /
 J���/� J� ���H A��#�7 J�$�� k �7 A�T%	g �7 �� k �� "��� .�

+��� />) F ���	- 67���

L��02� � M��� *�H2�� =!5
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� ���

 ����
��� !"��#� $ %���
& '����

K��N�2� �
3
�  !;

A�-J�$�� �/'* a JZ A�-o�7 � TM ��	� FGH (�h) �# �4;�7 1��89 ��*��>� �7
M � p .� /T �N	- M �# �H ��� A��#�7 /<�$�� X K ��L +K .�#�V/� _A��#�7
p .� E$<�\L p : (−ε, ε) → M A�/'='� � Z �H K�<�$7 K�% �� +##�L/� � �*�
�/'* w$@�7 X A��#�7 J�$�� .� �P�O A�-��#�7 �7 [��	� A�-��#�7 �H #��# #��

�H #��# #�� p(�) = p � p A�/'='�

p∗

(
d

dt

∣∣∣
t

)
=
dp

dt

∣∣∣
t
= X(p(t))

i A��#�7 J�$�� ��+, �
@

K�<���/� J�'� p Q�O (x, U) /��h4n� /-�T4�# ���� /*Y�� /@�7 X J��
�H K �@/� ��Z#� +#�@ �:4'� x(U) ∈ Rn A�� �7 X JZ S�� �7 �H �K�'H p�>�
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��)*�
��+ ��+��� � 8��+
. D���� ; ��� K�
P,*� "�3�� ��;

��4"�� +$@�"< /'*� �7 α : M −→ N ���	- 67�� A��7 ��� ?
	� α∗X /%H ���O �#
K�'H � �*� K�<���/� �$@�7 KN�D����U& # α �L�

(α∗X)q = α∗ α−�(q)(Xα−�(q)) � (α∗X)q := α∗(Xα−�(q))

/<�$�� �Ek � �7+_� �� ��N�a �N�< �
;� ���� ���	- α(M) �7 αastX �
' � W�:=�
Ǳ�.� �7 �H #��# #�� f : x(U) −→ Rn /*7�� +K ��# x(U) ⊂ Rn �7 x∗X A��#�7

A� q �-

(x∗X)q = f(q)q ∈ TqRn

c = x ◦ p /'='� +fn(q) � · · · �f�(q) .� $'���"g (x∗X)q A�-�&���� ��T # 1��"g �7
p∗

(
d
dt

∣∣∣
t

)
= X(p(t)) /'*� �7 dpdt = X(p(t)) {�@ 1��P ? � �# +$ ��T7 �]< �# ��

? ��7�'7 +���

dc

dt

∣∣∣
t
= x∗p∗

(
d

dt

∣∣∣
t

)
= x∗(X(p(t))) = (x∗, X)x(p(t)) = (x∗X)c(t)

�K�'H E#�&4�� c A��$:� −Rn 67�� /��	*� W4;� [ �	< A��7 c′(t) #�	< .� �L� �eV
E�#�� �
@ �7 �� X�7 A��N� E�T<Z

c′(t) = f(c(t))

c : R −→ R
n 67�� A��7 ��N<��& # ��#�*� M .� A�E#�� Q��� ? � +�@�< J���/�

K���/� 1X#�*� E�T4�# M �7 �K�N �'7 ci 1�h4n� SNO �7 ��<Z �L� �H ����

ci
′
(t) = f i(c�(t), · · · , cn(t)) i = �, · · · , n

A.�rZ c ��@ �H K�% �� �E�G*7

ci(�) = xi(p)

JZ ���#a $' �L/� ��#�*� .� zA��LQ��T4<�y �� 1X#�*� �<�T' � �O $<�� +$@�7 ���C�7
JZ ?�D�t .� �f : R −→ R �H c′(t) = f(t) E�#�� ���O �O A��7 �H $@�7 ? � $ �@
zA�-Q��T4<�y �� $' Z/� ��$7 S���� ? � �7 �H / �-^�� +_#�@/� �4D�L Q��T4<�
p : (−ε, ε) −→ /'='� +#��# #�� 1�OG>P� ? � .� /;n7 K- .�'- +$'��</� ��#�*�
$3�kl ?�H �% X $��% (��)�� 0�=�� �� dp/dt = X(p(t)) � p(�) = p �7 M

]V���0� p(�) = p

�5�
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K�
P,*� "�3�� ��; ��)*�
��+ ��+��� � 8��+
. D���� ; ���

\!�: ��Q m0!��)�� $�K0�=�� G��Q 0	��B	 # ��7# 0�>�  8 �21 ^�R 3� �A1
]V	��.0� �W �� �� `��

�% @���� \!�: ��  � R ��% �% c 0�=�� ���� �� c′(t) = −(c(t))�  8 !��"�
f(a) = �5�	� �� ]��H0�  �H� dy/dx = −y� P��>  % y : R −→ R n%�� o�:

J\�� �	3 P��>  %  !��"� G	� �: �������� a#� ]−a�

dy

−y�
= dx ⇒

∫
dy

−y�
=
∫
dx ⇒ �

y
= x+ c ⇒ y =

�

x+ c

&#�% # �C��9��� �� 6�D�� G	� ]����K ;��7 c(t) = �/(t+ c) $�K0�=�� mG	��%��%
y′ = f ◦ y P��>  % �� T�H T���  8 !��"� ]��� +�5� &���0� p�% q=%  % &�H �����

rF m\H� &���0�(
�

t
◦ y

)
.y′ = �

$��_ C  � F (y(x)) = x + c �
! # (F ◦ y)′ = � T�)l mF ′ = �/f �.� �
! #
c(t) = ��H s�, 0��	�% mc(�) = a  8 �!#� ?�H  % (�<: $��% ]G�� T��S!� # \%�t
;��7 m\!�: G	� �� ]\�� \��� a = � 45% Pp�:  8�K �� G	� ]�/(t + �/a)

$�K0�=�� m$����% $�K&���� &�%3  % c $�K0�=�� ]\�� u∀t : c(t) = �v \���
]����K X(a) = −a� d

dt

j
X(a) = −a� d

dt $����% &���� J�]' �BH

45% X 3� 0!��)�� 0�=�� w�K m��H0� c	�"� R �� �% X  � 0!�: �� m����  7��
G	� ��H0� ]���.0� c	�"� &l 3� 0NS% �% �L�� # ��H0� c	�"� R �� �% c(t) = �

��H0� $��� \!�: G	� �%  � ]X(�) = �  � \��� o�I� G	� 3� q"A�� �� 6�D��
x�4% 0,�� T3���  % $�K t  8�K $��% c(t) = �/(t+ �/a) 0�=�� m� < a �.� ]���
$�� 3� ]���0� ��>  % T�.w�K 0!# ��H0� @	�4 ��>  % t→ α 0�1# # ���.0�
 % 0�=�� m��H0� x�4% ����% $����% &����  B�	� ��!�  % mt → −�/a 0�1# m�)	�
3�% mV��� ^�>� ��> 0)	���K �� �� $����% &���� �.� 0�: ]���0� ��� \	�L��%

]��H0� @	�4 ��>  % 0�=�� \�� \��� p�% q=% VK
 % ���	� ]��� T�K�N� �� $�)	� ���,� &���0� c′(t) = c(t)�/�  8 !��"�  8 "!�I� �%
#� mc(�) = �  8 �!#� ?�H �% ]\H� &���0� dy/dx = y�/� P��>  % @���� �BH
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. D���� ; ��� "��,<� � +��� 8���9: $�;

0�"	 m���� c��S� ;��7

�) ∀ t : c(t) = � �) ∀ t : c(t) = t�/��

]\�� �	
F������	� a = � �� # \�� f(a) = a�/�  8I%�D �% f n%�� m\!�: G	� ��
0	��B	 ��� m��H 0�  5�� 0	��B	 m\�� C� ��� 3� f : U −→ Rn n%�� 0�1# o�k�
f�> 4��H y�! ?�H �� U �% f V�e�.0� 0���> �� ]\�� ��$�1 0�� ?�H G	� 3�

 � ���. \,�	 &��Q $� k  � ���0�

∀x, y ∈ U :
∣∣∣f(x)− f(y)

∣∣∣ ≤ k
∣∣∣x− y

∣∣∣
\�� $� K w�K �C �_ z���0� f�> 4��H y�! ?�H�� f(a) = a�/�  � ��H  7��
��	3 m�H�% ���1�%

∣∣∣f(x) − f(�) ≤ k
∣∣∣x∣∣∣ $#���� ��> 0B	�4 �� x �K Ǳ�3�  %  �

0�#4! ��� m\��  ����F m4��H y�! n%�� �K m �̂D#  % limx→�± x�/�

x = x−�/� → α

��� 3� n%�� �K m�)	� $�� 3� ]Xf(x) =
∣∣∣x∣∣∣ m�C h�Y ]�H�% �	
F������	�  � ����

?�H �� ma� I9 �K 3� $�0)	���K �� m0�"	 m\�� 4��H y�! 0"D�� P��>  % C�

�K  � \�� GH#� mT#�_  % ]��H0�  5�� 'g� V! 3� G	� ]���0� f�> 4��H y�!
]\�� ������ m$������  8_��5� �K �% 4��H y�! n%��

j
f(a) = a�/� n%�� ����� J�]' �BH

����<� � ���� 8���9: &!;

$��� $�K�2, ���� �� T��� 0�!  % ������	� Pp��"� $��% 0	��B	 # ��7#  8 �21
]���� 3�A ����

�5�
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0L� ��k ���� $��� $�2, @	 (M,p) V	��. ��&�'(�� �	� ���� �����
��H0� \,�	 &��Q � < C < � $��_ m0�"	 m\�� s�A9� f : M =⇒M # m\��

 �

∀x, y ∈ N : p(f(x), f(y)) ≤ c p(x, y)

\%�t  I9 f n%��Y f(x) = x  � ���� ��7# ���% �<=�� $� x ∈ M mP��> G	� ��
]X���� ���% �<=��

 % �� {xn}  8 !�A� # x� ∈ M V	��. ]\��  ����F f �̂D#  %  � ��H  7�� 23�*4�
m�)	� P��A_  % ]V���0� c	�"� xn+� = f(xn) �BH  % Ǳ��9���

xn+� = fn(xn) = f ◦ f ◦ · · · ◦ f︸ ︷︷ ︸
��7n

(x�)

 5�� �� # p(xn, xn+�) ≤ Cn p(X�, x�) V	��� Ǳ��9���  % ��% mP��> G	� ��

p(xn, xn+k) ≤ p(xn, xn+�) + · · ·+ p(xn+k−�, xn+k)

≤ (Cn + · · ·+ Cn+k−�)p(x�, x�)

] lim
n→α

(Cn+· · ·+Cn+k+�) = � G	��%��% m\�� ��)�K
α∑

n=�

Cn 6��5� mC < � &�Q

f 0)����F ]x = lim
n→α

xn  � \�K $� x �
! # m\�� 0H�� {xn}  8 !�A� m 5�� ��
 � �K�0� &�N

f(x) = lim
n→α

f(xn) = lim
n→α

xn+� = x

� ]\�� +��� &�K�% #
]V	��)% ��B% n%��� 3� 0>�<S% $�K�2, $��% s�A9� V! 3�  � V�l �% &����
 8�K  8_��5� T�)l mT��N, X # �H�% $��� $�2, (M,p) �.�  � V	�H0� �#l��	

c	�"� �% σ ��� �% $��� \�� 0	�2, f : X −→M  ����F n%���

σ(f, g) := sup
x∈X

p(f(x), g(x))

M �.� mT#�_  % ]\�� T��N, X ��H s�, ���� 0�#4! m�H�% ����� M  |��Q
$� �21 �C���� VB: G	� ]��% �K��� ���� 4� �	�7 $��� $�2, T�)l m�H�% ����
��!�  %  B�	� G��|�K # m\��  ����F m ����F n%��� 3� �BH @	 �: �	�.0�  � \��

�5�
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$� _��5� �	3 M �.� T}	�% ]���� ��7# lim
n→α

fn(x) $� x �K Ǳ�3�  % mM &��% ����
���� �	3 ��� �% f : X −→ M  ����F n%���  8�K  8_��5� T�)l m�H�% Rn 3� T��N,

J\��∣∣∣∣∣∣f ∣∣∣∣∣∣ := sup
x∈X

∣∣∣f(x)
∣∣∣ �H σ(f, y) :=

∣∣∣f − g
∣∣∣

P�9�N� # �	
F������	� n%��� 0�	4)	�7 m������	� Pp��"� �: �� �� 0�>� $}������
T�)l m�H�%  ����F f : U −→ Rn # U ⊆ Rn �.� ]\�� �K(��)�� #  ����F n%��� �%
� ��.  % $�T3�% �%  � α : (−b, b) −→ U  ����F n%�� 0���> ��  � \�� GH#�

O%�# � �� m��H0� c	�"�

(�) α′(�) = f(α(t)) α(�) = x

(��)��  8 !��"�  � ���0� f�>

(�) α(t) = x+
∫ t

�

f(α(θ))dθ

P��>  %  � \�� $���9� −Rn n%�� @	 3� 0!��)�� mX�Y (��)��  � m�H�% ���1�%
mrB"!�% ]���.0� c	�"� VK 3� ��7 P��>  % &l $�K �!�8� 3� @	 �K 3� $��.(��)��
G	��%��% ]\��  ����F �
! # \�� �	
F������	� α T�)l m��� f�> X�Y �� α �.�

�
! # m\��  ����F 4� α′ = f ◦ α

α(t)− x = α(t) − α(�) =
∫ t

�

α′(u)du =
∫ t

�

f(α(u))du

f : $� ����F n%�� �.� ]\�� 3�� T��� o	�9� @	  % �L�� m0�>�  8 �21 P�At� $��%
$��% ]

∣∣∣ ∫ ba f(u)du
∣∣∣ ≤ k(b − a) T�)l m��� f�>

∣∣∣f ∣∣∣ ≤ k ?�H �� [a, b] −→ Rn

# m\�� \��� \%�t n%��� $��% VB: G	�  � ��H  7�� \�� 0,�� m6�D�� G	� P�At�
P�At� �%�1  ����F n%��� $��% T�)l # m���.0� \%�t 0�:��  % VK $� �F n%��� $��% �
!

]\�� [a, b] �% $� �F n%��� �BH @	 �: m ����F n%�� �  � ��Q m\��

3�% U ⊂ Rn  � m\�� T��S!� 0"%�� f : U −→ Rn V	��. ����� �����
6�"H  % B̄�a(x�)  8 ��% $�.  � \�� $��_ a > � 4� # x� ∈ U V	��. ]�H�%0�

 � ���� s�, ]���.0� ���1 U �� �C���� x� �� 4��� # �a

�) B̄�a(x�) �7 |f | ≤ L

�) ∀x, y ∈ B̄�a(x�) : |f(x)− f(y)| ≤ k|x− y|

�,I
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 � ���� ;�S�� $��R �� b > �

�) b ≤ a/L

�) b < �/k

���% �<=�� $� αx : (−b, b) −→ U @	 mx ∈ B̄a(x�) �K Ǳ�3�  % mP��> G	� ��
 � ���� ��7#

α′
x(t) = f(αn(t)) , αx(�) = x

V	��. ]\�� \%�t rF G	� 3� # T��S!� x ∈ B̄a(x�) V��� s�, 23�*4�

M =
{
α
∣∣∣ ��� �4���V α : (−b, b) −→ B̄�a(x�)

}
S α 0�5�� mα ∈ M �K Ǳ�3�  % ]\�� ���� $��� $�2, @	 M mP��> G	� ��
f &�QY ]V���0� c	�"� S α(t) = x +

∫ �
�
f(α(x))du P��>  % (−b, b) �% ��

 ����F S α 0�=��  � \�� GH#� ]X���� ��7# (��)�� m\��  ����F B̄�a(x�) �%
V	��� $� t ∈ (−b, b) �K Ǳ�3�  % mT#�_  % ]�H�%0�

|S α(t)− x| =
∣∣∣ ∫ t

�

f(α(u))du
∣∣∣ (�)
< bL

(�)

≤ a

]|Sα(t)−x�| < �a $� t ∈ (−b, b) �K Ǳ�3�  %  � V	��.0�  5�� m|x−x�| ≤ a &�Q
rF

∀ t ∈ (−b, b) : S α(t) ∈ B�a(x�) ⊂ B̄�a(x�) _�+, a

]S : M −→M G	��%��% #
P��> G	� �� ]α, β ∈M V��� s�, (�:

∣∣∣S α− S β
∣∣∣ = sup

t

∣∣∣ ∫ t

�

f(α(u))− f(β(u))du

(�)
< bk sup

−b<u<b

∣∣∣αu− βu
∣∣∣ = bk

∣∣∣α− β
∣∣∣

 � V	��.0�  5�� ���� $#���� G	� 3� mbk < � \�� T�H s�, XX�Y  % ��%Y &�Q
J0�"	 z��� $���% �<=��  I9 S m 5�� �� ]\�� 0D�A9� S : M ⇒M

]α(t) = x+
∫ t
�
f(α(u))du  � \�� ���% �<=�� α : (−b, b) −→ B̄�a(x�) @	

�,�
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V! @��  % 0�:  B�% ]�	�.0�  �21  � \�� $4�Q &l �C9�1� G	� m(�: G	� �%
J\�� T�N \%�t �	3 ��M�1� VB: 3��K ms�A9� VL�

J���0� f�> �	~ ?�H ��  � \�� βc(−b, b) −→ U �L�� α \H�)

β(t) = x+
∫ t

�

f(β(u))du

���1 B̄�a(x�) �� �C �_ $� β G��Q �K  � V	�H0� �#l��	 J\�� G��Q VB: G	� ��!�
__�+, Y ��Y �C A1 ]V	��)% �W �� �� t > � ���_� ���%� ]B�a(x�) �� 0�: # ����

K ��# � ≤ t < b �7 t �- Ǳ�.� �7 �H $@ �]OG�

β(t) = x+
∫ t

�

f(β(u))du ∈ β�a(x�) (��� .�7 A�L) _!+, a

J��7 �7 �/'* +β(u) ∈ B̄�a(x�) K�@�7 �4@�# � ≤ u < t �7 u �- Ǳ�.� �7 �H /t�@ �7
QX$4�� .� J�'H� +β(u) ∈ B�a(x�) K�@�7 �4@�# � ≤ u ≤ t �7 u �- Ǳ�.� �7 ��T #

K ��L +K�'H/� E#�&4�� sup �7 /'4"�

A = {t
∣∣∣� ≤ t < b, β(u) ∈ B�a(x�)A� u ∈ [�, t)}

K ��# � ≤ u < α �7 u �- Ǳ�.� �7 p�Y� �7 +α < b $�'H R�D +α = supA K ��L
? � .� �p�Y� �7 +β(α) ∈ B�a(x�) K ��# _!+, a �7 �'7 �e�� β(u) ∈ B�a(x�)

�β(α+ s) ∈ B�a(x�) M��H /D�H E.�$<�7 A�- s > � ��	- Ǳ�.� �7 �H #�@/� �d�4<
A��7 /07�;� QX$4�� supA = b /4N �7 eV +��� #�B� �# α = supA R�D �7 �H

+��� ��� �7�C −b < t ≤ � ���O
#��� #�&7 �h='� /'='� J�	- ���� �4
 �H s �@�T< αx �7�x ��>:< �6	 �#
� +��� �� ��]4<�

/*	 ����� �7 �"N< α′(t) = f(α(t)) ��N<��& # �� �#�*� A�-^�� �H #�@ ���
E�T<Z �β(t) := α(t� + t) #�@ R�D �L� �/'* $<��/� �7�x ��4����V �#

β′(t) = α′(t� + t) = f(α� + t) = f(β(t))

�� �BC / �4
 �	NC o�4NL A��7 A�E9�T<� ��4
< ? � +��� ^�� M 9�< β �\� �
+��� !+!+,

�- #�L /'* ���� 94�@ ��� �j*Y�� f : U −→ Rn $�'H R�D ����� �����
A� k Ǳ�.� �7 !+!+, �� �BC .� _!a {�@ �# JZ �7 f �H #��# #�� A�L M U .� �>:<

�,!
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+_$'H/� �$P _�a {�@ �# 9�< �n;� A� L Ǳ�.� �7 �\� �a $'H/� �$P ��n;�
�α�(I), α�(I) ⊆ U �H $'4N- .�7 I A�E.�7 �7 �@�T< �# α� � α� � x ∈ U K ��L

α′
i(t) = f(αi(t)) αi(�) = x i = �,�

+I �7 α� = α� 1��P ? � �#

K�'H � �*� �s<�'� +t� ∈ I M Ǳ�.� �7 α�(t�) = α�(t�) $�'H R�D 23�*4�
$''H/� �$P $O�� ��N<��& # ��#�*� M �# βi 67��� E�T<Z �βi(t) := αi(t� + t)

βi(�) = α�(t�) = /'* a ��� /
 9�< �0<Z �� ���� c ��@ � _β′
i(t) = f(βi(t)) /'* a

β�(t) = K ��# ��+!+, �� �BC �7 �'7 �/D�H E�.�$<�7 A�- t Ǳ�.� �7 �? ��7�'7 +_α�(t�) ∈ U
�g�	d� ? � p�Y� �7 +��� .�7 {t ∈ I

∣∣∣α�(t) = α�(t)} ��g�	d� ��d�4< �# +β�(t)
� +��� I �7��7 �\� � ���� /0� ��r � �4N7
�αx(t) A�d7 α(t, x) ?4@�< �7 +K #�L/� .�7 !+!+, �� �BC �# ��*Y� �7 Q�O

�@�T<

α : (−b, b)×B − a(x�) −→ U

�# �H #�@/� �P�O

α(�, x) = x ,
d

dt
α(t, x) = f(α(t, x))

�# d/dt � ∂/∂t #�	< .� S%r� ��� �D� α(t, x) = f(α(t, x)) 6C�� �#� +$'H/� �$P
A��7 _/*Y����@ � a /*Y�� A�%D �� α �@�T< ? � +�K�'H/� E#�&4�� #���� �<�L ? �
K�<���/� �@�T< ? � KNd� A��7 �H A��H ? �407 +K���</� (−b, b)×Ba(x�) �# f
E�T<Z �y = αx(t�) �L� +��� αx Q��T4<� A�-/'='� �� �h� K���� �K�-# ��d<�
/'='� �7 �4����V ����� M �7 �0'� �αx(�) = x A.�rZ {�@ �7 αx Q��T4<� /'='�
�7 +$'4N- W">'� K- �7 ? ��7�'7 � �$'H/� 1��&� αy(�) = y .� A.�rZ αy Q��T4<�
�# �j��	� −b < t < b �7 t �→ α(t, x) �@�T< ��7�x eV ? � .� � E��n�# x �- Ǳ�.�
E�T<Z �K ��# E�T< �7�x �� t �L� ��T # A�� .� +#��# ���C x .� E$<�\L /'='� .� /;n7
/'='� #�$4�� �# A� x ��>:< �- JZ c��� �H #�@/� �P�O x �→ α(t, x) �@�T<
? � �7 �4;�7 ��� A��7 +$'H/� �H�O /<��. $O�� t E�.�$<�7 �JZ .� E$<�\L Q��T4<�

�K�-#/� J�;< ϕt #�	< �7 �� JZ ��@�T<

ϕt(x) := α(t, x) = αx(t)

�,2
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i 5+, �
@

J��'g �7 �/'* a ��� �4���V α ��@ �H 6C�� �# +��� �4���V E���	- �@�T< ? �
+_x � t SNO �7 /4@�T<

α : ��@ E�T<Z �$@�7 94�@ ��� �j*Y�� f : U −→ Rn �L� ����� �����
+��� �4���V �$@ p�>� !+!+, �� �BC �# �H (−b, b)×Ba(x�) −→ U

�7 �K�-#/� J�;< Sx #�	< �7 �� !+!+, �� �BC 1�"x� �# E$@ /D�*� S �@�T< 23�*4�
K ��# �1��P ? � �# +#�@/� ���n;� x [:< ��H ? �∣∣∣αx − Syαx

∣∣∣ =
∣∣∣Sxαx − Syαx

∣∣∣ =
∣∣∣x− y

∣∣∣
�$@�7 Sy ���
� ��7 n �T; �	< Sny �L� +

∣∣∣Sα− Sβ
∣∣∣ ≤ bk

∣∣∣α− β
∣∣∣ �H K �@/� ��Z #� 

E�T<Z∣∣∣αx − Sny αx

∣∣∣ ≤
∣∣∣αx − Syαx

∣∣∣ +
∣∣∣Syαx − S�yαx

∣∣∣ + · · ·+
∣∣∣Sn−�y αx − Sny αx

∣∣∣
≤ (�+ bk + · · ·+ (bk)n− �) |x− y|

≤ �

�− bk
|x− y|

n→ �7 Sny α $O �7 Sy �@�T< αy �7�x ��>:< ��+!+, �� �BC �7 �'7 �H K �@/� ��Z#� 
? ��7�'7 � αy = lim

n→α
Sny αx 1��P ? � �# +��� �7��7 α

∣∣∣αx − αy

∣∣∣ ≤ �

�− bk
|x− y|

+��� E$@ �7�x α /T4���V S���� ? � �7 �
∣∣∣αx−αy∣∣∣ = supt

∣∣∣α(t, x)−α(t, y) J��
�

#�� α A���	- 1�"x� J�
�� �K�'H ��	=� f �@�T< �7 A�4;�7 c ��@ �s<�'�
α : (−b, b) × ��@ E�T<Z �$@�7 Ck �GH .� f : U −→ Rn �L� 6C�� �# +#��#

+��� Ck �GH .� 9�< Ba(x�) → U

�,5
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� \V��N<��& # A�-$%&�'� �7 A���$:� ^�4H �# +��� ���@# ���N7 ��BC ? � ��<�&��j4�
1�=&P �# ?�'s	- +��� E$@ p�>� JZ .� M��GH /��"x� �_��# [ �� �a v<X �x�
�� *��>� A��7 +��� E$@ p�>� ��$ $ /��"x� 9�< v<X �x� ! 9���<Z ^�4H �2� �� �!�
�� |�<�7�J�- �� �BC ���@ |�<�7 A� �BC Q�P� �$47� �H ��� �.X ����@# 1�"x� ? �
A� �BC ���@ �$�'H �*��>� �� |�<�7 A�-�BD �# ��N<��& # ^�NO e�� � $�'H �*��>�
�� *��>� .� ��H ? � �Q�O ? � �7 +_! 9���<Z .� �!� �� �2 1�=&Pa /'	Y � J���� 67��
A�-�BD (�h) �# /��gGt� ���H ��	�� .� eV �/4O �a ��� ���O�� M��GH 1�"x�

+_$ �E#�	< SNH 9�< �� �0<Z �# ��N<��& # ^�NO � |�<�7
�$@�7 Cα ���	- f �L� �H #�@ ��� +K � \V/� 1�"x� J�$7 �� K
O ? � c:D ��

+$'4N- Cα ���	- 9�< ϕt A�-�@�T< ��	- E�T<Z
�$'H/� �$P α(�, x) = y {�@ �# α : (−b, b)×Ba(x�) −→ U �@�T< J��

K ��#

α : {�} × B̄a/�(x�) −→ B̄a(x�) ⊆ Ba(x�)

#�� J�'� A� ε > � �H #�@/� �d�4< {�} × B̄a/�(x�) /L#�;D � α /T4���V .�
�H #��#

α : (−ε, ε)×Ba/�(x�) −→ Ba(x�)

i
,+, �
@

|t| < �H A� t �- Ǳ�.� �7 x A.�rZ {�@ �7 Q��T4<� /'='� E�T<Z �x ∈ Ba/�(x�) �L�a
Ba(x�) �7 α(s, x) ��>:< E�T<Z �x ∈ Ba/� �

∣∣∣s∣∣∣ < ε �L� eV _+��� 6C�� Ba(x�) �#
K�'H � �*� K�<���/� �\� � ���� W%*4�

∂(t) := α(t, α(s, x)) |t| < ε

�,,
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�?�'s	- +$'H/� �$P ∂(�) = α(s, x) � ∂′(t) = f(∂(t)) c ��@ �# �@�T< ? �
�# 9�< β(t) = α(s + t, x) �@�T< �

∣∣∣s + t
∣∣∣ < ε �H A� t �- Ǳ�.� �7 �H K ��# ���

K ��# |t| < ε �7 �j4d�4< +$'H/� �$P β(�) = α(s, x) � β′(t) = f(β(t)) c ��@
α(t, α(s, x)) = E�T<Z �|t|,

∣∣∣s∣∣∣, ∣∣∣t + s
∣∣∣ < ε �L� �T # J��7 �7 +β(t) = α(t, α(s, x))

ϕt(x) := α(t, x) 1��P �7 �� ϕt : Ba/�(x�) → R
n �@�T< �L� Q�O +α(s + t, x)

ϕt(x) ∈ Ba/�(x�) � |t|,
∣∣∣s∣∣∣, ∣∣∣t + s

∣∣∣ < ε �L� �H K�8�T7 K�<���/� �K�'H � �*�
A�

∣∣∣s∣∣∣ < ε �- Ǳ�.� �7 �H $-#/� J�;< Ek �7 ? � +ϕs(ϕt(x)) = ϕt+s(x) E�T<Z
�H / �-u=7 ��	- J�� +��� ϕ−s �7��7 ϕ−�

s JZ J� ��� � ��� KN�D����U& # ϕs
�0<Z ��	- �H �D�L �d�4< J���/� �A��4
< � � 1�"x� }�- J�$7 �$<#�7 /*Y�� K�4@�#

+$'4N- b�=P 9�< $%&�'� #��� �#

? � �# +p ∈M � ��� M �7 ���	- A��#�7 J�$�� M X K ��L ����� �����
�h='� A�� �#�L �H $<��# #�� J�'� A� ε > � � p ���@ V .�7 A��g�	d� �1��P

�#��# #�� � . (��) � |t| < ε �7 ϕt : V → ϕt(V ) ⊆ N �-KN�D����U& # .� #�&7

+��� Cα ���	- ϕ(t, p) := ϕt(p) ��>7�Y �7 ϕ : (−ε, ε)× V −→M _�a

+ϕs+t(q) = ϕs ◦ ϕt(q) E�T<Z �q, ϕt(q) ∈ V � |t|,
∣∣∣s∣∣∣, ∣∣∣s+ t

∣∣∣ < ε _!a

��#�7 J��'g �7a ��� ��	� t �→ ϕt(q) /'='� �7 t = � �# Xq E�T<Z �q ∈ V _2a
+_��	�

/%H ���O �# �@�# ��]4<� J���/	< �H $'-#/� J�;< �K #�H p�>� Gj "C �H / �-Q���
J�
� ? � /4��O �# +##�L � �*� M �H �7 ϕt � � #�@ � �*� �- t ��	- Ǳ�.� �7 ϕt
{p ∈ M

∣∣∣Xp �= �} ����% P��>  % \��� �� X $����% &���� ��=� +#��# #��
]V���0� c	�"�

T�)l mX�H�% T��N, M �.� mT}	�%Y �H�% T��N, ��=� �% X �.� ����� �����
X�Y # X�Y mX�Y `��� �% ϕt : M → M $�KV��,����U�	� $� t ∈ R �K Ǳ�3�  %

]���� ��7#

�%  � mV��H�F0� Vn # · · · mV� 3�%  8_��5� 0K���� $���"� �% �� X ��=� 23�*4�
K ��L +$<���'4� ϕnt � · · · �ϕ�t A�-KN�D����U& # � εn � · · · �ε� �7 ,+!+,  8 �21 MAR

�,�
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ϕit(q) = A� q ∈ Vi∩Vj �- Ǳ�.� �7 / �4
 �7 �'7 �H #�@ ��� +ε = min{ε�, · · · , εn}
K�'H � �*� K�<��4�� eV +ϕit(q)

ϕt(q) :=
{
ϕit(q) q ∈ Vi �L�
q q �∈ SuppX �L�

E�T<Z |t|,
∣∣∣s∣∣∣, ∣∣∣t + s

∣∣∣ < ε �L� � ��� ���	- ϕ : (−ε, ε) × M −→ M p�Y� �7
+$'4N- KN�D����U& # �- ϕt .� M �- � ϕt+s = ϕt ◦ ϕs

��� b�=P A#$g k �H t = k. ε
�

+ r �K�N �</� �|t| ≥ ε A��7 ϕt � �*� A��7
K�'H/� � �*� J�'H� +

∣∣∣r∣∣∣ < ε
�

�

ϕt =
{
ϕε/� ◦ · · · ◦ ϕε/� ◦ ϕr (ϕr �7ϕε/� �� kS�H��) k ≥ ��L�
ϕ−ε/� ◦ · · · ◦ ϕ−ε/� ◦ ϕr (ϕr �7ϕ−ε/� �� − kS�H��) k < ��L�

� +��� �]< #��� E�$<��<�) J�	- {ϕt} �H #�H W�:=� J���/� /4O�� �7

8�$(H�*���O��� #� 8����*�P F� @��E )!;

.� t �→ ϕt �@�T< ���W�C# � ��+!+, �� �BC �# E$@ /D�*� {ϕt} #�&7 �h='� ��  �#�L
$���� A�0	N�D����U& # .� A�4����V−� E� �L �� M A�-KN�D����U& # ��	- E��L �7 R

−� E��L M �7 ���� /*Y�� �H ,+!+, �� �BC ���O �# +K���</� X c��� E$@
$��� �� X A��#�7 J�$�� +K���/� /*Y�� A�-KN�D����U& # .� /*Y�� A�4����V
�� A��#�7 A�-J�$�� �E�L$ # ? � �#a #�@/� E$���< 9�< {ϕt} E�#��<�) M��H � �0'�7

+_$'��</� M��H � �0'�7 1G $"�
f : M → R ���	- 67��� �7 Xq �	g ���� �7 �� ,+!+, �� �BC �# _2a {�@

�H K �@/� ��Z#� �#�H J��7 J���/�
dc

dt
(f) = df

(c(t))
dt

= (f ◦ c)′(t)

? � �7 ���# ���� t = � �# t �→ ϕt(q) /'='� �7 ��	� ��#�7 Xq �
' � �? ��7�'7
�H ��� /'*�

(Xf)(q) = Xqf = lim
h→�

�

h
(f(ϕh(q)) − f(q))

�� �BC .� �4'� A���BC ���n4�� �# �JZ E�#�&4�� ?���� +��� A#�7��H ���N7 ��#�*� ? �
A��#�7 A�-J�$�� �7 {�"��� �# 1�"��=� .� A���N7 J#�H E#�� J�
�� �H ��� ,+!+,

+#��# 9�< /	0� A�]< A�-#�7��H � �#.��/� K-��D ��

�,3
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? � �# +X(p) �= � � ��� ���	- A��#�7 J�$�� M X K ��L ����� �����
+U �7 X = ∂/∂x� �H #��# #�� J�'� p #�T7 (x, U) /��h4n� /-�T4�# �1��P

1�h4n� E�T4�# �7a M = Rn K�'H R�D K�<���/� �H #�@/� �]OG� /L#�� �7 23�*4�
X(�) = K�'H R�D K�<���/� �E�Gg �7 +p = � ∈ Rn � _(t�, · · · , tn) #��$<�4��
�h='� Q��T4<� /'='� M � .� /T �N	- M �# �H ��� ? � 1�"x� E�$ � +∂/∂t�

∣∣∣
�

.� E$<�\L /'='� �7 q �L� m#�\L/� (�, a�, · · · , an) ��>:< �- .� �H #��# #�� #�&7
/<�. E�.�7 .� � q �)Z �4n� n − � A��7 an � · · · �a� .� �$@�7 �4@�# ���C �>:< ? �
+K�'H E#�&4�� K�<���/� �4n� ?���� J��'g �7 ��� 6C�� JZ �7 q �H A�/'='� �7 ��]<

��>7�Y �7 X �@�T< � $'H $���� �� {ϕt} E�#��<�) X K�'H R�D ��]'� ? � A��7

X(a�, · · · , an) = ϕa�(�, a
�, · · · , an)

i
�+, �
@

Ǳ�.� �7 J�'H� +$ ��T7 �]< �# �� #�@/� � �*� � ∈ R .� /T �N	- M �# �H
K ��# a = (a�, · · · , an)

X∗

(
∂

∂t�

)
(f) =

∂

∂t�

∣∣∣
a
(f ◦ x)

= lim
h→�

�

h
{f(x(a� + h, a�, · · · , an))− f(x(a))}

= lim
h→�

�

h
{f(ϕa�+h(�, a

�, · · · , an))− f(x(a))}

= lim
h→�

�

h
{f(ϕh(x(a) − f(x(a))} = (Xf)(x(a))

K ��# �i > � �- Ǳ�.� �7 E�Gg �7

X∗

(
∂

∂ti

∣∣∣
�

)
(f) =

∂

∂ti

∣∣∣
a
(f ◦ x)

�,�
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= lim
h→�

�

h
{f(x

∣∣∣
�

, · · · , h, · · · ,�)− f(�)}

= lim
h→�

�

h
{f(�, · · · , h, · · · ,�)− f(�)} =

(
∂

∂ti

∣∣∣
�

)
+��� ?�
��< X∗� = I �H $-#/� J�;< ? � �R�D �7 �'7 X(�) = ∂/∂t�

∣∣∣
�

J��
J���/� � .� /T �N	- M �# /��h4n� /-�T4�# J��'g �7 �� x := X−� ��d�4< �#
J���/� /4O�� �7 �H ��� ���� �]< #��� /��h4n� E�T4�# J�	- ? � +�D�L �]< �#
�7 Q#�*� ����# ? � �H ���� ���C�7 X∗(∂/∂t�) = X ◦ X �� �#�*� �H #�	< W�:=�
� +��� X = ∂/∂x�

�� Q���- � R�1� 5!;

�
' � +��� ����	%� (Xp) = lim
h→�

�

h
{f(ϕh(p)) − f(p)} �� �#�*� .� E#�&4�� ?���#

�	g � �*� J�
�� �#�# b�Y�� J���/� Gj ��H ϕh A�-KN�D����U& # SNO �7 �� Xf
? � /��q �7�;� J#�H J� �	< A��7 +#.��/� K-��D Q��'� ?�	- �7 �� �T # Ǳ��@� �7 X
�� LX f +K�-#/� J�;< LX f #�	< �7 �� Xf �H K�'H/� .�rZ #�#���C ? � �7 �K�-�&�
1��P �7 p �# JZ ��$:� �H ��� A�T # 67�� ? � mK���</� X �7 �"N< f _/�a W4;�

(LX f)(p) = LX f(p) = (Xf)(p) = Xp(f)

A��#�7 J�$�� �$@�7 ���	- J� ���H A��#�7 J�$�� M w �L� Q�O +##�L/� �"��=�
1��P �7 X �7 �"N< w /� W4;� ��'7 A$ $ J� ���H

(LX f)(p) = lim
h→�

�

h
{(ϕ∗

h w)(p) − w(p)}

��Z#� +��� T ∗
hM .� /hn;� Ǳ�Bg� $O LX w �S���� ? � �7 +K�'H/� � �*�

E�T<Z �Xp ∈ TpM �L� �H K �@/�

(ϕ∗
hw)(p)(Xp) = w(ϕh(p))(ϕ∗

hXp)

�#��# #�� $O ? � E���	- �H _� �� ��N�a #�# J�;< J���/� E#�� Gj ��H /�X$4�� �7
+��� C∞ ���	- LX w �#�@/� � �*� S���� ? � �7 �H /<� ���H A��#�7 J�$�� �
��
O� � ##�L �"��=� b �P ��>7 1�h4n� SNO �7 �� A��#�7 J�$�� ? � ���#� �#

�#�H K�-��) ���n4�� /0 $7 ��
O� 1��P �7 �� ��H\�

�,�
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1��P �7 �� X �7 �"N< Y /� W4;� �$@�7 �T # A��#�7 J�$�� M Y �L�

(LX Y )(p) = lim
h→�

�

h
{Yp − (ϕh∗Y )p}

.� /P�) ���O �Q���D ? � �# E$@ �-�� ϕh∗Y A��#�7 J�$�� +K�'H � �*� K�<���/�
α : M −→ KN�D����U& # �- A��7 �hD ? � A�$47� �# �H ��� α∗Y A��#�7 J�$��
(ϕh∗Y )p = ϕh∗(Yϕ−h(p)) ��d�4< �# +$ #�L � �*� M �7 Y A��#�7 J�$�� �- � N
p �7 ϕh∗ c��� ���#� �# �H �#�@/� ��0� ϕ−�

h (p) = ϕ−h(p) �# Y ��$:� ?��*� �7
+��� E$@ E#�# �;L�7

J���/� LX w � LX f �7 ��M #9< ���N7 � q u=7 �7 ��� �7 �� LX Y � �*�
E�T<Z �$@�7 N #�7 �7 A��#�7 J�$�� Y � KN�D����U& # α : M −→ N �L� +�N<�#

1��P �7 �� M �7 α∗Y A��#�7 J�$��

(α∗Y )p := (α−�)∗(Yα(p))

Q�O +��� (α−�)∗Y J�	- ���# α∗Y �H ��� ?@� � ��4"�� +K�'H � �*� K�<���/�
�H $�'H ���

lim
h→�

�

h
{(ϕ∗

hY )p − Yp} = lim
h→�

�

h
{Yp − (ϕ∗

hY )p}

= lim
h→�

�

k
{Yp − (ϕ∗

−kY )p}

= lim
h→�

�

k
{Yp − (ϕk∗Y )p} = (LxY )(p)

i
3+, �
@

+K�-# ���C ��� #��� �� ����� � �*� J�	- E���	- �K�-#/� ���� Q�O ? � �7
.� E#�&4�� �7 +K�'H/� �"��=� /��h4n� E�T4�# M �# �� LXY � LXw J�'H�

+$@ $-��) ��E#�� ���N7 1�"��=� �� . E���9L

��I
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�# �$'@�7 �4@�# #�� LXwi � LXYi Ǳ��@� i = �,� Ǳ�.� �7 �L� �
��� �����
1��P ? �

�) LX(Y� + Y�) = LXY� + LXY�
�) LX(w� + w�) = LXw� + LXw�

1��P ? � �# �$'@�7 #��� LXw � LXY �L�

�) LX(fY ) = Xf.Y + f.LXY

�) LX(fw) = Xf.w + f.LXw

�$'@�7 #��� LXY � LXw � E#�7 p �→ w(p)(Yp) 67�� �T; �	< w(Y ) �L� �E�)X�7
E�T<Z

�) LX(w(Y ) = (LXw)(Y ) + w(LXY )

(fg)′(x) ?4D� A��7 �H /@�� ��"@ �� 1X#�*� � �� +$'4N- / $7 _!a � _�a 23�*4�

J��'g �7 #���� � �� � K�'H/� �7�x �� _2a �0'� �d' � �# +K ��Z/� ��$7 �K #�# ��d<�
+�	@ E�$0g �7 ? �	�

(LXfY )p = lim
h→�

�

h
{(fY )p − (ϕh∗fY )P }

= lim
h→�

�

h
{f(p)Yp − f(ϕ−h(p))ϕ

(
h∗fY )ϕ−h(p)}

= lim
h→�

�

h
{f(p)Yp − f(ϕ−h)ϕh∗(fY )ϕ−h(p)}

= lim
h→�

f(p)
�

h
{Yp − ϕh∗Yϕ−h(p)}

+ lim
h→�

[
�

k
{f(p)− f(ϕ−h(p))}]ϕh∗Yϕ−h(p)

$O �9�< ��# $O #��� �# +$@�7/� �7��7 f(p).LXY (p) �7 Q�� $O �H ��� ?@��
�7��7 �@��H �)�#

lim
k→�

−�
k

(f(p)− f(ϕk(p))) = Xf(p)

� +��� ��	� J�-�7 � lim
h→�

ϕh∗Yϕ−h(p) = Yp �H ##�L/� �]OG� �?�'s	- � ���

���
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+K�'H �"��=� M �7 (x, U) /��h4n� /-�T4�# SNO �7 �� LX �� K �E#��Z J�'H�

.�a K �@/� ��Z#� +K�'H/� �"��=� �� LX(dxi) �$47� +X =
n∑
i=�

ai
∂

∂xi
K�'H R�D

1��P ? � �# �$@�7 N �7 /��h4n� E�T4�# y � f : M −→ N �L� �H _��5 �� ��N�

f∗(dyi) =
n∑
i=�

∂(yi ◦ f)
∂xj

dxj

1��P ? � �# +K ��T7 x �� y � K�'H Q�	g� K�<���/� ϕ∗
h �7 �� ? �

LX(dxi)(p) = lim
h→�

�

h
{(ϕ∗

h)dx
i(p)− dxi(p)}

= lim
h→�

�

h
{
n∑
i=�

∂(yi ◦ f)
∂xj

(p) dxj(p)− dxi(p)}

.� �N���"g dxj(p) S �Y �S���� ? � �7

lim
h→�

�

h

[
∂(xi ◦ ϕh)

∂xj
− δij

]
= lim

h→�

�

h

[
∂(xi ◦ ϕh)

∂xj
(p)− ∂(xi ◦ ϕ�)

∂xj
(p)

]
=

∂

∂xj

∣∣∣
p

lim
h→�

�

h
[(xi ◦ ϕh)− (xi ◦ ϕ�)]_2+, a

=
∂

∂xj

∣∣∣
p
X(xi) =

∂xi

∂xj
(p)

.� ���	- /4@�T< A(h, q) = xi(ϕh(q)) �H #�@ ��� _2+, a ��>7�� W�:=� ��]'� �7
��� _2+, a J�	- ? � �H �∂�A/∂h∂xj = ∂�A/∂xj∂h eV m��� R �7 R ×M

�
' � �d�4< +$@ R�g W4;� � $O A� JZ �# �H

LX dxi =
n∑
i=�

∂ai

∂xj
dxj

�K�'H/� E#�&4�� LXw /%H ��D �� "��=� A��7 � E���9L .� _5a � _!a A�-�	NC .� J�'H�
1�"��=� .� LX(∂/∂xi) �� "��=� A��7 +K�@�7/� LXY �� "��=� ��4� �:�:O �# ���
A��#�7 A�-J�$�� �7 {�"��� �# ϕh∗ J�� ��� mK �"7 E�07 K�<���/� LXdxi �7 {�"��� �#
?�	- �H ��� J� ���H A���#�7 A�-J�$�� �7 {�"��� �# ϕ∗

h .� �4;�7 S�H�� M A���#
�# Gj "C �$ Z/� ��H �7 ��*Y� ? � �# �H /
�'
� +#��Z/� #��7 �� /�G
;� ���
�7 �� ���N� ���V +��� E$@ E#�&4�� �+5+, E���9L .� _,a � _5a � _2a 1�"x� #���

�#��Z ��$7 J���/� �+5+, E���9L _,a �	NC .� E#�&4�� �7 /4O��

� = LXδij = LX
[
dxi(

∂

∂xj
)
]

= (LXdxi)
(

∂

∂xj

)
+ dxi

(
LX

∂

∂xj

)
��!
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? ��7�'7

dxi
(
LX

∂

∂xj

)
= − ∂a

i

∂xj

�\� �

LX
∂

∂xj
= −

n∑
i=�

∂ai

∂xj
∂

∂xj

K ��# _2a .� E#�&4�� �7 �Q�O

LX
(
bj

∂

∂xj

)
= LXbj.

∂

∂xj
+ bjLX

(
∂

∂xj

)
=

n∑
i=�

ai
∂

∂xj
−

n∑
i=�

bj
∂ai

∂xj
∂

∂xj

K ��L/� �d�4< ��P�O �� <�L�# �̀	d� �# j � i ~ �*� e�� � j A�� ?4N7 6	 �7
��H

1��P ? � �# �Y =
n∑
i=�

bi∂/∂xi � X =
n∑
i=�

ai∂/∂xi �L� ������ �����

LXY =
n∑
i=�

{
n∑
i=�

ai
∂bj

∂xi
− bi

∂aj

∂xi

}
∂

∂xj

A�E#�� J��7 �7 �K�'H p�>� #�.Z 1�h4n� �
@ �7 �L� �� E$�s�V �-�� �7 Q���D ? �
���� 67�� Y f E�T<Z �$@�7 ���	- /*7�� f : M −→ N �L� +$��� K�-��) LXY A��7

�H ��� ?@� � +��� /'*� �7 9�< XY f = X(Y f) �\� �

X(Y f) =
n∑
i=�

ai
∂

∂xi

(
n∑
i=�

bj
∂

∂xj

)
=
∑
i,j

ai
∂bj

∂xi
∂f

∂xj
+ aibj

∂�f

∂xj∂xi

��# �"��� 1�:4;� ���@ 1G	 �K�-# ��
;� �� X(Y f)− Y (Xf) 1��"g �s<�'�
�H K ��L/� �d�4< � �$<�@/� F\O Y (Xf) �# �7�;� 1G	 c��� X(Y f) �#

LXY = XY − Y X

#�@ ��� mK���</� Y � X �H��7 � E#�# J�;< [X,Y ] #�	< �7 �� XY − Y X 1��"g
�H

[X,Y ]p := Xp(Y f)− Yp(Xf)

��2
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�H #�# J�;< K�:4N� Gj ��H 1�"��=� �7

[X,Y ]p(fg) = f(p)[X,Y ]p(g) + g(p)[X,Y ]p(f)

+$@�7/� TpM .� A�Bg �\� � ��� p �# /:4;� [X,Y ]p ? ��7�'7
�7 [X,Y ] � LxY A��#�7 A�-J�$�� +K �E$��� A�E$�s�V 6Y� M �7 J�'H�
E�T4�# M �7 �0'� /�� �$<$@ � �*� 1�h4n� E�T4�# ^�n4<� .� �:4N� 1��P
�# ��� ���� ���H �-/%�) $ # .� QX$4�� �̀< ? � �$<�7��7 �0<Z �H $@ �7�x (�)

+��� ��	%� ��r � ���@# 1�h4n� .� /��) 1�"x� ��<�&���4� +�N�< ?�'� �P�
f : ���	- 67�� �- $ �L/� R (�) ���O �# �H K #�H 1�"x� �� /	� 2 �hD �#
g : �H ��@�< J���/� f(t) = tg(t) �
@ �7 �� f(�) = � �7 (−ε, ε) −→ R

�:�:O �# +��� g(�) = f ′(�) �7 ���	- /*7�� (−ε, ε) −→ R

g(t) =
∫ �

�

f ′(s t)ds

�#�# K�	*� J���/� � . �
@ �7 �� K
O ? �

A� p ∈ M �- Ǳ�.� �7 � E#�7 ���	- f : (−ε, ε) ×M −→ R �L� ��	 �����
�H #�@/� �D� J�'� g : (−ε, ε)×M −→ R ���	- /*7�� E�T<Z �f(�, p) = �

f(t, p) = t g(t, p) ,
∂f

∂t
(�, p) = g(�, p)

� +g(t, p) =
∫ �
�

∂
∂s f(st, p)ds #�@ � �*� ��� /D�H 23�*4�

LXY = 1��P ? � �# �$'@�7 ���	- A��#�7 J�$�� Y � X �L� ����� �����
+[X,Y ]

$���� �� {ϕt : |t| < ε} E�#��<�) X K ��L +��� ���	- f : M −→ R K ��L 23�*4�
�H #��# #�� J�'� M �7 gt ���	- 67��� .� A�E#��<�) 2+5+, K� �7 �'7 +$'H/�

f ◦ ϕt = f + t gt , g� = Xf

K ��# �? ��7�'7

(ϕh∗Y )p(f) = ϕh∗(Yϕ−h(p))(f) = Yϕ−h(p)(f ◦ ϕh) = Yϕ−h(p)(f + hgh)

��5
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�d�4< �#

lim
h→�

�

h
{Yp − (ϕh∗Y )p}(f) = lim

h→�

�

h
{(Y f)(p)− (Y f)(ϕ−h(p))}

− lim
h→�

(Y gh)(ϕ−h(p))

= (LXY )(p)− (Y g�)(p)

= Xp(Y f)− Yp(Xf)

� +��� ��	� J�-�7 �
.� �H �$-#/� �d�4< LXY ��>7�� �# /P�) ��
O� LXY = XY − Y X A��N�
�\� � [X,Y ] = −[Y,X ] p�Y� �7 +�N�< /0 $7 J��'g }�- �7 JZ �� ���� � �*� A��

�j4d�4< +[X,Y ] = �

LXX = � , LXY = −LXX

�7 �"N< L �H K ��L/� �d�4< �LX [aY�+ bY�] = aLXY�+ bLXY� p�Y� �7 J��
/>) 9�< X �7 �"N< L �H #�H W�:=� J���/� /L#�� �7 �E�Gg �7 +��� />) Y

����

LaX�+bX�
Y = aLX�

Y + bLX�
Y

�#�H 1�"x� �� /7�H�f #�=�� J���/� K�:4N� �� "��=� �7 �E�)X�7

[X, [Y, Z]] + [Z, [X,Y ]] + [Y [Z,X ]] = �

�#�H ���� J���/� 1��P �# �7 /� W4;� ���� �7 �� ��#�*� ? �

+LX [Y, Z] = [LXY, Z] + [Y,LXZ] _���a

� +L[X,Y ] = LX ◦ LY −LY ◦ LX K ��# ����	- 67��� �7 A�-�T%	g J��'g �7 _^a
K ��# /<��7 �7

L[X,Y ] = [LX ,LY ]

67��� �7 �"N< �< ���� />) �-�7�x �7 �"N< LY �H #�@ �4&L ��� �.X ��d<���
[X,Y ] � �*� �7 /'4"� �H �<E#�� 1�"��=� /4O � � � E���9L �7 �'7 �6C�� �# +F ���	-

�H #�# J�;< J���/� ����

[fX, gY ] = fg[X,Y ]− f(Xg)Y + g(Y f)X

��,
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�
%7 �#��# /T4N7 Yp � Xp �7 �0'� �< [X,Y ]p /'* ��N�< ��N<�� [X,Y ] �? ��7�'7
Y � X A�d7 J���/� �
' � S�� �/4Oa �#��# /T4N7 Y � X A��#�7 A�-J�$�� �7
A��7 /%��# }�-�Xp = � �L� /4O �Ek �7 _+#�H E#�&4�� 9�< �0<Z .� />) /"�H�� .�

1��"g �# ��H ��� +#��$< #�� [X,Y ]p = � A��L�d�4<

[X,Y ]p(f) = Xp(Y f)− Yp(Xf)

JZ �# �� . �$@�"< �&P ��� ?
	� ��# �� %	 /�� ���� �&P Xp(Y f) Q�� �� %	
?
	� K- .�7 (Xf)(p) = � �L� /4O +#�@/� �"��=� Yp A�4��� �# Xf W4;�

+$@�"< �&P ��# �� %	 ���
�7 �(�) A�-��N<�� .� A���N7 � �*� �# ��N�< ��N<�� �
' � �7 [X,Y ] �H��7
A$'- ��"*� J��7 �7 �
<Z .� [�7 +#� �/� ��
7 �$@ $-��) �4'@�� �4D� �4D� �H /% X#
�4"�� +K .�#�V/� K�:4N� �
@ �7 LXY �7 {�"��� �# K
O �# 1�"x� �7 �K .�#��7 �H��7

+$<�/0 $7 [X,Y ] � �*� .� E#�&4�� �7 K
O �# ? �

+LXX = � K ��# X A��#�7 J�$�� �- Ǳ�.� �7 ��	 �����

i
�+, �
@

A� h �- Ǳ�.� �7 �H K�-# J�;< ��� /D�H �$'H $���� �� {ϕt} E�#��<�) X �L� 23�*4�
Xϕ−h(p) J�'H� +(ϕh∗X)p = ϕh∗Xϕ−h(p) �H K �@/� ��Z#� (ϕh∗X)p = Xp

�7��7 �\� � �t = −h ��>:< �# t �→ ϕt(p) /'='� �7 ��	� ��#�7 .� ��� 1��"g �j:�C#
��#�7 ϕh∗Xϕ−h(p) ? ��7�'7 +��� t = � ��]=� �# ?(t) := ϕt−h(p) /'='� �7 ��	�
? � ��� +$@�7/� t = � �# ϕh◦?(t) = ϕh(ϕt−h(p)) = ϕt(p) /'='� �7 ��	�
� +��� Xp ��	� ��#�7 J�	- ���#

+LXY (p) = � 1��P ? � �# �$'@�7 �&P Yp � Xp �L� ��	 �����

���
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� C(�) = p �H #��# #�� A� C #�&7 �h='� Q��T4<� /'='� �Xp = � J�� 23�*4�
�H /���T4<� /'='�a ��� C(t) = p /'='� ? � �H ��� ?@�� +dc/dt = X(C(t))

A��>:< .� /���T4<� /'='� �L� �e
*��7 m$'H/	< ��� �� p E�L}�- � #�@/� .�rZ p .�
K ��# Yp = � J�� ? ��7�'7 _+$��� $-��n< p �7 E�L}�- E�T<Z �#�@ .�rZ p 9d7

(ϕh∗Y )p = ϕh∗Yϕ−h(p) = ϕh∗Yp = ϕh∗(�) = �

� +LXY (p) = � ? ��7�'7 �
+��� .��< � . A�-K� �7 �K�'H �8��� [X,Y ] .� A��"*� �
' � A��7

��� M �7 A��#�7 /<�$�� X � KN�D����U& # α : M −→M K ��L ��	 %����
+$'H/� $���� �� {α ◦ ϕt ◦ α−�} 9�< α∗X 1��P ? � �# +$'H/� $���� �� {ϕt} �H

23�*4�

(α∗X)q(f) = [α∗Xα−�(q)](f) = Xα−�(q)(f ◦ α)

= lim
h→�

�

h
{(f ◦ α)(ϕh(α−�(q)))− (f ◦ α)(α−�(q))}

= lim
h→�

�

h
{f(α ◦ ϕh ◦ α−�(q))− f(q)}

� +

�7 �H α∗X = X /4C� �0'� � /4C� E�T<Z �α : M −→ M �L� ������ )����
+ϕt ◦ α = α ◦ ϕt A� t �- Ǳ�.�

�1��P ? � �# +$''H $���� �� {ψt} � {ϕt} S���� �7 Y � X K ��L ��	 *����
+◦ψs = ψs ◦ ϕt A� s � t �- Ǳ�.� �7 �H [X,Y ] = � /4C� �0'� � /4C�

ϕt∗Y = K ��# �+5+, ��d�4< �7 �'7 E�T<Z �ϕtψs = ψsϕt A� s �- Ǳ�.� �7 �L� 23�*4�
+LXY = � p�Y� �7 E�T<Z �$@�7 ���# �- t ��	- A��7 S%>� ? � �L� +Y

A� q �- Ǳ�.� �7 �d�4< �# �[X,Y ] = � K�'H R�D �e
*��7

� = lim
h→�

�

h
{Yq − (ϕh∗T = Y )q} _5+, a

c(t) := 1��P �7 �� c : (−ε, ε) → TpM /'='� �R��&� p ∈ M �- Ǳ�.� �7
TpM A��#�7 A�BD A�47 �@�T< ? � c′(t) W4;� #��� �# +K�'H/� � �*� (ϕt∗Y )p

��3
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K ��#

c′(t) = lim
h→

�

h
{c(t+ h)− c(t)}

= lim
h→

�

h
{(ϕ(t+h)∗Y )p − (ϕt∗Y )p}

= lim
h→

�

h
{ϕt∗(ϕh∗Y )ϕt(p) − ϕt∗Yϕ−t(p)}

= ϕt∗{lim
h→

�

h
[(ϕh∗Y )ϕ−t(p) − Yϕ−t(p)]}

(�)
= ϕt∗(�) = �

� c(t) = c(�) �jd�4< +K �E#�H E#�&4�� q = ϕ−t(p) �7 _5+, a .� (1) �# �
' � b�Y��
� +ϕtψs = ψsϕt K ��# A� s � t �- Ǳ�.� �7 ��+5+, ��d�4< �7 �'7 eV +ϕt∗Y = Y �\�

#��# #�� A�/��h4n� E�T4�# E�T<Z �X(p) �= � �L� �H K #�# J�;< �"C /	H
�$@�7 A�T # A��#�7 J�$�� Y �L� +X = ∂/∂x� ��@�< J���/� JZ �7 �"N< �H
E�T4�# ��� ?
	� �1��P ? � �# ���� />) �:4N� X �7 �"N< � �	- �# �H

�H �D� J��47 x A�/��h4n�

X = ∂/∂x� , Y = ∂/∂x�

[∂/∂x�, ∂/∂x�] = � �H �D�L �d�4< J���/� E#�� A��"��=� �7 �1��P ? � �# ����
E#��Z�7 /4C� �0'� �$@�7 ���C�7 _,+, a JZ A��7 �H x E�T4�# M #�� ��]4<� �\� �
�.X �0'� �< [X,Y ] = � {�@ �H ��� ? � ��� �7�C K
O +[X,Y ] = � �H #�@/�

+�N- 9�< /D�H �
%7 ����

/T �N	- M �# $'@�7 A�A��#�7 A�-J�$��Xk � · · · �X� �L� ����� �+����
�[Xα, Xβ ] = � K�@�7 �4@�# � ≤ α, β ≤ k �- Ǳ�.� �7 �L� 9�< � $<�/>) �:4N� p .�
α = �- Ǳ�.� �7 �H #�@/� �D� J�'� p #�L �7 (x, U) /��h4n� /-�T4�# E�T<Z

+Xα = ∂/∂xα K ��# U �7 A� �, · · · , k

�7 � p = � � M = Rn �H K�'H R�D K�<���/� �+2+, �� �BC 1�"x� �# J�s	- 23�*4�
A� α = �, · · · , k �- Ǳ�.� �7 �H K�'H R�D K�<���/� />) 1�h4n� ����< M Xj �	4O�

1��P �7 �� X �@�T< �$'H $���� �� {ϕαt } A� Xα �- �L� +Xα(�) = ∂/∂tα
∣∣∣
�

X(a�, · · · , an) = ϕ�a�(ϕ
�

a�(· · · (ϕ
k
ak(�, · · · ,�, ak+�, · · · , an)) · · ·))

���
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�H K ��T7 �d�4< � K�'H �"��=� K�<���/� ��+2+, ��BC 1�"x� $'<�� +K�'H/� � �*�

X∗

(
∂

∂tα

∣∣∣
�

)
=

⎧⎪⎨⎪⎩
Xα(�) =

∂

∂tα

∣∣∣
�

α = �, · · · , k
∂

∂tα

∣∣∣
�

α = k + �, · · · , n

p = � .� /T �N	- M �# /��h4n� /-�T4�# J��'g �7 �� x = X−� ? ��7�'7
+X� = ∂/∂x� �H ##�L/� �]OG� �"C ��� ���# �E�Gg �7 +�D�L �]< �# J���/�
���]'� ? � A��7 +K�'H E#�&4�� [Xα, Xβ] = � 1�Y� �&� .� �H E$��� JZ �C� J�'H�
�7 �� X �@�T< � ≤ α ≤ k �- Ǳ�.� �7 �K� ? � �7 �]< mK ��Z/� J��� �7 �� �+5+, K�

1��P

X(a�, · · · , an) = ϕαaα(ϕ�a�(· · · (· · · (�, · · · ,�, a
k+�, · · · , an) · · ·))

� +Xα = ∂/∂xα �H $-#/� J�;< �"C QX$4�� � �#�H � �*< #�@/� 9�<
A�-/'='� .� E#�&4�� J�
�� J�9�� �A��"*� �7 [X,Y ] �H K�'H/� �]OG� �eV
+$'H/� ?��*� �� 1�h4n� E�T4�# M /��h4n� {�>) J��'g �7 Y � X Q��T4<�
�� �̀Y�� ? � �H #��# #�� ���� �4	H [4�	-� /�� �����@# JZ 1�"x� �H /	
O
�$'@�7 p .� /T �N	- M �# A�A��#�7 A�-J�$�� Y � X �L� +$-#/� b�Y�� ��W�C#

K�<���/� M��H /D�H E�.�$<�7 A�- h Ǳ�.� �7 E�T<Z

mK�'H �H�O /<��. $O�� h E�.�$<�7 p .� E$<�\L X Q��T4<� /'='� #�$4�� �# _�

�H�O /<��. $O�� h E�.�$<�7 Y Q��T4<� /'='� #�$4�� �# ���*C�� ? � .� �̀ �@ �7 _!
mK�'H

mK #�L�7 S:g �7 /<��. $O�� h E�.�$<�7 X Q��T4<� /'='� #�$4�� �# �eV _2

+K #�L�7 S:g �7 /<��. $O�� h E�.�$<�7 Y /'='� #�$4�� �# �eV _5

i

���
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�+, �
@

�7 /��h4n� /-�T4�# x �$@�7 ���C�7 [X,Y ] = � ��>7�� p .� /T �N	- M �# �L�
9�< � $@�7 x(p) = �

X = ∂/∂x� , Y = ∂/∂x�

���� ?�'� / �04<� ��>:< �X�7 �� %O�� ��0� .� M �- �# �1��P ? � �#

�) (h,�,�, · · · ,�) �) (�, h,�, · · · ,�)
�) (h, h,�, · · · ,�) �) (�,�,�, · · · ,�)

[X,Y ] �= � �L� /4O ���� �4N7 ��H\� `GYX� /Y��4� E���	- ���O ? � �# ��\�
�# �� c � δ /'='� �#a �H /'*� ? � �7 +��� M �� "��� .� �� 4N7 `GYX� A.��4� ? �
K ��L +_c′(�) = δ′(�) � c(�) = δ(�) �H K�8�L � ��>:< �# Q�� �� "��� .� �7��7 /���P

+$@�7 _5a �� %O�� �04<� �# ��>:< c(h)

�� "��� .� �7��7 p �7�x /'='� �7 c(h) = ψ−h(ϕ−h(ψ−h(ϕh(�)))) 1��P ? � �#
/'* +��� M 

+c′(�) = � �
��� ������
K�'H � �*� �s<�'� 23�*4�

α�(t, h) = ψt(ϕh(p))

α�(t, h) = ϕ−t)(ψh(ϕh(p)))

α�(t, h) = ψ−t(ϕ−h(ψh(ϕh(p))))

E�Gg �7 +c(t) = α�(t, t) 1��P ? � �#

a) α�(�, t) = α�(t, t)

b) α�(�, t) = α�(t, t)

A� f : M → R ���	g 67�� �- Ǳ�.� �7 �

c) ∂(f ◦ α�)/∂t = Y f ◦ α�
d) ∂(f ◦ α�)/∂t = Y f ◦ α�
e) ∂(f ◦ α�)/∂t = Y f ◦ α�

�3I
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�
<Z Q�O �

f) ∂(f ◦ α�)/∂h(h) = Xf(α�(�, h))

K ��# �W4;� A�E��d<. E�$g�C .� � �
� E#�&4�� �7 ��j4d�4<

(f ◦ c)′(�) = D�(f ◦ α�)(�,�) +D�(f ◦ α�)(�,�)
(b)
= D�(f ◦ α�)(�,�) + {D�(f ◦ α�)(�,�)

+D�(f ◦ α�)(�,�)}
(a)
= D�(f ◦ α�)(�,�) = D�(f ◦ α�)(�,�)

+{D�(f ◦ α�)(�,�) +D�(f ◦ α�)(�,�)}

�H K ��L/� �d�4< (f) � (e) �(d) �(c) .� �J�'H�

(f ◦ c)′(�) = −Y f(p)−Xf(p) +Xf(p) = �

� +

�$@�7 c′(�) = � ∈ TpM � c(�) = p �7 c : (−ε, ε) → M /'='� M E�L�-
1��P �7 d�c

dt�

∣∣∣
�

� c′′(�) A$ $ ��#�7

c′′(�)(f) := (f ◦ c)′′(�)

�T%	g ? ��7�'7 �c′(�) = � J�� �H #�# J�;< J���/� E#�� �� "��=� �7 +K�'H/� � �*�
�3 �� ��N� �#a +c′′(�) ∈ TpM ? ��7�'7 � ���� W4;� M X�7 �# p��;� c′′(�)

�H��7 ��"C �# E$@ � �*� c /'='� �H #�@/� �7�x _+#�@/� p�>� ��/%H /4)��
?
	��E$;< p�>� /� E��L �H /��T'- �� +#��# {�"��� ��# �� "��� W4;� �7 [X,Y ]p

�� ��� �hD A�04<� Gj 	g �H JZ 1�"x� +$ ��7 �]< �7 #���/7 /	H A$*7 �� �BC ���
�hD ? � ��	�	Y +#��# #�� JZ �# A��<�$'	@�- 1�"��=� ��� �#�H F\O J���/�
E#�&4�� #��� �j$*7 �H ��� ��N<��& # 1X#�*� �7 {�"��� �# /P�h) �7 ��
O� ���@

+�D�L $-��) ���C

+c′′(�) = �[X,X ]p ����� ������
K ��# (f ◦ c)(t) = (f ◦ α�)(t, t) J�� �/%"C A�-A��\L#�	< .� E#�&4�� �7 23�*4�

(f ◦ c)′′ = D�,�(f ◦ α�)(�,�) + �D�,�(f ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�) (∗)

�3�
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1��P ? � �#

D�,�(f ◦ α�)(�,�)
(e)
= D�(−Y f ◦ α�)(�,�)

(e)
= Y Y f(p) (�)

�H ##�L/� �]OG� �?�'s	-

�D�,�(f ◦ α�)(�,�)
(e)
= �D�(−Y f ◦ α�) (�)
(b)
=
c.r.

�{D�(Y f ◦ α�)(�,�) +D�(Y f ◦ α�)(�,�)}
(d)
= �XY f(p)− �D�(Y f ◦ α�)(�,�)
(a)
=
c.r.

�XY f(p)− �{D�(Y f ◦ α�)(�,�)

+D�(Y f ◦ α�)(�,�)}
(c)
=
(f)

−�XY f(p)− �XY f(p)

K ��# (b) .� E#�&4�� �7 +��� W4;� A�E��d<. E�$g�C �&n� c.r �H

D�(f ◦ α�)(�,�) = D�,�(f ◦ α�) + �D�,�(f ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�)
(d)
= D�(−Xf ◦ α�)(�,�) + �D�(−Xf ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�)
(d)
=
c.r.

XXf(p)− �{D�(Xf ◦ α�)(�,�)

+D�(Xf ◦ α�)(�,�)} +D�,�(f ◦ α�)(�,�)
(c)
=
(f)

XXf(p)− �Y Xf(p)− �XXf(p)

+D�,�(f ◦ α�)(�,�)

K ��# (a) �7 ��� �7 ���d<���

D�,�(f ◦ α�)(�, s) = D�(f ◦ α�)(s, s) +D�(f ◦ α�)(s, s)

�\� �

D�,�(f ◦ α�)(�,�) = D�,�(f ◦ α�)(�,�) + �D�,�(f ◦ α�)(�,�)

+D�,�(f ◦ α�)(�,�)
(c)
=
(f)

Y Y f(p) + �XY f(p) +XXf(p) (�)

� +##�L/� �d�4< ��BC (∗) �# (�) �� (�) A��\L� �7

�3!
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G�H2����� 'S���� !�(�(� ;!;

�
@ �7 ��N<��& # 1X#�*� #���� S%r� �# �
' � �7

∂

∂t
α(t, x) = f(α(t, x))

A� t� Ǳ�.� �7 �H $ Z/� �.X #���� /)�7 �# �K�'H/� �O �� α(�, x) A.�rZ {�@ �7
K�@�7 �4@�#

α(t�, x) = x

� � �#�H R�g !+!+, �� �BC 1�"x� �# t� �7 �� � � �	- �# J���/� ? � 1�"x� A��7
+#�	< E#�&4�� t �→ α(t− t�, x) �@�T< .� α A� �7 �
' �

�$@�7/� ?�'� ���� �Hq �7 �.X ��N<��& # 1X#�*� �7 {�"��� �# �H A�T # S%>�
/4O +�N�< α′(t) = f(α(t)) ��N<��& # 1X#�*� ?�7 �# α′(t) = g(t) E�#�� �� �#�*�

�
@ �7 1X#�*� K�% �� /%H ���O �# +�N�< 1X#�*� ? � �9 9�< α′(t)tα(t)

∂

∂t
ᾱ(t, x) = f(t, α(t, x)) α(�, x) = x

����� �# ��� /D�H ���
' � ��d<� A��7 +f : (−c, c) × U → Rn �H �K�'H �O ��
9�< A��<�$'	@�- o�� +K�'H E#�&4�� f(t, α(t, x)) .� ���� f(α(t, x)) � �- J�-�7

�K�'H/� � �*� +#��# #�� #��� ? � �#

f̄ : (−c, c)× U → R
n+� f̄(s, x) = (�, f(s, x))

�7 (−b, b)×W → R× Rn �
@ �7 (α−�, α−�) = ᾱ A��@ �1��P ? � �#

∂

∂t
ᾱ(t, s, x) = f̄(ᾱ(t, s, x)) ᾱ(�, s, x) = (s, x)

�H ��� /'*� J�$7 ? � �ᾱ� A��&��� 67�� ?���� #��� �# +#��# #��

∂

∂t
ᾱ�(t, s, x) = � ᾱ�(�, s, x) = s

K ��# ᾱ� A��&��� 67�� ?���# #��� �# +ᾱ�(t, s, x) = s+ t �d�4< �#

∂

∂t
ᾱ�(t, s, x) = f(ᾱ(t, s, x)) = f(ᾱ(t, s, x)) = f(s+ t, ᾱ�(t, s, x))

�32
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���� � . c ��@ �7 �]< q��� ��@ β(t, x) = ᾱ�(t,�, x) �1��P ? � �#
∂

∂t
β(t, x) = f(t, β(t, x)) β(�, x) = x

ᾱ(t�, s, x) = �
@ �7 �� ᾱ �$47� �# �a β(t�, x) = x K�'H R�D K�4N<���/� ��4"��
+_K ��T< �]< �# �� t �→ β(t− (t�, x)) /'='� � �K ��T7 (s, x)

�K ��L/� �]< �# �� ᾱ�(t) = g(t.α(t)) />) ��N<��& # ��#�*� (�) ���O ���d<���
+f(t, x) = g(t).x ���O ? � �# +��� n × n e ���� � #�:� �7 (a, b) �7 /*7�� g �H

1��P ? � �# �$@�7 E��n�# _�7�xa n× n e ���� M c �L�

(c.α)′(t) = c.α′(t) = g(t).c.α(t)

#��� �# /	0� S%>� ��4
< ? � +��� ��N<��& # ��#�*� ?�	- .� /7�� 9�< c.α �\� �
1X#�*� `��<� � �� .� JZ 9��	� �� �H �$<���/� 1�"x �7 �� />) ��N<��& # 1X#�*�
E�.�7 �# �0'� �-^�� ��� ?
	� �
' � JZ � �α′(t) = f(t, α(t)) �$@�7/� ��N<��& #

+$@�7 ���	- f : (a, b)× Rn → Rn �L� /4O �$<�@ � �*� J��. .� /
��H

E�T<Z �$@�7 (a, b) �7 �4���V n× n e ���� � #�:� �7 /*7�� g �L� �
��� �����
+$<�@/� � �*� (a, b) �H �7 /T	- α′(t) = g(t).α(t) �� �#�*� A�-^��

9�4@ ��� f(t, x) = g(t) − x 67�� #�@/� �d�4< �g /T4���V .� �H #�@ ��� 23�*4�
.�7 E�.�7 M �# A.�rZ {�@ �- �7 �� ��#�*� J���/� A� t�ε (a, b) �- Ǳ�.� �7 eV +$@�7
^�� �L� +K�-#/� o�4NL ���� ?
	� �H / � �� �� ��$H �- +#�	< �O t� ���@
t� K�'H/� R�D �#�;< � �*� t� < t < b �7 A�- t ��	- Ǳ�.� �7 α �4D� o�4NL
R�D +#�@/� � �*� �0<Z A��7 α �H ��� / �- t ��g�	d� / X�7 J��H ? �4
��H
� β′(t) = g(t)β(t) K�@�7 K�4@�# �t� M #9< A�- t Ǳ�.� �7 �H ��� A��t β K�'H
K ��# t� �7 M #9< /D�H E�.�$<�7 t∗ < t� �- Ǳ�.� �7 1��P ? � �# +β(t�) �= �

^�� / �4
 �7 �'7 +#��# #�� (c − β)(t∗) = α(t∗) �7 A� c �? ��7�'7 +β(t∗) �= �

c.β 1��P �7 �� α ? ��7�'7 +$'4N- W">'� �$<�@ � �*� J��9	- �H A�E.�7 �7 α � c.β
�7 /4N �7/� α ��7�;� 1��P �7 +��� ~C�'� �H �#�# o�4NL J���/� t� �	NC �7
� +##�L � �*� a < t ≤ t� �H / �- t ��	- Ǳ�.�

'�
��(� =!;

���	- α∗ : TM → TN 1��P ? � �# �$@�7 ���	- α : M → N �L� _��� +�
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+���
�$@�7 M �7 ���	- A��#�7 /<�$�� X � �$@�7 KN�D����U& # α : M → N �L� _^

+��� ���	- 9�< N �7 α∗X A��#�7 J�$�� E�T<Z
R �7 X A���	- A��#�7 J�$�� E�T<Z �$@�7 α(t) = t� ��>7�Y �7 αR → R �L� _�

+��� ���	- ��r A��#�7 J�$�� α∗X �H #��# #�� J�'�

�0'� JZ Q��T4<� A�-/'='� ��	- �H $�7��7 J�'� R �7 A�&P ��r A��#�7 J�$�� +!
+$<�@ � �*� �&P Q�O .�7 A�E.�7 �7

f : M → M �
@ �7 67�� M � (M,p) ���H A�4� A�BD M .� /���� +2
}�- f /�� �p(f(x), f(y)) ≤ p(x, y) �- x, y ∈ M ��	- Ǳ�.� �7 �H $ ����7

+$@�7 �4@�$< /47�x �>:<

R�D 9�< � $<.�7 U, V ⊆ R
n �H ���� ���	- f : (−c, c)×U×V → R

n K ��L +5
A$*g � (x�, y�) .� W /T �N	- M $�'H �7�x �(x�, y�) ∈ U × V $�'H
α = α(x,y) : M A� (x, y) ∈ W �- Ǳ�.� �7 �H #�;�� �D� J�'� b �"��
A� t ∈ (−b, b) �- Ǳ�.� �7 �H #��# #�� J�'� #�&7 �h='� (−b, b) → U

?�'s	- � α′(t) ∈ V

α′′(t) = f(t, α(t), α′(t)) α(�) = x α′(�) = y

α : (−b, b) ×W → U E�T<Z �α(x,y)(t) = α(t, x, y) K�N �'7 �L� �E�Gg �7
+��� ���	-

�]< �# �� β′(t) = f(t, α(t), β(t)) � α′(t) = β(t) 1X#�*� E�T4�# 20������'
+$ ��T7

�K�'H �O �� �4����V �7 �4N7�� 1X#�*� ��� �.X 1�C�� /)�7

∂

∂t
α(t, y, x) = f(t, y, α(t, y, x)) α(�, y, x) = x (∗)

+V ⊆ Rm � U ⊆ Rn .�7 A�-�g�	d� Ǳ�.� �7 �f : (−c, c)×V ×U → Rn �H
� x �� ���� {�@ �- Ǳ�.� �7 ^�� α(y,x) : (−b, b) → U 67�� M ?4D� F$-

�� �#�*� �Q��� J��'g �7 +��� y �4����V

α′(t) = yα(t) α(�) = x

+$@�7/� α(t) = xeyt JZ ^�� �H ��� 1X#�*� ?�'� .� A��<�	<
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f̄(t, x, y) = 1��P �7 �� f̄ : (−c, c) × V × U → Rm × Rn �@�T< _��� +,
(ᾱ�, ᾱ�) = ᾱ : (−b.b)×W → Rm×Rn �L� +K�'H/� � �*� (�, f(t, y, x))

E�T<Z �$@�7 (y�, x�) .� A�/T �N	- �# f̄ A��7 �%D M 

∂

∂t
ᾱ(t, y, x) = f̄(t, ᾱ(t, y, x)) ᾱ(�, y, x) = (y, x)

�ᾱ(t, y, x) = (y, α(t, y, x)) K�N �'7 K�<���/� A� α M Ǳ�.� �7 �H $�-# J�;<
+$'H/� �$P (∗) �# α �H $ ��T7 �d�4< e�� �

�
@ �7 1X#�*� �H $�-# J�;< _^
∂

∂t
α(t, x) = f(t, x, α(t, x)) α(�, x) = x (∗∗)

�
@ �7 1X#�*� �7 ��d�'� �# �a #�	< � $"� J���/� (∗) �
@ �7 1X#�*� �7 ��
�GH .� f : U → Rn 67�� �- �H #�@ �7�x /4C�� _+ ∂∂tα(t, x) = f(α(t, x))

���@# �	NC ���� Ck �GH .� α : (−b, b ×W → U) ��@ M A��# Ck

W �# A�-���4� �7 �"N< α E�T<Z �$@�7 C� �GH .� f �L� �H ��� ? � 1�"x�
�K�-# J�;< D�α #�	< �7 �� �-���4� ? � �7 �"N< W4;� �L� � ���� � \VW4;�

E�T<Z

D�D� α(t, x) = D�f(α(t, x)).D�α(t, x) (∗ ∗ ∗)

D� α(t, x) = �� ���� �� �#�*� .� E�T<Z �$@�7 C� �GH .� f �L� �D�D� = D�D� J��a
�
@ �7 D� α �- Ǳ�.� �7 (∗ ∗ ∗) J�� +_##�L/� �d�4< S%>� ? � f(α(t, x))

.� f /'* a $@�7 C� �GH .� D� f �L� �H K ��L/� �d�4< ���� ���C�7 (∗∗)

.� A� \V��N<��& # Q�O +��� � \V��N<��&7# D� α E�T<Z _$@�7 C� �GH
�+��� ��4'4�� �7�D /Y� � Ǳ��:4�� M	H �7 � �7�;� 1��P �7 Ck �GH

g : R → �H �$ ��T7 �]< �# �� α′(t) = g(t)α(t) />) ��<��& # ��#G*� _��� +�
��	- �H $�-# J�;< +��� α /:�:O ��$:� �7 67�� ?4D� F$- �? ��7�'7 +R
/*7�� �T; �	< ∫ g(t)dt �H �$'4N- α(t) = exp(

∫
g(t)dt) .� /7��B� �-^��

^�Y �"�� A#$g �# α 67�� �G ~ �*� �7 ��4"��a +G′(t) = g �H ��� G
A�-E�T4�# A��7 /07�;� ��
O� �H K�-#/� J�;< ����N� ? � �� ��#� �# _+#�@/�

+��� ���C�7 />) ��N<��& # 1X#�*�

�-
∣∣∣aij∣∣∣ ��	- K	 9H�� /'*� �7 |A| � ��� n×n e ���� M A = (aij) K ��L _^

�3�
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$�-# J�;< +���∣∣∣A+B
∣∣∣ ≤ |A|+

∣∣∣B∣∣∣ ∣∣∣AB∣∣∣|A|.∣∣∣B∣∣∣
�
@ �7 n× n A�-e ���� .� /-�'4��< A�� �H $ ��T7 �d�4< _�

exp(A) := eA := I +A+
�

�
A� + · · ·+ �

n!
An + · · ·

/89 A�-�g�	d� .� �� (i, j) ��  Z �# �H /'*� ? � �7� +��� W%>� A��T	-
�- �7 � �+��� ��T	- W%>� 1��P �7 �n;� /N ���� .� �� (i, j) ��  ��# �7

+��� �
@ M A��T	- �A��$<��H ��g�	d�

+exp(TAT−�) = T. exp(A).T−� �H $�-# J�;< _#

+exp(A+B) = exp(A). exp(B) E�T<Z �AB = BA �L� _-

J�;< �
�N∑
p=�

�

p!
(A+B)p = (

�N∑
p=�

�

p!
Ap)(

�N∑
p=�

�

p!
Bp) = RN $�N �'7 20������'

+
∣∣∣RN ∣∣∣ E�T<Z N →∞ �L� �H $�-#

+��� � \V��
*� expA E���	- �\� � (expA).(exp(−A)) = I $�'H �7�x _�

J�;< +��� _/%�%=� /4O �a � \V��N<��& # exp : Rn
�→R

n� �@�T< p�Y� �7 _.
$�-#

exp′(�)(B) = exp(�).B = B

_+|A| ≤ |A| ≤ n|A| K ��# A ∈ Rn
� �# |A| /��	*� ��< A��7 �H #�@ ���a

AB = BA �L� �H $�-# J�;< _.a �	NC �# E$@ ��P�� $O .� E#�&4�� �7 _p
+exp′(A)(B) = exp(A).B K ��#

�L� +B(t) = exp(A(t)) � ��� � \V��N<��& # A : R → Rn
� $�'H R�D _t

$�-# J�;< +��� JZ �7 ��]< ��  ��# W4;� JZ ��  ��# �- �H $@�7 /N ���� B′(t)

E�T<Z �A(t)A′(t) = A′(t)A(t) �L� �H

B′(t) = A′(t). exp(A(t))

AA′ = E�T<Z �A(s)A(t) = A(t)A(s) A� s � t �- Ǳ�.� �7 �L� �H ��� ?@��a
+_A′A

�33
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α(t) = E�T<Z �g(s)g(t) = g(t)g(s) A� t � s �- Ǳ�.� �7 �L� �H $�-# J�;< _A
�n;�a +��� α′(t) = g(t).α(t) />) ��N<��& # ��#�*� ^�� exp(

∫ t
�
g(s)ds)

�$@�7 �7�x S ��Y �7 E�T4�# /'* �$@�7 A �7�x e ���� g(t) �L� �H ���
exp(

∫ t

�

g(s)ds) = ���O ? � �# +s � t �- Ǳ�.� �7 g(s)g(t) = g(t)g(s) E�T<Z
_+�D� J���/� J�� �f /<�<�H �
@ �7 A � $"� �7 �� exp(tA)

1��P ? � �# ���� x = X−� �
@ �7 A� X : Rn → M �L� �H $�-# J�;< +3
+��� Q#�*� X∗(∂/∂t�) = X ◦ X �7 X = ∂/∂x�

f : M×N → 67�� Ǳ�.� �7 $�'H R�D +$<���	- $%&�'� N � M $�'H R�D _��� +�
p �→ f(p, q) ��>7�Y �7 M → R 67�� �T; �	< f(�, q) �q ∈ N � ���	- R

∂f/∂xi 67�� �H $�-# J�;< �$@�7 M �7 A�/��h4n� E�T4�# (x, U) �L� +���
��>7�Y �7

∂f

∂xi
(p, q) :=

∂(f(�, q))
∂xi

(p)

+��� ���	- M ×N �7
�$@�7 �-KN�D����U& # .� A�4����V −� E� �L M ϕ : (−ε, ε)×M →M �L� _^

lim
h→�

�

h
(f(ϕh(p)) − $O �f : M → R ���	- 67�� �- Ǳ�.� �7 �H $�-# J�;<

+$'H/� � �*� M �7 ���	- /*7�� � ���� #��� f(p))

�#�@ � �*� ϕ∗(t, v) = ϕt∗(v) 1��P �7 ϕ∗ : (−ε, ε)× TM → TM �L� _�
X ���	- A��#�7 J�$�� �- Ǳ�.� �7 �H $ ��T7 �d�4< � ���� ���	- ϕ∗ $�-# J�;<

$O �M �7 w ��D −� �

lim
h→�

�

h
{(ϕ∗

hw)(Xp)− w(Xp)}

+$'H/� � �*� M �7 ���	- /*7�� � ��� #���
+$�'H �	g �7�;� 1��P �7 LXY �7 _#

E$@ � $"� Yp �7 ϕh∗Yϕ−h(p) JZ �# �H � E���9L .� /4	NC A��7 /�X$4�� +�
+$ ����7 ����

$�'H �7�x _��� +�I

LX fw = Xf.w + f.LX w

LX(w(Y )) = (Lw)(Y ) + w(LY )

�3�



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

����
%� =�; ��)*�
��+ ��+��� � 8��+
. D���� ; ���

A����� �� � E���9L lim
h→�

�

h
{(ϕh∗Y )p − Yp}(LXY )(p) �H /���P �# _^

w#�H $-��)

+ϕ∗(df)(Y ) = Y (f ◦ ϕ) $�-# J�;< _��� +��
A� Y ∈ TpM �- Ǳ�.� �7 �H $�-# J�;< LX � �*� .� �j	�:4N� ��� .� E#�&4�� �7 _^
/����D +LXdf = d(LXf) �H $ ��T7 �d�4< � {LXdf(p)}(Yp) = Yp(LXf)

�# +��� /%H Q���D ? � .� /P�) ���O ���� E$�Z ?4� �# LXdxi A��7 �H
.� JZ �# �H �K�'H/� p�>� LXY = [X,Y ] A��7 ��E#�� /��"x� �$*7 �	NC

+#�@/� E#�&4�� �, E���9L �# �4D� ��
7 o��
X �L� +��� ���	- /*7�� f : M → R � $<� M �7 A��#�7 J�$�� Y � X K ��L _�
J�;< +α(t, h) = Yϕ−t(p)(f ◦ ϕh) K�'H/� � �*� �$'H $���� �� {ϕt} E�#��<�)
$ ��T7 �d�4< +D�α(�,�) = Yp(Xf) � D�α(�,�) = −Xp(Y f) �H $�-#

K ��# c(h) = α(h, h) Ǳ�.� �7 �H

−c′(�) − LXY (p)(f) = [X,Y ]p(f)

+$�-# J�;< �� /7�H�f #�=�� +�!

A��#�7 A�-J�$�� R
� �7 Z � Y �X $�'H R�D +�2

X = z
∂

∂y
− y

∂

∂z
Y = −z ∂

∂x
+ x

∂

∂z
Z = y

∂

∂x
− x

∂

∂y

+$'4N-
.� /	N�D����9 � aX + bY + cZ �→ (a, b, c) ∈ R� �@�T< �H $�-# J�;< _���
^�B%P�O �7 [U, V ] � ��� R� �7 A��#�7 A�-J�$�� .� (�h) �7 A��g�	d�

+#�@/� ��]< V � U � ��h� /��)
E$<�\L A��=� Q�O R� J���# .� 1��"g aX+ bY + cZ ��@ �H $�-# J�;< _^a

+��� � .�

� . �
@ �7 M �7 �� ϕ∗A �$@�7 KN�D����U& # ϕ : M → N � N �7 (k�) �L� +�5
E�T<Z �λ�, · · · , λ� ∈ T ∗

pM � v�, · · · , vk ∈ TpM �L� +?�'H/� � �*�

[ϕ∗A(p)](v�, · · · , v)k, λ)�, · · · , λ�)

= A(ϕ(p))(ϕ∗v�, · · · , ϕ∗vk, (ϕ−�)∗λ�, · · · , (ϕ−�)∗λ�)

�3�
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M �7 _J� ���H A��#�7 J�$�� � a A��#�7 J�$�� A��L/
 �7 �H $�-# J�;< _���
Gj "C �H ϕ∗Y ���O �7 ��@�T< ? � _(�

�

) �̀< .� � a (
�

�

) �̀< .� A��N<�� J�$��
+��� /
 �K #�H � �*�(

k
�

) �̀< .� A��N<�� A � $'H $���� �� {ϕt} E�#��<�) M �7 X A��#�7 J�$�� �L� _^
K�'H/� � �*� �$@�7 M �7

(LXA)(p) := lim
h→h

{(ϕ∗
hA)(p)− A(p)}

$�-# J�;<

LX(A+B) = LXA+ LXB

LX(A⊗B) = (LXA)⊗B +A⊗ (LXB)

+_(L§({A)) = X ({)A + {LX∈A (�h) �7 a

A��7 Gj "C �� S%>� ? � �/ �	'-�� +LX�+X�
A = LX�

A �= LX�
A $�-# J�;< _�

+K�<�#/� ���� (�
�

) � (�
�

) � (�
�

) �̀< .� A �H /4��O

�$@�7 R�":<� M C : T k� (V ) → T k−�� (V ) K ��L _#

(CT )(V�, · · · , Vk−�, λ�, · · · , λ�−�) :=

(x, λ) �→ T (v�, · · · , vα−�, v, vα+�, · · · , vk−�, λ�, · · ·

· · · , λβ−�, λ, λβ+�, · · · , λ�−�)

+LXCA = C(LXA) �H $�-# J�;<

R�":<� /V �# /V A��L��
7 �7 �� A(X�, · · · , Xk, w�, · · · , w�) �H $�'H ��� _-
.� E#�&4�� �7 +#��Z ��# �7 J���/� A⊗X� ⊗ · · · ⊗Xk ⊗w� ⊗ · · · ⊗w� �7

$�'H �7�x _#a

LX{A(X�, · · · , Xk, w�, · · · , w�)} = (LXA)(X�, · · · , Xk, w�, · · · , wk)

+
k∑
i=�

A(X�, · · · ,LXXi, · · · , Xk, w�, · · · , w�)

+
�∑
i=�

A(X�, · · · , Xk, w�, · · · ,LXwi, · · · , w�)

��I
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$@�7 Aj�,···,j�i�,···ik .� 1��"g x R��&� 1�h4n� E�T4�# M �# A A�-�&���� �L� _�

.� ��� 1��"g LXA 1�h4n� �H $�-# J�;< �X =
n∑
i=�

ai∂/∂xi �

(LXA)j�···j�i�···ik =
n∑
i=�

ai
∂

∂xi
A
j�···j�
ii···ik

k∑
α=�

n∑
j=�

A
j�···jα−�jjα+�···j�
ii···ik .

∂ajα

∂xj

+
�∑

α=�

n∑
i=�

Aj�···j�i�···iα−�iiα+�···ik .
∂ai

∂xiα

A�-J�$�� � #��T</� F ���	- 67��� �7 �� F ���	- 67��� �H ��� A�T%	g D K ��L +�,
D : H → H � D : F → F �H A��<�L �7 �#��T</� H �7 �� H ���	- A��#�7

� $'4N- />) −R �7

D(fY ) = f.DY +Df.Y

A��N<�� A�-J�$�� �H #��# �T%	g M �7 #�&7 �h='� /*���� D $�-# J�;< _���
�H A��<�L �7 �#��T</� J�@#�) ��]< /8��@� �7 �� (k�) �̀< .�

���� />) R �7 D _�
+D(A⊗B) = DA⊗B +A⊗DB _!

+DC = CD K�@�7 �4@�# �C R�":<� �- Ǳ�.� �7 _2
LX #�&7 �h='� 6���� ? � �DY = LXY � Df = Xf #�@ R�D �s<�'�

+���
A(p) ∈ K�'H R�D K�<���/� �\� � ���� (�

�

) �̀< .� A��N<�� /<�$�� A K ��L _^
/<�$�� 9�< A(X) �X A��#�7 J�$�� �- Ǳ�.� �7 �S���� ? � �7 mEnd(TpM)

�DAX = A(X) � DAf = � K�'H � �*� �L� �H $�-# J�;< +��� A��#�7
+$'H/� �$P _2a � _!a � _�a �# �H #��# #�&7 �h='� /*���� DA E�T<Z

+(DAw)(p) = −A(p)∗(w(p)) $�-# J�;< _�
A�-J�$�� � 67��� A��7 �� ? � �/ �	'-�� +LfX = fLX −DX⊗df $�-# J�;< _#

+$�'H /���7 A��#�7
$�-# J�;< �$@�7 (�

�

) �̀< .� T �s<�'� _-

(DAT )ijk =
n∑

α=�

Tαjk Aiα +
n∑

α=�

T iαk Ajα −
n∑

α=�

T ijα Aαk

���
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+$�-# K�	*�
(
k
�

)
�̀< .� A�-��N<�� ���O �7 �� ? �

� �*� t ≥ � Ǳ�.� �7 +$'H/� �$P f ′(�) = � �# f : R → R K ��L _��� +��
_��%�� �� �BC M	H �7a ���� W4;� �H $�-# J�;< +g(t) := f(

√
t) K�'H/�

.� �N���"g

g′+(�) = lim
h→�+

�

h
(g(h)− g(�)) =

�

�
f ′′(�)

δ(t) := $�'H � �*� t ≥ � � c′(�) = � ∈ TpM �7 c : R → M Ǳ�.� �7 _^
c′′(�)(f) = (f ◦ c)′′(�) ��>7�Y �7 c′′(�) ��	� ��#�7 �H $�-# J�;< +c(√t)

+�D�L �]< �# J���/� c′′(�) = �δ′(�) 1��P �7 ��

�7 +f∗p = � ? ��7�'7 ���� f : M → R 67�� A��7 ?�
� A��>:< p K ��L _��� +�3
A��t �� Ỹ � X̃ A��#�7 A�-J�$�� �Xp, Yp ∈ TpM R��&� A�-��#�7 Ǳ�.�
K�'H/� � �*� 1��P ? � �# +Ỹp = Yp � X̃p = Xp �H K�'H/� ^�n4<�
�H $�-# J�;< �[X,Y ]p(f) = � �
' � .� E#�&4�� �7 +f∗∗(Xp, Yp) := X̃p(Ỹ f)

+��� � �*4@�) �H $ ��T7 �d�4< � ���� J��:4� f∗∗(Xp, Yp)

$�-# J�;< _^

f∗∗

⎛⎝ n∑
i=�

ai
∂

∂xi

∣∣∣
p
,

n∑
j=�

bj
∂

∂xj

∣∣∣
p

⎞⎠ =
n∑

i,j=�

aibj
∂�f

∂xi∂xj
(p)

+���1�h4n� E�T4�# ^�n4<� .� �:4N� (∂�f/∂xi∂xj)(p) �� "�� �H $�-# JG;< _�

� Xp, Yp ∈ TpM Ǳ�.� �7 +��� f : M → N 67�� .� ?�
� A��>:< p K ��L _#
�H $�-# J�;< +f∗∗(X,Y )(g) = X̃(Ỹ (g ◦ f)) K�'H/� � �*� g : N → R

� �*4@�) � />) �# f∗∗ : TpM ×TpM → Tf(p)N �@�T< �1��P ? � �#
+���

c∗∗ : T�R × T�R → $�-# J�;< �$@�7 c : R → M 67�� ?�
� ��>:< � �L� _-
c′′(�)(f) = (f ◦ � �*� �7 c′′(�) ��	� ��#�7 �7 �� (��,��) ��. Tc(�)M

+#��T</� c)′′(�)

/��h4n� E�T4�# x �L� +��� �!+5+, �� �BC � ��+5+, E���9L �# /'='� c K ��L +��

xi(c(t)) = $�-# J�;< �[X,Y ]p =
n∑
i=�

ai∂/∂xi
∣∣∣
p

9�< � E#�7 x(p) = � �7 p Q�O

��!
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lim
t→�

O(t�)/t� = �H /Lk � ? � �7 ��� /*7�� �T; �	< O(t�) �H �ait�+O(t�)

+�

f : M → R A��7 K]'� A��$:� � � E#�7 E#�;D M �L� �H $�-# J�;< _��� +��
f−�(�)× �7 f−�(U) �H #��# #�� J�'� � ∈ R .� U A�/T �N	- E�T<Z �$@�7
ϕ : f−�(�) × U → �t�7�� KN�D����U& # �H A��<�L �7 ��� F����U& # U
��BC .� E#�&4�� �7 �/ �	'-�� +$'H/� �$P f(ϕ(p, t)) = t {�@ �# f−�(U)

J�'� f−�(�) .� /T �N	- M �7 X A��#�7 /<�$�� �/<�
 .��D� � �+2+,
+f∗X = −d/dt �H $ .�N7

f : M → N A��7 K]'� A��$:� q ∈ N � E#�7 E#�;D M �L� ��� /%H _^
ϕ : /	N�D����U& # � q .� U A�/T �N	- �H $�-# J�;< 1��P ? � �# �$@�7

+f(ϕ(q, q′)) = q′ �H $<��# #�� J�'� f−�(q)× U → f−�(U)

Ǳ�.� �7 E�T<Z �$'@�7 K]'� � #�:� N {�:< ��	- �L� �H $ ��T7 �d�4< _^a .� _�
�L� +$'D����U& # f−�(q�) � f−�(q�) �K- �7 M #9< /D�H E�.�$<�7 q� � q� �-
F����U& # f−�(q) × N �7 M �H �D�L �d�4< J���/� � Z �$@�"< N A��7 f

w���

��2
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	 ���

(�
)��� �����

	�T*� U�P  !=

�-��;�V ��H� +$''H/� ���C� �H ��� A$7 J�-�7 $'� �7 J�<�#/Y� � ��"4g�
�+��� �@.

�} ��
N�7 +� +Z

+� +�N�< �@. 1��Y� � A��7 / � ��<# �# ���� J��.Z ?���� / �" .
�A#� ��- +-

���	- M R��&� $%&�'� �H �7 X A��#�7 J�$�� �L� /4O �H K $ # �"C �hD �#
M��H /D�H E.�$<�7 A�-J��. A��7 �0'� ��� ?
	� X Q��T4<� A�-/'='� �$@�7
�>7�� ? � �# /%H ��
O� Q�"<# �7 � �E#�# ����� �� u=7 /	H J�'H� +$'@�7 � �*� �7�C
� . M A� p ∈ M �- Ǳ�.� �7 �H K�'H/� R�D �A��#�7 J�$�� A� �7 +K�4N-
K���</� A$*7�� 6 .�� ��� �P�O Δ 67�� +K ��# Δp ⊂ TpM A$*7 M A�BD
z67�� −δy J�� /8��@� �7 {�"��� �# �H 9���<Z �# 6 .�� ��0&� �7 />7� 6 .�� �̀< ? �a
m##�L/� $���� A��#�7 J�$�� c��� 0"D�� �
@ �7 Δ 1��P ? � �# +_#��$< ����
X A��#�7 J�$�� _A#� . #�$*� �\� �a M p /T �N	- �# �p ∈ M �- Ǳ�.� �7 �/'* 

���� %.�7 �� �` 5� R����)�O��� 5� ��
4��
4 a7�_S -�./ 5� (.�$4$9�
�R��)�O��� U� �+�
��1FS-�./ 5� (.�$4$9�

��,
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K�
P,*� ����� = ��� ��V�+ W�R ��=

�� Δ.� �= Xq ∈ Δq /T �N	- JZ .� q �- Ǳ�.� �7 �H K�'H ^�n4<� K�<���/� A��<�L �7
+#�	< ^�n4<� J��47 ���	- /<�$�� �� X ��>:< �- �# �H K�8�L ���	- 6 .�� /���P �#

?�'� K�<���/� /�� ���� /'*� /7 A$*7�� 6 .�� #��� �# Q��T4<� /'='� ��0&�
K�8�L Δ Q��T4<� /'='� /���P �# �� M .� N A$*7�� $%&�'� � . ��H K�'H � �*�
�7 +��� A�4O� �@�T< i = N ↪→M �H �i∗(TpN) = Δp A� p ∈ N �- Ǳ�.� �7 �H
�H �D� Δ ���	- 6 .�� A��7 N /���T4<� $%&�'� J���/� �;�	- �A� p ∈ M �- Ǳ�.�
/T �N	- M .� q �- Ǳ�.� �7 �H K�'H ^�n4<� �� X A��#�7 J�$�� ��� /D�H mp ∈ N
A.�rZ {�@ �7 X A��#�7 J�$�� c Q��T4<� e�� � �� �= Xq ∈ Δq K ��# p .�
E�4����V �c #�7 1��P �7 N ?4D�L �]< �# �7 E�T<Z +K ����7 ��$7 �� C(�) = p

A� p ∈ M �- Ǳ�.� �7 �H $-#/� J�;< Gj 	g QX$4�� ? � +K�'H o����D �� c J#�H
#�$g� .� �7�x ��g�	d� �- Ǳ�.� �7 �H #��# #�� J�'� (x, U) 1�h4n� E�T4�# M 

��g�	d� �an � · · · �a�{
q ∈ U

∣∣∣x�(q) = a�, · · · , xn(q) = an
}

+$'4N- U �# Q��T4<� A�-$%&�'� �0'� �0' � � ���� U �7 Δ Q��T4<� $%&�'�
�7 �< � #��# ��H � �� �-$%&�'� � . �7 J�� ��� ���� /*Y�� /	
O K- .�'- ? �
K- �7 Q��T4<� A�-$%&�'� � . J#�H �h4� J�
�� �(�h) �7 A�-�4����V �7 A�0�'='�
$'"	- Q��T4<� A�-$%&�'� � . .� �9d� /g�	4� 1��P �7 �� M $%&�'� �H +#��# #��

�
@ �7 �j*Y�� �H �@�< J���/� Δ

i
�+� �
@

�7 /* .�� �K $ # � �hD �# �H ��t J�	- Gj �� +$@�7/� �<E$�s�V A�0���P � �
�7 +$'4N- Q�T� A$*7�� A�-$%&�'� �JZ Q��T4<� A�-$%&�'� �H #��# #�� E�"'�
+$'4N- E#�;D $'"	- Q��T4<� $%&�'� M �'� A��# �H #��# #�� /* .�� E�"'� �7 �E�Gg
��D 6 .�� �# .� M �- �H $<�@/� �D� E�"'� �7 A�A��#�7 A�-J�$�� �?�'s	-

+$'4N- �0<Z .� /
 Q��T4<� A�-/'='� ��H\��

���
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��V�+ W�R ��= K�
P,*� ����� = ���

i ^��� �7 1��&4� 6 .�� �# �!+� �
@

A��#�7 J�$�� c��� /*Y�� �
@ �7 �0'� �H #��# #�� /* .�� ����7�� ���< �7 ���
+$'H $���� ��L��D �
@ �7 ��<Z �H #��$< #�� A�A��#�7 J�$�� }�- � #�@/� $����

i ���7�� ���< �2+� �
@

�K ��\L/� ��'H �7 �� /*Y�� Q��T4<� A�-$%&�'� A��\L K- ��'H �7 {�"��� �# 1��89
�7 X�7 #�*7� ���O A��7 �Gj *D +#�# ��d<� #�@/	< �� ��H ? � X�7 #�*7� �# Gj 	g �� .

+K�'H/� �	g /*Y�� �
@
A$*7−k / �BD � . Δp ⊂ TpM �H ��� p �→ Δp /*7�� �M �7 $�"% −k n	3��
J�'� Xk � · · · �X� A��#�7 J�$�� k � U /T �N	- �p ∈M �- Ǳ�.� �7 +��� TpM .�
�� Δ +q ∈ U �- Ǳ�.� �7 ��� Δq A��7 A�� �V Xk(q) � · · · �X�(q) �H $<�@/� �D� 
X�7 /Lk � �7 Xk � · · · �X� ���	- A��#�7 A�-J�$�� �H K�8�L ���	- 6 .�� /���P �#
N _A$*7−ka $%&�'� � . +_p ∈M ��>:< �- .� /T �N	- �# �4"��a #�	< ^�n4<� J��47
i∗(TpN) = A� p ∈ N �- Ǳ�.� �7 �H K�8�L Δ A��7 (��)�� ������ /���P �# �� M .�

+��� A�4O� �@�T< i : N ↪→M �H �Δp

�t�7�� ��
O� ��� ���� A$*7�� ���O ��"@ ���N7 E$@ �Hq � ��*� �]< �7 �
' � �7
$%&�'� ��� ?
	� �/*Y�� 1��P �7 /4O ��H �# +$' Z/� �]< �7 1��&4� /%�)

+$@�"< #��� Q��T4<�
Δp = �H $ ��T7 �]< �# �� R� �# Δ A$*7�! 6 .�� �Q��� ? ��E#�� J��'g �7

? ��7�'7 +#�@/� $���� ∂
∂y

∣∣∣
p

� ∂
∂x

∣∣∣
p

+ b ∂∂z

∣∣∣
p

c��� Δ(a,b,c)

Δp =
{
r
∂

∂x

∣∣∣
p

+ s
∂

∂y

∣∣∣
p

+ br
∂

∂z

∣∣∣
p

: r, s ∈ R

}
�
@ �7 A�-��#�7 ��	- .� Δp 1��P ? � �# �K ��T7 /
 Rn × Rn �7 �� TRn �L�
z− c = b(x− �� �#�*� �7 ��=&P 1��P �7 �� Δp ? ��7�'7 +#�@/� ��
;� (r, s, rb)p

��3
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K�
P,*� ����� = ��� ��V�+ W�R ��=

��=&P +$-#/� J�;< �- p = (a, b,�) A��7 �� Δp � . �
@ +#�	< ��h� J���/� a)
.� �H A��=&P �7 A.��� � (a, b, c) ��>:< .� �4@\L ��=&P .� ��� 1��"g Δa,b,c

+#�\L/� (a, b,�)

i
� \V�< Q��T4<� 6 .�� M .� A��<�	< �5+� �
@

+#��$< /���T4<� $%&�'� }�- ��� �H $ �7/� /V Xj �	4O� �$�'H KNd� �� 6 .�� ? � �s<�'�
�1��P ? � �# +$@�7 �4@�# #�� � ∈ N �7 Δ .� N /���T4<� $%&�'� $�'H R�D
� #�\L/� � .� �H $@�7 �=&P −yz �# δ /'='� M {(�, y, z)} � N 6>:� $ �7
�/ �-��#�7 ?�'� �0'� +$<��# ���C �=&P −yz � Δ(�,y,z) 6>:� �# JZ �7 ��	� A�-��#�7
�- Ǳ�.� �7 �Q�O +$@�7 ��=� −y �7��7 δ /4N �7 �\� � �$<�&P ��� ��&���� �7 A�-��#�7
��=&P �# /'='� M ? � +K ��L/� �]< �# �� N ∩ {(x, y�, z)} 6>:� ��7�x y�
S�@ �7 JZ �7 ��	� A�-��#�7 ��	- � �#�\L/� {(�, y�,�)} .� �H ��� {(x, y�, z)}
$%&�'� $ �7 �̀	d� �# �eV +$@�7 {(x, y�, y�x)} c) �7��7 /4N �7 �\� �$'4N- y�
A$%&�'� � . ?�'� ��� +$@�7 5+� �
@ .� _7a �	NC �# 1��P �7 �]< #��� Q��T4<�
��� ��&���� � A�-��#�7 ��	- A�BD �7��7 (�,�,�) �# [��	� A�BD Gj �� +#��$< #��

+��� ?
	� ��r �H ���� �&P ���n�
�]< �# �� ��/%H ���O ���� E#�# |� /C�&�� �� �d' � �# �j*C�� K�'�"7 �
' � A��7

�7��7 Δ(a,b,c) −Δp �H K ��L/�

Δp :=
{
r
∂

∂x

∣∣∣
p

+ s
∂

∂y

∣∣∣
p

+ {rf(a, b) + sg(a, b)} ∂
∂z

∣∣∣
p

: a, b ∈ R

}
�� �#�*� �7 ��� A��=&P Δp �/�$'- �]< .� +$@�7

z − c = f(a, b)(x− a) + y(a, b)(y − b)

(a, b,�) .� �H A��=&P �7 � #�\L/� (a, b, c) .� Δ(a,b,c) ��=&P �Q�� Q��� �# ���
+$<��# /T4N7 b � a �7 �0'� g � f �� . ���� A.��� �#�\L/�

���
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��V�+ W�R ��= K�
P,*� ����� = ���

Q��T4<� $%&�'� M A��>:< �- Ǳ�.� �7 Δ 6 .�� 1��P �� �# �H K���V/� J�'H�
� . �#�@/	< #�	g �=&P −xy �7 E�Ts�- Δp J�� +#��# �>:< JZ .� A��"g N

���� J��7 �7�C y � x .� /*7�� ��#�	< �
@ �7 /*Y�� 1��P �7 $%&�'�

N = {(x, y, z)
∣∣∣z = α(a, y)}

i
,+� �
@

c��� p = (a, b, α(a, b)) �# ��	� A�BD �J�'H�
∂

∂x

∣∣∣
p

+
∂α

∂x
(a, b)

∂

∂z

∣∣∣
p

,
∂

∂y

∣∣∣
p

+
∂α

∂y
(a, b)

∂

∂z

∣∣∣
p

$<��# ���C Δp �# /4C� �0'� � /4C� ���	� A�-��#�7 ? � +##�L/� $����

f(a, b) =
∂α

∂x
(a, b) , g(a, b) =

∂α

∂y
(a, b)

�H K�7��7 ��� �.X α : R
� → R /*7�� �? ��7�'7

∂α

∂x
= f ,

∂α

∂y
= g _�+� a

1�:4;� J#�# ���C �7��7 �7 +#��$< #�� /*7�� ?�'� �/%H ���O �# �H ��� �n;�
�K�7� /� g � f �7 �.X {�@ �/"�H�� / 9

∂f

∂y
=
∂g

∂x
_!+� a

�.X {�@ ? � �\� � ∂g
∂x = � � ∂f

∂y = � �g(a, b) = � �f(a, b) = b �� /%"C Q��� �#
�#�P α 67�� #�� A��7 _!+� a �.X {�@ �H K�<�#/� +�N�< ���C�7 ���O ? � �#

+�N- 9�< /D�H ��>:< �- .� /T �N	- M A��7 _�+� a �#

���
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K�
P,*� ����� = ��� ��V�+ W�R ��=

� �� .� /T �N	- �# �$''H �$P _!+� a {�@ �# g � f �L� �
��� �����
� �*� � ∈ R� .� /T �N	- M �# �H #��# #�� α /*7�� E�T<Z �z� ∈ R �L� 9�<

+��� ���C�7 _�+� a ��>7�� � α(�,�) = z� �H A��t �##�L/�

� α(�,�) = z� �H K�'H/� � �*� A��t �� α(x,�) �$47� 23�*4�

∂α

∂x
(x,�) = f(x,�) _2+� a

K�'H/� � �*� �/'* 

α(x,�) = z� +
∫ x

�

f(t,�)dt

1��P �7 �� α(x, y) A� x �- Ǳ�.� �7 �e��

∂α

∂y
(x, y) = g(x, y) _5+� a

i
�+� �
@

K�'H/� � �*� �/'* mK�'H/� � �*�

α(x, y) = α(x,�) +
∫ y

�

g(x, t)dt

= z� +
∫ x

�

f(t,�)dt+
∫ y

�

g(x, t)dt

�# �H K #��Z ��$7 A� α JZ S�� �7 � �$;< E#�&4�� _!+� a .� �)�� ? � �#
E�T<Z �$@�7 ���C�7 _!+� a �L� �H K�'H/� �g#� +∂α/∂y = g � $'H/� �$P _5+� a
��7�x x �- Ǳ�.� �7 �S%>� ? � 1�"x� A��7 +∂α/∂x = f K�@�7 �4@�# E�G*7 /4N �7
y = � Ǳ�.� �7 67�� ? � _2+� a �7 �'7 +K ��L/� �]< �# �� y �→ ∂α

∂x (x, y)−f(x, y) 67��

��I
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��V�+ W�R ��= K�
P,*� ����� = ���

��� /D�H ���� �&P A� y �- Ǳ�.� �7 ��H\� 67�� �K�'H �7�x �
' � A��7 +��� � �7��7
.� ��� 1��"g y �# JZ W4;� ��� +��� � JZ W4;� �H K�-# J�;<

∂�α

∂y∂x
(x, y) =

∂f

∂y
(x, y)

=
∂

∂x

(
∂α

∂y

)
(x, y)− ∂f

∂y
(x, y)

(�)
=

∂y

∂x
(x, y)− ∂f

∂y
(x, y)

(∗∗)
= �

� +��� ��	� J�-�7 �

�K .�#��7 R� �# A$*7�! 6 .�� M /%H ���O �7 /���� ��t �7 �� K �E#��Z J�'H�

Δp =
{
r
∂

∂x

∣∣∣
p

+ s
∂

∂y

∣∣∣
p

+ (rf(p) + sg(p))
∂

∂z

∣∣∣
p

: r, s ∈ R

}
Q��T4<� $%&�'� M N = {(x, y, z) : z = α(x, y)} $�'H R�D +f, g : R� → R �H

c��� K- .�7 p = (a, b, α(a, b)) �# N �7 ��	� A�BD +��� Δ A��7
∂

∂y

∣∣∣
p

+
∂α

∂y
(a, b)

∂

∂z

∣∣∣
p

,
∂

∂x

∣∣∣
p

+
∂α

∂x
(a, b)

∂

∂z

∣∣∣
p

�H $<��# ���C Δp �# /4C� �0'� � /4C� ��	� A�-��#�7 ? � +##�L/� $����

f(a, b, α(a, b)) =
∂α

∂x
(a, b) , g(a, b, α(a, b)) =

∂α

∂y
(a, b) _,+� a

J#�# ���C�7 .� K- .�7 �A� α 67�� ?�'� J�� � A��7 �.X c ��@ J#��Z ��$7 �0
A�E��d<. E�$g�C � _,+� a .� �1��P ? � �# +K�'H/� .�rZ /"�H�� /89 1�:4;�

K ��# �W4;�

∂�α

∂y∂x
(a, b) =

∂f

∂y
(a, b, α(a, b)) +

∂f

∂z
(a, b, α(a, b)).

∂α

∂y
(a, b)

∂�α

∂x∂y
(a, b) =

∂g

∂x
(a, b, α(a, b)) +

∂g

∂z
(a, b, α(a, b)).

∂α

∂y
(a, b)

�7 ��� �#��# ��BO α Q�0d� 67�� J�'s	- JZ �# �� . ��N�< $�&� J�$'� Q���D ? �
K ��# _,+� a .� A��\L�

∂f

∂y
(a, b, α(a, b)) +

∂f

∂z
(a, b, α(a, b)).g(a, b, α(a, b))

=
∂g

∂x
(a, b, α(a, b)).f(a, b, α(a, b))

���
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K�
P,*� ����� = ��� ��V�+ W�R ��=

.� �0<Z S�� �7 �� $''H �$P �0<Z �# g � f /4N �7 �H K�4N- /> ��@ Q�"<# �7 �J�'H�
A� (a, b) �- �# 1X#�*� ? � �H /'*� ? � �7 m#�\T7 Δ Q��T4<� $%&�'� M A��>:< �-
�7 F��*� �.X {�@ �7 �S���� ? � �7 +$@�7 �� α(a, b) �H $'
< /C�D � $'@�7 ���C�7

�K���/� � q p�@

∂f

∂y
+
∂f

∂z
.g =

∂g

∂x
+
∂g

∂x
.f _�+� a

�# +�N�< /D�H {�@ M Gj 	g �X�7 �.X {�@ �9�< /%H ���O ? � �# �H #�@/� �7�x
#�$=� ���� E$@ � �*� R

� �7 �H 67�� M �0'� �7 ��<Z �� #�) �H �N�< A.��< �6C��
�7 67�� n A��7 /89 1�:4;� �7 ��N<��& # 1X#�*� .� /-�T4�# /���7 �7 �#�C mK�'H
67�� M #��� �# /89 1�:4;� �7 ��N<��& # 1X#�*� ��T # 1��"g �7a K�4N- Rm

Rn �# {�:< J��'g �7 �� x � Rm �# {�:< J��'g �7 �� t �� . �� �BC �# +_Rn �7 Rm .�
Dif A��7 ∂f

∂ti .� J���/� f : Rm×Rn → Rk 67�� �- #��� �# �eV mK�'H/� E#�&4��
+#�H E#�&4�� Dm+if A��7 ∂f

∂xi .� �

� ∈ .� A�/T �N	- U �H ���� .�7 U × V ⊆ Rm×Rn K ��L ����� �����
�7 �1��P ? � �# +i = �, · · · ,m �H �$<���	- /*7��� fi : U ×V → R

n � ��� R
m

.� W A�/T �N	- �7 �H #��# #�� α : W → V 67�� M ��H�$O �A� x ∈ V �- Ǳ�.�
�$'H/� �$P � . c7�� � �# � #�@/� � �*� � ∈ Rm⎧⎨⎩ α(�) = x

∂α

∂ti
(t) = fj(t, α(t)) ∀ t ∈W

_3+� a

W�∩ .� A��&���� �7 �W� �7 α� � W� �7 α� $'<�� /*7�� ?�'� �# �- ���W�C# J��7 �7a
.� W A�/T �N	- �# /4C� �0'� � /4C� /*7�� ?�'� _+$<�7��7 ���� � ���@ �H W�

J�'� (�, x) ∈ U×V .� A�/T �N	- �H _��� ���	- ��H#�) ��t �7 �a #��# #�� �
�H $@�7 �4@�# #��

∂fj
∂ti

− ∂fi
∂tj

+
n∑
k=�

∂fj
∂xk

fki −
n∑
k=�

∂fi
∂xk

fkj = � i, j = �, · · · ,m _�+� a

E#�� _�+� a c ��@ ��9� J#�# J�;< +#�@/� �d�4< #�� 1�"x� .� / �4
 23�*4�

? � �L� �H K�-# J�;< ��� /D�H �? ��7�'7 mE$'<��) E�$0g �7 ? �	� J��'g �7 � ���

��!
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��V�+ W�R ��= K�
P,*� ����� = ���

�+�+� E���9L ��"@ 1�"x� +#��# #�� �]< #��� c ��@ �7 /*7�� E�T<Z �$'@�7 ���C�7 c ��@
+JZ A�04<� �# M��H �
;� M �7 ����

�H K�'H � �*� A��t �� α(t,�, · · · ,�) K�-��)/� �$47�{
α(�,�, · · · ,�)
∂α
∂t�

(t,�, · · · ,�) = f�(t,�m · · · ,�, α(t,�, · · · ,�)) _�+� a

/��	*� ��N<��& # ��#�*� ���]'� ? � A��7{
β�(�) = x
β′
�
(t) = f�(t,�, · · · ,�, β�(t))

� �*� |t| > ε� �7 A�- t A��7 �H #��# #�&7 �h='� ��#�*� ? � +K ��L/� �]< �# ��
K�'H/� � �*� +##�L/�

α(t,�, · · · ,�) = β�(t) |t| < ε�

+��� ���C�7 |t| < ε� A��7 _�+� a ��>7�� �1��P ? � �#
�� �#�*� �

∣∣∣t�∣∣∣ < ε� �7 �7�x t� �- A��7 J�'H�{
β�(�) = α(t�,�, · · · ,�)
β′
�
(t) = f�(t�, t,�, · · · ,�, β�(t))

�h='� ^�� �M��H /D�H E�.�$<�7 A�- t Ǳ�.� �7 9�< ��#�*� ? � +K ��L/� �]< �# ��
W�:=� �� � q K
O � ##�L�7 !+!+, �� �BC �7 E$'<��) ��� �.X ��d' � �# +#��# #�&7
A�-^�� �

∣∣∣t�∣∣∣ < ε� �- Ǳ�.� �7 E�T<Z �K�'H ^�n4<� M��H /D�H E�.�$<�7 �� ε� �L� �$�'H
|t| < ε� A��7 M �- �β�(�) = α(t�,�, · · · ,�) �� ���� c ��@ �7 β� A��7 1X#�*�

K�'H/� � �*� �1��P ? � �# +��� (�) A#$g ε� > � �H �$<#�L/� � �*�

α(t�, t,�, · · · ,�) = β�(t) |t�| < ε� , |t| < ε�

K ��# �S���� ? � �7⎧⎪⎪⎨⎪⎪⎩
α(�,�, · · · ,�) = x

∂α

∂t�
(t�, t,�, · · · ,�) = f�(t

�, t,�, · · · ,�, α(t�, t,�, · · · ,�))

|t�| < ε� , |t| < ε�

_�I+� a

K ��# 9�< |t| < ε� �7 t �- Ǳ�.� �7 �|t�| < ε� �7 �7�x t� �- Ǳ�.� �7 �H K�'H/� �g#�

� = g(t) =
∂α

∂t�
(t�, t, · · · ,�)− f�(t

�, t,�, · · · ,�)α(t�, t,�, · · · ,�)_��+� a

��2
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K�
P,*� ����� = ��� ��V�+ W�R ��=

K ��# _�+� a �7 �'7 �H K�'H/� ��� �$47�

g(�) = � _�!+� a

�# �� α ���@ 1���"g ��	- ����#� �# +K�'H/� ���n4�� g′(t) A��7 A���#�*� Q�O
+(t�, t,�, · · · , · · · ,�, α(t�, t,�, · · · ,�)) �# �� fi ���@ 1���"g ��	- � K �E#�H /7� ��$:� (t�, t,�, · · · ,�)

K ��#

g′(t) =
∂�α

∂t�∂t�
− ∂f�
∂t�

−
n∑
k=�

∂f�
∂xk

∂αk

∂t�

(�I+� )
=

∂

∂t�

(
∂α

∂t�

)
− ∂f�
∂t�

−
n∑
k=�

∂f�
∂xk

fk
�

(�I+� )
=

∂f�
∂t�

+
n∑
k=�

∂f�
∂xk

∂αk

∂t�
− ∂f�
∂t�

−
n∑
k=�

∂f�
∂xk

fk
�

_�2+� a

(��+� )
=

∂f�
∂t�

+
n∑
k=�

∂f�
∂xk

(gk(t) + fk
�
)− ∂f�

∂t�
−

n∑
k=�

∂f�
∂xk

fk
�

(∗∗)
=

n∑
k=�

∂f�
∂xk

gk(t)

����� {�@ �- A��7 #�&7 �h='� /7�� �7 ��N<��& # ��#�*� M (�) �� �#�*� �J�'H�
A� t �- Ǳ�.� �7 p�Y� �7 �(�) �# E$@ p�>� g(�) = � �� ���� {�@ �7 ^�� +���

+��� ���# (�) eV +g(t) = �

(∗) �# � #�@/� � �*� (−ε�, ε�)× · · · × (−εn, εn) �7 Gj 	g α �
' � J#�# J�;<
� +��� E#�� /' �	� �$'H/� �$P
A��t �7 �� $<��# Q��T4<� $%&�'� ��-6 .�� 1��P �� �# �
' � �� ���N� !+�+� �� �BC
�# /���� /"%>� ���H\� �� ���N� �j4 �0< � �� u=7 E���@ +$'H/� �O �� A��7 /����

�$-#/� ��N<��& # ���$'- �# A� �BC #���
+$'4N- K�N:� �7�C �4�# �# �7 ���N<��& # ��$'- �# /���� A� �BC .� A���N7
M ���]<a $ ��7 [�V /"��'� ��*Y� �s<�'� �H $' �L/� �� �7 � �BC .� Q�� �̀<
m$<���C�7 9�< �T # c ��@ E�T<Z _$@�7 A��>:< �- .� E$<�\L A�-$%&�'� � . A���# 6 .��
c ��@y �0<Z �7 � �$<�@/� �P�O SH�� /89 1�:4;� J#�# ���C �7��7 �7 c ��@ ? �
m$''H/� ���� �� A��\LK�� ? � ���# �� �BC .� ��# �̀< +#�@/� �4&L zA� \VQ��T4<�
S��'� ��*Y� JZ �7 J$��� A��7 zA� \V��T4<� c ��@y $'-#/� J�;< �H S���� ? � �7

+$'4N- /D�H

��5
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?����.�
� 8
�'(��
P,*� �� �9: X"�U�� �� �
Y* $�= K�
P,*� ����� = ���

�K �@/� #��� �-u=7 �<�L ? � �7 ��7 Q�� A��7 �� �H �u=7 A$*7 A�-�	NC �#
�$-#/� J�;< �� ��N<��& # ��$'- A� �BC #��� �# A��K0� S��>�

A� \VQ��T4<� c ��@ p�@ A��7 /Y�	C� �7�C ��r Q�O ?�g �# � S�� ��t �;�	-
u=7 �# /89 1�:4;� ��0� �<�L }�- ��0<Z � �&H 1�"x� �# �H A�=< �7 �#��# #��

+�N�< �.X ��

?��
�-�� 8��VW���N�2� �� �9: ������ �� ��X2 &!=

M S���� �7 ���	- A��#�7 A�-J�$�� Y � X � �$@�7 ���	- /*7�� f : M → N �L�
A� p ∈ M �- Ǳ�.� �7 �H $'4N- OA��� −f Y � X K�8�L/� /���P �# $'@�7 N �

E�T<Z �$@�7 ���	- /*7�� g : N → R �L� +f∗p(Xp) = Yf(p)

Yf(p)(g) = f∗pXp(g) = Xp(g ◦ f)

? ��7�'7

(Yg) ◦ f = X(f ◦ g)

Y � X E�T<Z �$@�7 ���C�7 ���	- g : N → R 67��� ��	- A��7 ? � �L� �e
*��7
+$'4N- c"���−f

A�T # A��#�7 J�$�� }�- �7 ��� ?
	� X A��#�7 J�$�� M ��� ?
	� ��4"��
�7 M �7 X R��&� A��#�7 J�$�� M �H #��$< /��9� �E�Gg �7 +$@�"< c"���−f Y
��� ?
	� ���O M �# ��)� ���O +$@�7 c"���−f M �7 �T # A��#�7 J�$�� M 

�$@�7 Q�=�

?@�	 � f �H A��t ���� ���	- /*7�� f : M → N K ��L �
��� �����
M E�T<Z �$@�7 Yf(p) ∈ fp∗(TpM) �7 N �7 ���	- A��#�7 J�$�� Y �L� +$@�7/�

+��� c"���−f Y �7 �H #��# #�� M �7 X ���	- A��#�7 J�$��

Yf(p) ∈ �H K�'H � �*� TpM .� / �4
 �h'g $ �7 �� Xp �H ��� ?@�� 23�*4�
E�T4�# �K�'H/� E#�&4�� _! �	NCa 2+,+! �� �BC .� �X A���	- 1�"x� A��7 +fp∗Xp

�H $<��# #�� J�'� f(p) ∈ N Q�O (y, V ) 9�< � p ∈M Q�O (x, U) /��h4n�

y ◦ f ◦ x−�(a�, · · · , an) = (a�, · · · , an,�, · · · ,�)

��,
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K�
P,*� ����� = ��� ?����.� 
� 8
�'(��
P,*� �� �9: X"�U�� �� �
Y* $�=

/4N �7 �1��P ? � �# �H #�@/� �]OG� /L#�� �7

fp∗

(
∂

∂xi

∣∣∣
p

)
=

∂

∂yi
|f(p)

�# �H �X =
n∑
i=�

βi
∂

∂xi
E�T<Z �$<���	- 67��� �- αi �H �Y =

n∑
i=�

αi
∂

∂yi
�L� �? ��7�'7

� +_2 �� ���N�a $<���	- 9�< βi 67��� �H $'H/� ^�d � ? � +αi ◦ f = βi JZ
�K�'H/� p�>� �� J#�7 c"���−f ��P�) � �4	0� �Gj  q

1��P ? � �# +i = �,� �H �$'@�7 c"���−f Yi � Xi �L� �
��� �����
+��� c"���−f [Y�, Y�] �7 [X�, X�]

E�T<Z �$@�7 ���	- g : N → R �L� 23�*4�

(Yi g) ◦ f = Xi(g ◦ f) i = �,� _�5+� a

K ��# ��d�4< �#

{[Y�, Y�]g} ◦ f = {Y�(Y�g)} ◦ f − {Y�(Y�g)} ◦ f

= X�([Y�g] ◦ f)−X�([Y�g] ◦ f)

E�T<Z �K�'H R�g Y�g e�� � Y�g �7 �� g �
' � � (�) �7 �'7

_�5+� )
= X�(X�(g ◦ f))−X�(X�(g ◦ f))

= [X�, X�](g ◦ f)

� +��� ��	� J�-�7 �
A��#�7 J�$�� K�8�L/� /���P �# +K ��L/� �]< �# �� Δ A$*7−k 6 .�� M Q�O
Q��T4<� $%&�'� M N $�'H R�D +Xp ∈ Δp �- p ��	- Ǳ�.� �7 �H ��� M�"�� Δ �7 X
A��#�7 J�$�� �# Y � X �L� +$@�7/� JZ A��4O� �@�T< i : N ↪→ M � ���� Δ

X̃p, Ỹp ∈ TpN #�&7 �h='� �P�'g �- p ∈ N ��	- Ǳ�.� �7 E�T<Z �$'@�7 Δ �7 W%*4�
�H $<��# #�� A��<�L �7

Xp = i∗ X̃p Yp = i∗ Ỹp

$-#/� J�;< �+!+� E���9L +$'4>"���−i 9�< Ỹ � Y c"���−f X̃ � X ��T # J��7 �7
�H $-#/� J�;< 9�< !+!+� E���9L � �$'4N- N �7 ���	- A��#�7 A�-J�$�� Ỹ � X̃ �H

���
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P,*� �� �9: X"�U�� �� �
Y* $�= K�
P,*� ����� = ���

[X̃, Ỹ ]p ∈ �d' � �# +i∗[X̃, Ỹ ]p = [X,Y ]p /'* +$'@�7/� c"���−i[X,Y ] � [X̃, Ỹ ]

A��7 /���T4<� $%&�'� �L� e
*��7 +[X,Y ]p ∈ Δp K ��# �̀	d� �# �? ��7�'7 mTPN
+��� W%*4� Δ �7 9�< [X,Y ] E�T<Z #�\T7 E��n�# p �- .� �H $@�7 �4@�# #�� Δ

1��P �7 �H R� �# Δ 6 .�� �7 A��]=� A��7

Δp =
{
r
∂

∂x

∣∣∣
p

+ s
∂

∂y

∣∣∣
p

+ (rf(p) + sg(p))
∂

∂z

∣∣∣
p

: r, s ∈ R

}
A��#�7 A�-J�$�� +K #�L/��7 �$@ p�>�

X =
∂

∂x
+ f

∂

∂z
Y =

∂

∂y
+ y

∂

∂z

�H K�'H/� �]OG� ��!� ��=&P �# Q���D M	H �7 +$':%*4� Δ �7

[X,Y ] =
{
∂y

∂x
− ∂f

∂y
+ f

∂y

∂z
− g

∂f

∂z

}
.
∂

∂z

J�	- ���# ? � �H �$@�7 �&P ∂/∂z �;V 1��"g �H ��� W%*4� Δ �7 /4C� �0'� ? �
E��n�# ��>:< �- .� E$''H ��"g Q��T4<� $%&�'� A���# Δ JZ /t �H Δ �7 ��� /t�@

+���
[X,Y ] �Δ �7 W%*4� Y � X �- Ǳ�.� �7 �H K�8�L �	
F(��)�� �� Δ /���P �# ��H�#

�#�	< W�:=� J���/� /L#�� �7 S%r� �� {�@ ? � +$@�7 W%*4� Δ �7 9�<

$���� p .� U /T �N	- M �# �� Δ 6 .�� Xk � · · · �X� �L� �
��� �����
�7 />) /"�H�� [Xi, Xj] �H ��� � \VQ��T4<� U �7 Δ /4C� �0'� � /4C� E�T<Z �$''H

�
@

[Xi, Xj ] =
k∑

α=�

Cαij Xα

+$@�7 Cαij ���	- S ��Y �7

� /4C� E�T<Z �$''H $���� p .� U /T �N	- �# �� Δ 6 .�� Xk � · · · �X� �L� 23�*4�
�
@ �7 />) /"�H�� �- [Xi, Xj ] .� M �- �H ��� � \VQ��T4<� U �7 Δ /4C� �0'�

[Xi, Xj ] =
k∑

α=�

Cαij Xα

+$<���	- /*7��� �- Cαij �H �$'@�7

��3
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P,*� �� �9: X"�U�� �� �
Y* $�=

Ǳ�.� �7 �� . �$<��# #�� /*7��� ?�'� E�T<Z �$@�7 � \VQ��T4<� Δ �H� �p�Y� �7 23�*4�
+##�L/� $���� �- Xα(q) c��� Δq � ��� W%*4� Δq �7 [Xi, Xj ]q A� q ∈ U �-
�$'@�7 W%*4� Δ �7 Y � X �L� +$'@�7 �4@�# #�� /*7��� ?�'� �K�'H R�D �e
*��7

K�N �'7 K�<���/� p�Y� �7

X =
k∑
i=�

fiXi , Y =
k∑
j=�

gjXj

[fiXi, gjXj ] .� M �- W%*� ��� /D�H Δ �7 [X,Y ] W%*� 1�"x� A��7 �H ��� ?@��
J�� +K ��T7 �]< �# �<�L�$ ��t �7 ��

[f X, g Y ] = fg[X,Y ] + f(Xg)Y − g(Y f)X

� +�N- 9�< [f X, g Y ] E�T<Z �$'@�7 W%*4� Δ �7 [X,Y ] � Y �X �L� �eV
!+�+� �� �BC �7 ��BC ? � +K ��# �� /%P� �� �BC bt A��7 �.X /L#��Z J�'H�
���� +_3 �� ���N�a #�H ���n4�� J���/� JZ .� �� !+�+� �� �BC �6C�� �# m��� Q#�*�

+��� 1��&4� �j���� JZ 1�"x�

Δ K ��L ��,-� .#� /0#�1�2- 34 53�67,�38��� �� ���� ���� �����
E�T4�# M �p ∈ M �- Ǳ�.� �7 +��� M �7 ���	- � � \VQ��T4<� �A$*7−k 6 .��

�7 (x, U) /��h4n�

x(p) = � , x(U) = (−ε; ε)× · · · × (−ε, ε)

��g�	d� �
∣∣∣ai∣∣∣ < ε � an � · · · �ak+� �- Ǳ�.� �7 �H #��# #�� J�'�

{q ∈ U ; xk+�(q) = ak+�, · · · , an(q) = an}

� +��� Δ Q��T4<� $%&�'� M 
+��� W%*4� �-�g�	d� ? � .� /
 �7 �U �7 Δ .� Q��T4<� $%&�'� �- $ $=�

K�<���/� �E�Gg �7 +p = � � K�4N- Rn �# K�'H R�D K�<���/� �H ��� ?@�� 23�*4�
c��� Δ� ⊆ T�Rn �H K�'H R�D

∂

∂t�

∣∣∣
�

, · · · , ∂

∂tk

∣∣∣
�

? � �# +��� ���g k ?���� A��7 � �h� π : Rn → Rk K ��L +##�L/� $����
Ǳ�.� �7 π∗ �/T4���V R�D �7 �'7 +��� KN�D����9 � π∗ : Δ� → T�Rk 1��P

���
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�G�
� �� �
Y* &�= K�
P,*� ����� = ���

�h='� A�-��#�7 � /
 #9< �# �? ��7�'7 +��� M �7 M Δq �7 � M #9< A�- q
�H K�'H ^�n4<� K�<���/� A��t �� X�(q), · · · , xk(q) ∈ Δq #�&7

π∗Xi(q) =
∂

∂ti

∣∣∣
π(q)

i = �, · · · , k

_Rk �7a ∂∂ti � _� ∈ Rn .� A�/T �N	- �7a Xi A��#�7 A�-J�$�� �1��P ? � �#
K ��# �!+!+� E���9L �7 �'7 +$'4N- c"���−π K- �7

π∗Xi(q) = ∂ =
[
∂

∂ti
,
∂

∂tj

]
π(q)

= �

[Xi, Xj ] = � ? ��7�'7 +��� M �7 M Δq �7 Δ � [Xi, Xj ]q ∈ Δq R�D �7 �'7 ����
�H #��# #�� J�'� π /��h4n� E�T4�# M ��I+5+, �� �BC

Xi =
∂

∂xi
i = �, · · · , k

A�-$%&�'� {q ∈ U ; xk+�(q) = ak+�, · · · , an(q) = an} A�-�g�	d� �p�Y� �7
�i = �, · · · , k �H ∂/∂xi = Xi c��� �0<Z �7 ��	� A�-��#�7 �� . �$'4N- Δ Q��T4<�

+$<#�L/� $����
i : N ↪→ U � ��� E$@ $ $=� U �7 �H $@�7 Δ .� A$'"	- Q��T4<� $%&�'� N �L�
�]< �# �� k + � ≤ m ≤ n �7 d(xm ◦ i) A�-��N<��& # �$@�7 JZ A��4O� �@�T<

K ��# TqN .� Xq ��	� ��#�7 �- Ǳ�.� �7 +K ��L/�

d(xm ◦ i)(Xq) = Xq(xm ◦ i) = i∗Xq(xm) = �

�? ��7�'7 +##�L/� $���� i = �, · · · , k �7 A�- ∂/∂xi
∣∣∣q c��� Δq �H �i∗Xq ∈ Δq �� .

� +��� �7�x N $'"	- Q��T4<� $%&�'� �7 xm ◦ i JZ S�� � �H �d(xm ◦ i) = �

��E�� �� ��X2 )!=

M �L� �K�'H/� p�>� ��L��D ��
O� �4:D�� J��7 ��]'� �7 �� � q p�@ �7 /OG>P�
/���P �# �� M .� N _$'"	- ��r S%r� �a A$*7−k $%&�'� � . �$@�7 ���	- A$%&�'�
A$'"	- A��&����a �# M .� �>:< �- �H K�8�L M .� _A$"'L �7 �/'*� �7a �?;���D
�7 (x, U) 1�h4n� E�T4�# M �p ∈ M �>:< �- #�L � �$@�7 �4@�# ���C N _.�
N ∩ U A$'"	- A�-�&��� �� �H ##�L �D� J�'� x(U) = (−ε; ε)× · · · × (−ε; ε)

���
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K�
P,*� ����� = ��� 
�G�
� �� �
Y* &�=

N A$'"	- ��&���� �- +$'@�7 3+� �
@ .� _���a �	NC �# 1��P �7 / �-�g�	d�
+K�8�L/� N A$"'L�7 .� �x�% M ��

i 3+� �
@

A$"'L�7 .� ��7 M �7 N ∩ U .� �9d� A$'"	- ��&���� �# #��# J�
�� �H #�@ ���
+$'@�7 W%*4�

+��� M �7 A$*7 −k � ���	- �� \VQ��T4<� 6 .�� M Δ K ��L ����� �����
.� A$'"	- ��&���� �-a +��� A$"'L�7 Δ Q��T4<� A�-$%&�'� c��� M �1��P ? � �#

+_K���</� Δ Q�	�NH�� Q��T4<� $%&�'� ��� JZ

A�-E�T4�# .� A����"<# �7 �� M �H ##�L/� �]OG� ZZ �� �BC .� E#�&4�� �7 23�*4�
�- #��� �# +K�-# [@�V K�<���/� 5+!+� �� �BC c ��@ �# �#�P (xi, Ui) /��h4n�
{q ∈ U ; xk+�(q) = �
@ �7 A�-�g�	d� .� M �- �(x, U) �/��h4n� E�T4�# ?�'�
Q�	4O� �H #�@ ��� +K���</� U .� � B	��% _a�%a M �� ak+�, · · · , an(q) = an}
S∩Uj ��� +$'H 6>C �
 ��7 M .� [�7 �# �� Uj ��g�	d� �S ��� Ui .� A��
 ��7 #��#
A��
 ��7 �# JZ .� A$'"	- ��&���� �- � �#��# A$'"	- ��&���� ���	@ A#�$*� �7 ��H�$O
�7 ��H�$O �# S ∩ Uj ��d�4< �# +#��# ���C _5+!+� �� �BC �7 �'7a Uj .� (�h) �7

+_#�@ ��� 3+� �
@ .� _^a �	NC �7a #��# ���C Uj .� �
 ��7 ���	@ A#�$*�
^�n4<� p ∈ U� �7 (x�, U�) /��h4n� /-�T4�# �R� �&� p ∈ M �- Ǳ�.� �7
�� Ui .� S ��
 ��7 +#��#�7 �# �� p �H $@�7 U� .� A��
 ��7 S� K�'H/� R�D � E#�	<
�0<Z �7 ���'4� � � = i�, i, · · · i� = � ��]< A����"<# �H K�8�L p �7 �<�� /���P �#

�H ##�L �D� A��<�L �7 S� = Si� , Si� , · · ·Si� = S �7 A�-�
 ��7 .� A����"<#

Siα ∩ Siα+�
�= φ α = �, · · · , �− �

R��&� �� ��"<# �- �7 ��]< S��'� A�-�
 ��7 .� A�-���"<# ���	@ A#�$*� �7 ��H�$O J��
#�� A#�$g� A�-���"<# ?�'� .� ���	@ A#�$*� �7 ��H�$O 9�< � #��# #�� i�, · · · , i�

!II
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�G�
� �� �
Y* &�= K�
P,*� ����� = ���

M	H �7 �J�'H� +#��# #�� p �7 �h4� ��
 ��7 �7 ���	@ A#�$*� ��H�$O �? ��7�'7 �#��#
M .� A$%&�'� � . �/ �-�
 ��7 ?�'� ��	- `�	4� �H �K�'H/� �]OG� ��2 �� ���N�
+$<�7��7 Gj ��H �
' � � � $'4N- �9d� ��]< A�-`�	4� � �q �= p �- Ǳ�.� �7 +���
��	- .� �9d� /g�	4� �7 M ��j4d�4< +$'4N- �9d� K- .� Gj ��H / �-`�	4� ?�'� eV
A$%&�'� ��9d� `�	4� ? � �H ��� ?@� � m��� E$@ A$"'L�7 / �-$%&�'� � . ?�'�
� +$@�7/� Δ .� Q��T4<�

Q��T4<� $%&�'� �Q��T4<� A�-$%&�'� `�	4� �
' � �7 ��� �7 �������� �����
Q��T4<� $%&�'� .� zQ��T4<� A�-$%&�'�y A� �7 ZZ �� �BC 1��P �# J���/� ����

+�&L ?n�
�.X �� . �#�@/� K- ��E#�� 1�"x� �K�<�$7 .�d� �� � \V�< �4� A�-$%&�'� �s<�'�
��� /D�H � �K�7��7 ��7 �- A��7 /��h4n� A�-E�T4�# .� ���	@ /g�	4� �N�<
�-��7 ��	- JZ �7 ?"N< �H A�Af���V�� ? �4
��H 1��P �7 �� A$"'L�7 Af���V��
�# �6C�� �# +�N�< ���# A$*7 S��>� ���O ? � �# ��4"�� +K�'H � �*� �$<.�7
�4	H $*7 �7 $'"	- $%&�'� � . c��� ��� E$@ p�>� A� \V�< �4� $%&�'� ���� ��	�	Y

+��� E$@ A$"'L�7
��BC 1�"x� �# E$@ ��P�� �̀< .� /��h4n� /-�T4�# (x, U) �L� �H #�@ ���
W%*4� $O�� ��7 M �7 U A�-�
 ��7 .� #�$*� � �0</7 ��� ?
	� E�T<Z �$@�7
���	@�< /g�	4� ��7 �1��P ? � ��r �# m��� ���	@ ��H�$O #�$*� ? � ��4"�� +$'@�7
.� E#�&4�� J�
�� ��� ? � +��� ?
	� ��r �H �$@ $-��) �9d� .�7 A�-�g�	d� .�

+$-#/� �� �7 �� ! �hD .� A�E��9L

i
�+� �
@

�n;� A$"'L�7 .� ��7 M M� � ���	- A$%&�'� M K ��L ����� �����
/*7�� f : P → M � ��� A�T # ���	- $%&�'� P K ��L +$@�7 Δ 6 .�� c��� E$@
M� A�47 P .� /4@�T< J��'g �7 f 1��P ? � �# +$@�7/� f(p) ⊆ M� �7 ���	-

+��� ���	-

!I�
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K�
P,*� ����� = ��� ����
%� 5�=

M� A�47 /4@�T< J��'g �7 f �H K�-# J�;< ��� /D�H 5+,+! E���9L W"t �7 23�*4�
J�'� f(p) Q�O (x, U) /��h4n� /-�T4�# �R� �&� p ∈ P �- Ǳ�.� �7 +��� �4���V

A�-�
 ��7 �H K�'H/� ^�n4<�

{q ∈ U ; xk+�(q) = ak+�, · · · , an(q) = an}

i �+� �
@

� ���� �4���V M A�47 /4@�T< J��'g �7 f �J�'H� +$'@�7 Δ Q��T4<� A�-$%&�'�
+K ��T7 K�<���/� $'"	- �� W m#��T</� U A�47 �� p .� A� W /T �N	- f ? ��7�'7
xi ◦ f E�T<Z �xi(f(p′)) �= ai A� p′ ∈ W M Ǳ�.� �7 �L� �k + � ≤ i ≤ n Ǳ�.� �7
/'*� J�$7 ? � +$'H ���4)� _/T4���V �7 �'7a �� xi(f(p′)) � ai ?�7 � #�:� ��	� /4N �7
f(W ) ⊆ M� �H ��*C�� ? � �7 �H #��#�7 �# �
 ��7 ���	@�< #�$*� �7 f(W ) �H ���
f(W ) ��T # J��7 �7 +xi(f(p′)) = ai A� p′ ∈W �- Ǳ�.� �7 �j4d�4< +$@�7/� #�B� �#
f �H #.��/� ?@�� ? � +��� ���@ �� p �H #��# ���C U .� (�h) �7 A��
 ��7 �#
� +$@�7/� �4���V M� A�47 /4@�T< J��'g �7

'�
��(� 5!=

ζ′ = π′ : � ���� A��=&P−n FGH M ζ = π : E → B K ��L _��� +�
i : E′ ↪→ E �L� +E′ ⊂ E �H A��t ���� A��=&P−k FGH M E′ → B

�� ζ′ /���P �# �$@�7 /<�	- �@�T< IdB : B → B � E#�7 A�4O� �@�T<
6 .�� �- �H $�-# J�;< +$@�7 /DGH �@�T< (i, IdB) �H K�8�L ζ ��� �	3

+$@�7/� TM .� FGH � . M ���# M �7 A$*7−k
���	- FGH � . �M ���	- $%&�'� A� � ζ′ � ζ ���	- A�-FGH #��� �# _^
��� ���	- /4C� �0'� � /4C� A$*7−k 6 .�� �- �H $�-# J�;< � E#�	< � �*�

+$@�7 ���	- /DGH � . �H

!I!
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����
%� 5�= K�
P,*� ����� = ���

^�n4<� M��H /D�H E�.�$<� �7 #��� �# A�g#� �!+�+� �� �BC 1�"x� #��� �# _�� +!
+$�'H /�� �7 �� ε� J#�H

+$�'H ��	
� �� ��BC / �4
 �	NC 1�"x� _^

+f∗
( ∂

∂xi

∣∣∣
p

)
=

∂

∂yi

∣∣∣
p

�H $�-# J�;< �+!+� E���9L 1�"x� �# _��� +2

�Y =
n∑
i=�

αi
∂

∂yi
�L� �H $�-# J�;< � E#�H ��	
� �� �+!+� E���9L 1�"x� _^

+$<���	- βi 67��� � αi ◦ f = βi �H X =
n∑
i=�

βi
∂

∂xi
E�T<Z

+$<���	- /T	- Cαij 67��� �H $�-# J�;< 2+!+� E���9L 1�"x� �# +5

dh � · · · �d� S���� �7 $*7 �7 M �7 � \V Q��T4<� A�-6 .�� Δh � · · · �Δ� K ��L +,
+TpM = (Δ�) ⊕ · · · ⊕ (Δh)p A� p ∈ M �- Ǳ�.� �7 �H $�'H R�D +$'4N-
#�� A��t (x, U) /��h4n� E�T4�# M A��>:< �- #�L �# �H $�-# J�;<

+· · · � ##�L/� $���� ∂

∂d�
� · · · � ∂

∂x�
c��� Δ� �H #��#

��>7�Y �7 _x � t 1�h4n� �7a Rm × Rn �# Δ 6 .�� ?4D�L �]< �# �7 +�

Δp =

{
m∑
i=�

ri
∂

∂ti

∣∣∣
p

+
m∑
k=�

( m∑
i=�

ri fki (p)
) ∂

∂xk

∣∣∣
p

: r ∈ R
m

}

x �7 fj /4C� /4O �H $�'H ��� +$ ��T7 �d�4< 5+!+� .� �� !+�+� �� �BC
�
@ �7 1X#�*� /'* �#��$< /T4N7

∂α/∂tj(t) = fj(t)

�K�'H/	< ��H Rm×Rn �# E�Ts�- �$'4N- ∂fj
∂ti

=
∂fi
∂tj

A� \VQ��T4<� c ��@ �7 �
$ $ �:4N� A�-���4� .� E#�&4�� $'D�� �7 ? � +K�-#/� ��d<� Rm �# �
%7

+��� {�7��

��N<��& # 1X#�*� p�t M	'H �7 !+�+� �� �BC 1�"x� A��7 �T # /@�� ����N� ? � +3
E$<�\L {�>) #�$4�� �# /��	*� 1X#�*� �7 �-JZ � $"� � /89 �%:4;� �7
���N7 �H #�7 ! �hD .� 3 [n7 �# /07�;� M�'
� +$'H/� K-��D �Ǳ�$"� .�

+��� ��	-��7

!I2
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K�
P,*� ����� = ��� ����
%� 5�=

J�;< �α(ut) = β(u, t) #�@ R�D β : [�; ε)×W → V /*7�� Ǳ�.� �7 �L� _���
E�T4�# �# /4N �7 β $�-#

∂β

∂u
(u, t) =

m∑
j=�

tj .fj(ut, β(u, t)) β(�, t) = x

�7 ��#�*� J��a #�H �O J���/� �� /�X#�*� ?�'� �H K�<�#/� +$'H �$P
/���7 ��� �.X +_K ��# .��< ,�, �� ���N� �7 �#��# /T4N7 t ∈ Rm �4����V

+$'H ��H �- t ∈W ��	- A��7 �H #�	< ^�n4<� J���/� J�'� A� ε �H #�@

��#�*� M �# 67�� �# �- �H $�-# J�;<a +β(u, vt) = β(uv, t) $�-# J�;< _^
/
 9�D �# �- A.�rZ {�@ �H �$''H/� �$P u .� /*7��� J��'g �7 ��N<��& #

+ε = � �H K�'H R�D K�<���/� W J$�;H �7 _+���

�H $ ��T7 �d�4< _�

∂β

∂tj
(v, t) = v.

∂β

∂ti
(�, vt)

v.fj(vt, β(v, t)) � ∂β
∂tj (v, t) �H $�-# J�;< f �7 A� \VQ��T4<� {�@ M	H �7 _#

E#�&4�� _�a .� +$''H/� �$P A$O�� ��N<��& # ��#�*� �# v .� /*7��� J��'g �7
+$<�/
 67�� �# ? � �H $�-# J�;< � E#�H

α $�-# J�;< +α(vt) = β(v, t) �H #�@ ��� +α(t) = β(�, t) $�'H � �*� _-
+$'H/� �$P �]< #��� �� �#�*� �#

f : K ��L +$-#/� o.��Z �� c%4n� 9���<Z (�h) �# /"��>� ����N� ? � +�
1��P �7 �� C × C �# /��h4n� 67��� �L� +��� c%4n� /%�%=� C × C → C
�/@�H 1X#�*� �# f = u, iv E�T<Z �K�-# J�;< (z�, z�) = (x�, y�, x�, y�)

$'H/� �$P J�	 �

∂u

∂xi
=

∂v

∂yi

∂u

∂yi
= − ∂v

∂xi
i = �,�

1X#�*� �H $�'H �7�x !+�+� �� �BC M	H �7

∂α�

∂x
= u(x, y, α�(x, y), α�(x, y)) =

∂α�

∂y

∂α�

∂x
= v(x, y, α�(x, y), α�(x, y)) = −∂α

�

∂y

!I5
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P,*� ����� = ���

� �#�	< �O J���/� _z� ∈ C �T # ��>:< �- � a � ∈ C .� A�/T �N	- �# ��
��N<��& # ��#�*� �H $ ��T7 �d�4<

ϕ′(z) = f(z, ϕ(z))

ϕ(z�) = �� ���� {�@ �H �#��# ^�� z� .� A� /T �N	- �# _c%4n� W4;� /'* �Ha
+$@�7/� E��n�# w�
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 ����
��� *
�

�# +K .�#���� �0<Z .� /P�h) �7 �̀< �7 � �E$��< ��� A��N<�� A�-J�$�� �7 �j#$d�
+K ��# .��< A�4;�7 A�" 1��$:� �7 �4��� ? �

�-��
� ,-���  !>

/���P �# �� t ∈ T k(V ) �h'g +��� R A�� A$*7−n A��#�7 A�BD M V K ��L
E�T<Z �vi = vj K�@�7 �4@�# i �= j �7 j � i M Ǳ�.� �7 �L� �H K�8�L 0%#���

T (v�, · · · , vi, · · · , vj , · · · , vk) = �

A� vk � · · · �v� �- Ǳ�.� �7 E�T<Z �$@�7 /7��'� T �L�

� = (v�, · · · , vi + vj , · · · , vi + vj , · · · , vk)

= T (v�, · · · , vi, · · · , vi, · · · , vk) + T (v�, · · · , vi, · · · , vj , · · · , vk)

+T (v�, · · · , vj , · · · , vi, · · · , vk) + T (v�, · · · , vj , · · · , vi, · · · , vk)

= �+ T (v�, · · · , vi, · · · , vj , · · · , vk) + T (v�, · · · , vj , · · · , vi, · · · , vk) + �

���� �� &��9�� T �? ��7�'7

T (v�, · · · , vi, · · · , vj , · · · , vk) = −T (v�, · · · , vj , · · · , vi, · · · , vk)

!I3
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���O �# S%>� ? �� +#�7 $-��) 9�< /<���< T E�T<Z �$@�7 �H J��:4� T �L� ��4"��
m�N�< ���# S%>� ? � ��+� = � �H /<�$�� A� � A��#�7 A�BD M .� /P�)
A�'*� �7 /<���< {�@ � ���� J#�7 �H J��:4� /'*� �7 J#�7 J��:4� ���O ? � �#

�+$ �9D�/� JZ
?@�� +K�-#/� J�;< Ωk(V ) #�	< �7 �� /<���< A�- T ∈ T k(V ) ��	- �-�g�	d�
f : V →W �L� �E�Gg �7 +$@�7/� T k(V ) .� / �BD� . Ωk(V ) ⊆ T k(V ) �H ���
m$'H/� �&O �� �-�BD � . ? � f∗ : T k(W ) → T k(V ) E�T<Z �$@�7 />) /% $"�
�\� � �Ω�(V ) = T �(V ) = V ∗ ��H $�'H ��� +f∗ : Ωk(W ) → Ωk(V ) �/'* 
+Ω�(V ) = T �(V ) �H #�@ R�D ��� ����� �E�Gg �7 +��� n $*7 �7 Ω�(V )

/��O �# ���� � �*�o�) k〉� A��7 Ωk(V ) $*7 �H ��� ?@�� ��Y�O Q�O �#
det ∈ T n(R)n J�'����# 67�� �/<���< ��N<�� ? �4D� �*� +K�<�#/	< ��<Z ��$:� �H
+##�L � �*� e ���� M �>� n .� /*7�� 1��P �7 ��<Z �
<Z �7 {��;� �$@�7/�
.� A���N7 �# +��� /<���< 67�� ? ��/%H �A��"*� �7 �67�� ? � �H $ # K�-��) A#�97
67�� �# �- #�@/� E#�# J�;< �H ��� ? � �$C ?���� �J�'����# ��0&� p�t �# �0;@�H
�7 e�� +dimΩn(Rn) ≤ � �T # J��7 �7 m$'"	- .� /7�B� �Rn �7 /<���< />)−n
V �L� ��4"��a +Ωn(R)n = � �H #�@/� E#�# J�;< det �&P ��r 67�� /%	g �)��
�)�� �Xj �	*� _+dimΩn(V ) = � K- .�7 E�T<Z �$@�7 E��n�# n $*7 �7 A��#�7 A�BD

+��� � q �# p� �@ o� � .� /P�) ���O �H ��� /= �P Q���D �7 det

/*7�� u ∈ Sk .� �Bg �- m��� {�, · · · , k} A�-�;T � ��	- ��g�	d� Sk K ��L
_/8��@� �̀< �- .�a E��n�# /8��−k M (v�, · · · , vk) �L� +i �→ u(i) / ���# ���

K�'H/� � �*� �$@�7

σ.(v�, · · · , vk) = (vσ(�), · · · , vσ(k))

?��� σ(�) ����� �	� ��  Z�# ?���� ���	��/D +#��# [4)�� �# /��07� �� �*� ? �
�4@�# E$;< S��� k � · · · �� A�-e $<� M	H �7 �� �- v �s<�'� +��� �- vi .� �h'g
σ.(v�, v�, v�, · · ·) ��P�� A��7 E�� M +��� /'*�/7 σ(�) .� ?4&T'n� �K�@�7
� �*� ����#� �# +· · · � w� = v� �w� = v� �w� = v� K�'H R�D m��� ?�'�

K�'H/�

σ.(ρ.(v�, · · · , vk)) = σ.(w�, · · · , wk)

= (vρ(σ(�)), · · · , vρ(σ(k))) (wα = vρ(α) �� .)

!I�
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K ��# �d�4< �#

σ.(ρ.(v�, · · · , vk)) = (ρσ).(v�, · · · , vk) _�+3 a

1��P �7 �� zT J���<y �R� �&� T ∈ T k(v) �- Ǳ�.� �7 �Q�O

Alt T :=
�

k!

∑
σ∈Sk

sgnσ.T ◦ σ

�T # J��7 �7 +K�'H/� � �*�

Alt T (v�, · · · , vk) =
�

k!

∑
σ∈Sk

sgnσ.T (vσ(�), · · · , vσ(k))

K ��# �σ J#�7 #�D 1��P �# � $@�7 ��. �;T � σ �L� ���� +� �7��7 sgnσ �H
+sgnσ = −�

+Alt(T ) ∈ Ωk(V ) E�T<Z �T ∈ T k(V ) �L� _� �
��� ����%
+Altω = ω E�T<Z �ω ∈ Ωk(V ) �L� _!

+Alt(Alt(T )) = Alt(T ) E�T<Z �T ∈ T k(V ) �L� _2

Q��T4<� � ��N<��& # ^�NO ^�4H .� 3� � 3� 1�=&P �7 � a E$'<��) E�$0g �7 23�*4�
� +_#�@ ��� �-�'�	) �7

8�@�E Y�� &!>

1��P �7 �� ω ∧ η ∈ Ωk+�(V ) �h'g �η ∈ Ω�(V ) � ω ∈ Ω(V ) Ǳ�.� �7 �Q�O

ω ∧ η =
(k + �)i

k!�!
Alt(ω ⊗ η)

�j$*7 ��� +$��/� �]< �7 #���/7 Xj �	4O� �K �E#�H �D�Y� �H /" �Y +K�'H/� � �*�
+$@ $-��) E#�# J�;< JZ /;n7#��

�H ��� ?@��

���� />) �# ∧ A�E�L ^�Y _�

(ω� + ω�) ∧ η = ω� ∧ η + ω� ∧ η

ω ∧ (η� + η�) = ω ∧ η� + ω ∧ η�
aω ∧ η = ω ∧ aη = a(ω ∧ η)

!I�
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+f∗(ω ∧ η) = f∗ω ∧ f∗η _!

+ω ∧ η = (−�)k�η = (−�)k�η ∧ ω ���� / �d7��< � #�V ∧ A�E�L ^�Y _2
+ω ∧ ω = � E�T<Z �$@�7 #�D k �L� Ek � �7

+##�L/� 1�"x� � . K
O �# A�E�L ^�Y A� \V�H�@ �E�Gg �7

E�T<Z �Alt(S) = � � T ∈ T �(V ) � S ∈ T k(V ) _� ����� ����%
Alt(S ⊗ T ) = Alt(T ⊗ S) = �

Alt(Alt(ω ⊗ η)⊗ θ) = Alt(ω ⊗ η ⊗ θ) = Alt(ω ⊗Alt(η ⊗ θ)) _!
E�T<Z �θ ∈ Ωm(V ) � η ∈ Ω�(V ) �ω ∈ Ωk(V ) �L� _2

(ω ∧ η) ∧ θ = ω ∧ (η ∧ θ) =
(k + �+m)!

k!�!m!
Alt(ω ⊗ η ⊗ θ)

K ��# _� 23�*4�

(k + �)! Alt(S ⊗ T )(v�, · · · , vk+�) =

=
∑

J∈Sk+�

sgnσ.(S ⊗ T ).(σ.(v�, · · · , vk+�))

=
∑

J∈Sk+�

sgnσ.S(vσ(�), · · · , vσ(k+�))

�7�x �� k+ � � · · · �k+� �H ��� / �- σ ��	- ��g�	d� G ⊂ Sk+� K�'H R�D Q�O
1��P ? � �# +#��#/� E�T<∑

σ∈G
sgnσ.S(vσ(�), · · · , vσ(k)).T (vσ(k+�), · · · , vσ(k+�)){ ∑
σ′∈Sk

sgnσ′S(vσ′(�), · · · , vσ′(k))
}
.T (vk+�, · · · , vk+�) = �

�7�'7 1��P ? � �# �σ�G = {σ�σ′ : σ′ ∈ G} K ��L +σ� ∈ G K�'H R�D �J�'H�
K ��# _�+3 a∑

σ∈G
sgnσ.S(vσ(�), · · · , vσ(k)).T (vσ(k+�), · · · , vσ(k+�)){ ∑
σ′∈Sk

sgnσ′.S(vσ′(�), · · · , vσ′(k))
}
.T (vk+�, · · · , vk+�)

!�I
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M σ�.(v�, · · · , vk+�) �� .a ��� �&P 1��"g ? � �H K�-# J�;< ��� /D�H eV
Ǳ�.� �7 E�T<Z σ ∈ G ∩ σ�G �L� �H #�@ ��� +_��� �-��#�7 .� �T # / �� (k + �)

�e�� +��� ~C�'� �H σ� = σ(σ′)−� ∈ G ? ��7�'7 � σ = σ�σ
′ A� σ′ ∈ G M 

�9d� ��g�	d� � . �# �7 �� Sk+� K�<���/� ��0 ? � �7 +G ∩ σ�G = ∅ �̀	d� �#
�7 Alt(T ⊗ S) ��>7�� +��� �&P �0<Z .� M �- �7 �̀	d� �H K�'H K�N:� A��t

+��� 1�"x� �7�C �7�;� 1��P

p�Y� �7 X�

Alt(Alt(η ⊗ θ)− η ⊗ θ) = Alt(η ⊗ θ)−Alt(η ⊗ θ) = �

K ��# _�a .� �\� �

� = Alt(ω ⊗ [Alt(η ⊗ θ)− η ⊗ θ])

= Alt(ω ⊗Alt(η ⊗ θ))−Alt(ω ⊗ η ⊗ θ)

+��� 1�"x� �7�C �7�;� 1��P �7 ��T # A��N�

K ��# X�

(ω ∧ η) ∧ θ =
(k + �+m)!
(k + �)!m!

Alt((ω ∧ η)⊗ θ)

=
(k + �+m)!
(k + �)!m!

(k + �!)
k!�!

Alt(ω ∧ η ⊗ θ)

� +��� 1�"x� �7�C �7�;� 1��P �7 �A$*7 A��N�

F\O Alt � �*� �# (k + �)!/k!�! ���g �L� /4O _!a ���� �7 �H #�@ ���
� �*� �# �/k! ���g ��T # A�� .� +��� � \V�H�@ ∧ A�E�L ^�Y J�'s	- �##�L
�# � ��N�< b�=P Alt(Alt T ) = Alt T ��>7�� �JZ J�$7 �� . ���� /���� Alt

J�$7 /�� Alt J�	- �� Alt �s<�'�� +#�@/� c%r _!a 1�"x� �# Q�� ��>7�� �d�4<
�
@ �7 �� ∧ /4N �7 �K�'H � �*� �/k! ���g

ω ∧ η :=
�

k!�!
Alt(ω ⊗ η)

/'*� �7 � ���# 9�< /-�'4� ��hn;� �7 A�-J�$�� �# /4O u=7 ? � +K�'H � �*�
���
� �"��� k!�! #�$*� �7 Alt(ω ⊗ η)(v�, · · · , vk�) 1G	 .� M �- �H ��� ����

!��
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? � �H #�	< ��"*� J���/� /'*� ? � �7 �� �/k!�! � �_$<�/<���< η � ω �� .a $<�@/�
�+K�'H/� ��h� �h'g M �� Ǳ/@ k!�!

A�� �� vn � · · · �v� �L� ���� ?�'� ∧ � �*� �# (k+�)!/k!�! ���g ��BO ���#
E�T<Z ��0<Z �7 ��]< J�L�# ��  �V ϕn � · · · �ϕ� � $'@�7 V A��7

ϕ� ∧ · · · ∧ ϕn =
(�+ · · ·+ �)!
�!�! · · ·�!

Alt(ϕ� ∧ · · · ∧ ϕn)

=
∑
σ∈Sn

sgnσ.(ϕ� ⊗ · · · ⊗ ϕn) ◦ σ

Ek � �7

(ϕ� ∧ · · · ∧ ϕn)(v�, · · · , vn) = �

_+ϕ� ∧ · · · ∧ ϕn = det E�T<Z �$@�7 Rn A��7 #��$<�4�� ��  �V vn � · · · �v� �L� �eVa
+�)�� J���/� Ωk(V ) A��7 A�� �V �� q 1��P �7

�� ≤ i� < · · · < ik ≤ n �7 A�- ϕi� ∧ · · · ∧ϕik ��	- ��g�	d� ����� ����%
�7a +��� (nk) = n!

k!(n−k)! $*7 �7 ��d�4< �# �H �$-#/� ��
;� Ωk(V ) A��7 A�� �V
_+Ωk(V ) = {�} �- k〉n Ǳ�.� �7 �(�h)

K�N �'7 K�<���/� �ω ∈ Ωk(V ) ⊆ T k(V ) �L� 23�*4�

ω =
∑

i�,···,ik
ui�···ik ϕi� ⊗ · · · ⊗ ϕik

�d�4< �# �

ω = Alt(ω) =
∑

i�,···,ik
ui�···ik Alt(ϕi� ⊗ · · · ⊗ ϕik)

±(�/k!)ϕj�∧ �7��7 j� < · · · < jk Ǳ�.� �7 �
' � � � ��� �&P � Alt(ϕi�⊗· · ·⊗ϕik) �-
�H j� < · · · < jk �H ϕj� ∧ · · · ∧ ϕjk �
@ �7 �P�'g �d�4< �# +$@�7/� · · · ∧ ϕjk

�L� +$''H/� $���� �� Ωk(V )

� =
∑

i�<···<ik
ai�,···,ik ϕj� ∧ · · · ∧ ϕjk

� +ai�,···,ik = � �H ##�L/� E$-�;� (vi� , · · · , vik ) �7 F�t �# Q�	g� �7 E�T<Z

!�!
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QG:4�� A��7 /D�H � �.X {�@ E�T<Z �ω�, · · ·ωk ∈ Ω�(V ) �L� ������ ����%
+ω� ∧ · · · ∧ ωk �= � �H ��� ? � ωk � · · · �ω� />)

A��7 vn � · · · �vk �· · · �v� A�� �V E�T<Z �$'@�7 />) �:4N� ωk � · · · �ω� �L� 23�*4�
� ≤ i ≤ k Ǳ�.� �7 JZ ϕn � · · · �ϕk �· · · �ϕ� J�L�# A�� �V A�-��#�7 �H #��# #�� V
A��7 � �V M .� A�h'g ω� ∧ · · · ∧ ωn ? ��7�'7 +$''H/� �$P ϕi = ωi {�@ �#

+�N�< �&P �\� � ��� Ωk(V )

E�T<Z �ω� = a�ω� + · · ·+ akωk �L� ��T # A�� .�

ω� ∧ ω� ∧ · · · ∧ ωk = (a�ω� + · · ·+ akωk) ∧ ω� ∧ · · · ∧ ωk = �

� +��� ��	� J�-�7 �

�<�L$'� e $<� M I #�@ R�D ��� ����� ��-A��\L#�	< J#�H ���PG) �0 �7
.� �Bg �- �1��P ? � �# +��� ϕi� ∧ · · · ∧ ϕik �T; �	< ϕI � ��� (i�, · · · , ik)
�� �BC W"t �7 �H #�@ ��� +��� J��7 �7�C

∑
I

aIϕI �
@ �7 �4
 1��P �7 Ωk(V )

�
@ �7 67��� />) S�H�� 1��P �7 A� ω ∈ Ωk(Rn) �- �!+!+3

(v�, · · · , vk) �→

⎛⎜⎝ v�
+++
vk

⎞⎟⎠ e ���� .� k × k ��'��

+K�'H/� p�>� ��-$%&�'� ���O �7 ?4)�#�V .� �"C ���E#�� A���BC Gj  q +��� J��7 �7�C

�7 +ω ∈ Ωk(V ) � ��� V A��7 A�� �V vn � · · · �v� K ��L ����� ����%
K�'H R�D E�Gg

ωi =
n∑
j=�

αji vj (i = �, · · · , n)

1��P ? � �#

ω(ω�, · · · , ωn) = det(αij).ω(v�, · · · , vn)

1��P �7 �� η ∈ T n(Rn) �h'g 23�*4�

η((a��, · · · , an�), · · · , (an�, · · · , ann)) = ω

n∑
j=�

aji vj , · · · ,
n∑
j=�

ajn vj

!�2
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M Ǳ�.� �7 �\� � �η ∈ Ωn(Rn) �H ��� ?@� � 1��P ? � �# +K�<�/� � �*�
� c = η(e�, · · · , en) = ω(v�, · · · , vn) E�Gg �7 � �η = c. det A� c ∈ R

/40 1��P ? � �# �� �= Ωn(V ) � A#�7 A$*7−n V �L� ������ ����%
�H #��# #�� J�'� V A��7 μ #�&7 �h='�

ω(v�, · · · , vn) > � �L� �0'� � �L� [v�, · · · , vn] = μ

�L� +K�-$7 K�	*� K�<���/� A��#�7 A�-FGH ���O �7 �� $ $ A�" �)�� J�'H�
�7 Ωk(π−�(p)) �7 π−�(p) ��� �- ~ �*� �7 �$@�7 A��#�7 FGH ξ = π : E → B

�- Ǳ�.� �7 �H ω J�� ��� /*7�� �Ωk(ξ) .� ω o�7 +K���/� Ωk(ξ) $ $ FGH M 
Ωk+�(ξ) .� ω∧ η o�7 �$@�7 Ω�(ξ) .� /@�7 η �L� +ω(p) ∈ Ωk(π−�(p)) A� p ∈ B

�K�'H/� � �*� � . 1��P �7 ��

(ω ∧ η)(p) := ω(p) ∧ η(p) ∈ Ωk+�(π−�(p))

Z� )!>

�� "��� .� /<���< J� ���H A��#�7 A�-J�$�� .� $'���"g �j:�C# �H �Ωk(TM) A�0@�7
J� ���H A��#�7 J�$�� M /'*� �7 ���# ��D−� +K���</� M �7 +�,−k �� ��� k
���	- A�-��D .� ���� M �7 ���	- A��#�7 FGH Ωk(TM) p�Y� �7 J�� +���
b �h� [DG) �
<Z �T� K�<�#/� ���	- �� �-��D ��	- �eV ? � .� m�&L ?n� J���/�
�L� �$''H/� �	g J� �����4'H �
@ �7 J� ���H A�-��N<�� �H K �@/� ��Z#� +#�@
M �7 ��D−k M f∗ω E�T<Z �$@�7 N �7 ��D−k M ω � E#�7 ���	- f : M → N

�-��D−k .� � q (��) +#�	< � �*� J���/� 9�< �� w ∧ η � ω� + ω� �P�'g +���
�#�	< ��4'4�� J���/� Ωk(V ) �7 ��]< (��) .� /L#�� �7 ��

�) (ω� + ω�) ∧ η = ω� ∧ η + ω� ∧ η

�) ω ∧ (η� + η�) = ω ∧ η� + ω ∧ η�
�) ω ∧ η = (−�)k�η ∧ ω

�) fω ∧ η = ω ∧ fη = f(ω ∧ η)

�) f∗ω ∧ f∗η

!�5
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��
;� T ∗M A��7 A�� �V �- dxi(p) E�T<Z �$@�7 /��h4n� /-�T4�# (x, U) �L�
Ωk(p) A��7 A�� �V �i� < · · · < ik �H �- dxi� ∧ · · · ∧ dxik(p) �\� � �$'-#/�

�
@ �7 �4
 1��P �7 �� ω ��D−k �- �? ��7�'7 +$'-#/� ��
;�

ω =
∑

i�<···<ik
ωi�,···,ik dxi� ∧ · · · ∧ dxik

I = (i�, · · · , ik) �� <�L$'� e $<� Ǳ�.� �7 �� dxi�∧· · ·∧dxik �s<�'� � +�@�< J���/�
+ω =

∑
I

ωI dx
I E�T<�K�N �'7 dxI �
@ �7

{�@ �# �H A� ω′
I � ωI ?�7 ��>7�� ?4D� �� ���N�

ω =
∑
I

ωI dx
I =

∑
I

ω′
I dy

I

���O �d' � �# ��� +_�� �� ���N�a E$'<��) E�$0g �7 ? �	� J��'g �7 �$''H/� �$P
+K�'H/� p�>� ��<Z .� /P�)

(x, U) �$@�7 �-$%&�'�−n ?�7 ���	- /*7�� f : M → N �L� ����� ����%
q = f(p) ∈ N Q�O /��h4n� /-�T4�# (y, V ) � p ∈M Q�O /��h4n� /-�T4�#

1��P ? � �# �$@�7

f∗(g dy� ∧ · · · ∧ dyn) = (g ◦ f). det
(
∂(yi ◦ f)
∂xj

)
dxI ∧ · · · ∧ dxn

K�-# J�;< ��� /D�H �f : M → N �L� 23�*4�

f∗(g dy� ∧ · · · ∧ dyn) = det
(
∂(yi ◦ f)
∂xj

)
dx� ∧ · · · ∧ dxn

K ��# � �hD .� 5 �� ���N� M	H �7 �Q�O

f∗(g dy� ∧ · · · ∧ dyn)(p)
(

∂

∂x�

∣∣∣
p
, · · · , ∂

∂xn

∣∣∣
p

)
=

= (dy�(q) ∧ · · · ∧ dyn(q))(p)
(
f∗

∂

∂x�

∣∣∣
p
, · · · , f∗

∂

∂xn

∣∣∣
p

)
= (dy�(q) ∧ · · · ∧ dyn(q))

(
n∑
i=�

∂(yi ◦ f)
∂x�

(p)
∂

∂yi

∣∣∣
q
, · · ·

· · · ,
n∑
i=�

∂(yi ◦ f)
∂xn

(p)
∂

∂yi

∣∣∣
q

)
(�)
= det

(
∂(yi ◦ f)
∂xj

(p)
)

!�,
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� +��� ��	� J�-�7 �

� $'@�7 M �7 1�h4n� E�T4�# �# (y, V ) � (x, U) �L� ������ ����%

g dy� ∧ · · · ∧ dyn = h dx� ∧ · · · ∧ dxn

+h = g. det
(
∂yi

∂xj

)
E�T<Z

� +$ $'"7 ��H �7 �� ��BC �f J#�7 /<�	- R�D �7 23�*4�

���
�� A�-Q�T�y �7 ��]< /�$'- Ǳ��@� ��-��D−n �H $-#/� J�;< �d�4< ? �
+$'4N- �$<$@ � �*� 5 �hD .� �I �� ���N� �# A��<�L �7 z��.

�&P�< � �	- ω o�7 E�T<Z �$@�7 A��=&P−n FGH M ξ = π : E → B �L�
�'7 ω(p) ∈ Ωn(π−�(p)) �h'g �p ∈ B �- Ǳ�.� �7 �#��# �9� �7 /4�	-� Ωn(ξ) .�
##�L/� �]OG� /L#�� �7 +$'H/� �n;� π−�(p) �7 μp �0 M ZZ ��d�4< �7
�$P 2 �hD �# E$@ p�>� A��L.�� c ��@ �g�	d� �� {μp} A�-�0 ��  �#�L �H
��D−n M �L� �Ek � �7 +$'H/� � �*� ξ �7 �0 M μ = {μp} ? ��7�'7 � �$'H/�
��T # 1��"g �7a ��� � \V�0 M E�T<Z �$@�7 #��� M A$*7 n $%&�'� �7 ω �&P�<

���� ���# S%>� ? � e
g +_��� � \V�0 TM FGH

��D−n M E�T<Z �$@�7 � \V�0 M A$*7 n ���	- $%&�'� �L� ����� ����%
+��� �&P�< � �	- �# �H #��# #�� M �7 ω

.� A�� �#�L .� �
;4� M A��7 ϑ [@�V M �2+�+! � �ZZ A� �BC �7 �'7 23�*4�
J���/� ϑ ��# � . {ϕU} /<�
 .��D� M 9�< � �{(x, U)} /��h4n� A�-E�T4�#
U �7 ωU ��D−n M (x, U) �- Ǳ�.� �7 +��� M A��7 /40 μ K ��L +#�	< ^�n4<�

K�@�7 �4@�# v�, · · · , vn ∈ TpM � p ∈ U �- Ǳ�.� �7 �H K�'H/� ^�n4<� A��t

[v�, · · · , vn] = μp �L� �0'� � �L� ωU = (v�, · · · , vn) > �

�7 +��� ���	- ��D −n M ω 1��P ? � �# +ω =
∑
U∈ϑ

ϕUωU K�'H R�D Q�O

�$'H �$P [v�, · · · , vn] = μp �# v�, · · · , vn ∈ TpM �L� �A� p �- Ǳ�.� �7 �E�Gg
K ��# p ∈ U �H A� U �- Ǳ�.� �7 E�T<Z

(ϕU ωU )(p)(v�, · · · , vn) ≥ �

!��
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� +ω(p) �= � ? ��7�'7 +��� $�H� A� U M �C�$O �7 A��N��< �

� \V�0 M �L� �H K �E#�# J�;< +��� A$*7 M Ωn(TM) FGH �H #�@ ���
FGH ��d�4< �# �H �#��# _�&P�< � �	- �#a �&P�< /@�7 Ωn(TM) E�T<Z �$@�7
o�7 E�T<Z �$@�7 /0 $7 Ωn(TM) FGH �L� e
*��7 ���� +��� /0 $7 Ωn(TM)

−n FGH M ξ �L� ��H �#� +��� � \V�0 M �\� � #��# #�� A�&P�< � �	-
�7 �$@�7 � \V�0 ξ �H ��� /0 $7 Ωn(ξ) /4C� �0'� � /4C� E�T<Z �$@�7 A��=&P
[@�V � . M A���# JZ [@�V �- �/'* a $@�7 E#�;D���V B � �V A�BD �
<Z {�@

�+_$@�7 /-�'4� �j*Y��

Z� F� G�H2����� 5!>

M �7 f /*7�� 1��P �7 �� M �7 +�,−� �#�7 R .� A�T # J��7 �H Ω�(V ) ��� ���#
��Z#� a df ��D −� �f ��D −� �- Ǳ�.� �7 +_��� f.w /'*� �7 f∧ω � a K�'H/� /:%�
/��h4n� E�T4�# �# �H K�'H/� � �*� ��t ? � �� _d f(X) = X(f) �H K �@/�

K ��# �M �7 R��&� (x, U)

d f :=
n∑
j=�

∂f

∂xi
dxj

J���/� �$'��D −� �- ωI .� M �- �H �$@�7 ω =
∑
I

ωI dx
I ��D −k �7��7 ω �s<�'�

1��P �7 �� dw ��D −(k + �) � #�# ��
;� �� dωI A�-��D −�

dω =
∑
I

dωI ∧ dxI =
∑
I

n∑
α=�

∂ωI
∂xα

dxα ∧ dxI

^�n4<� �7 � �*� ? � �H #�@/� �7�x +K���</� ω ��N<��& # �� dω +#�	< � �*�
E�� M #�	< 1�"x� J��4�� W �t $' �7 �� S%>� ? � +#��$< /T4N7 /��h4n� E�T4�#
ω =

∑
I

w′
I dx

I 1��"g �# w′
I S ��Y ��N �:� #�d � A#� . E#�*�� ��D 1�"��=� �7 �H

+��� ωI /%"C S ��Y �7

�� �0<Z �Ha K�'H/� .�rZ dω .� /P��) ?4D� �7 +#��# A�4	H u=7 ��T # o��
_+ K�'
�� �7�x �(�hn7 1�h4n� E�T4�# M �7 �"N< J��7 �7 K-

!�3
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+d(ω� + ω�) = dω� + dω� _� �
��� ����%
+d(ω� ∧ ω�) = dω� ∧ ω� + (−�)kω� ∧ dω� E�T<Z �$@�7 ��D −k M ω� �L� _!

+d�� = � ��h4)� �7 � d(dω) = � _2

+��� bY�� _� 23�*4�
ω� = ���O �0'� ��� /D�H _�a �7 �'7 �H K�'H/� ��� �$47� _!a 1�"x� A��7 _!

� ω� ∧ ω� = f g dxI ∧ dxJ 1��P ? � �# +#�@ R�D ω� = g dxJ � fdxI

d(ω� ∧ ω�) = d(fg) ∧ dxI ∧ dxJ

= gdf ∧ dxI ∧ dxJ + fdg ∧ dxI ∧ dxJ

= dω� ∧ ω� + (−�)k fdxI ∧ dg ∧ dxJ

= dω� ∧ ω� + (−�)kω� ∧ dω�

? � �# +K ��T7 �]< �# �� ω = fdxI �
@ �7 A�-��D −k ��� /D�H �p�Y� �7 _2
1��P

dω =
n∑

α=�

∂f

∂xα
dxα ∧ dxI

�d�4< �#

d(dω) =
n∑

α=�

⎛⎝ n∑
β=�

∂�f

∂xα∂xβ
dxβ ∧ dxα ∧ dxJ

⎞⎠
? � �# �# �7 �# ∂�f

∂xβ∂xα
dxα ∧ dxβ ∧ dxI � ∂�f

∂xβ∂xα
dxβ ∧ dxα ∧ dxI 1G	

� +$<�@/� F\O �̀	d�

+K�'H/� p�>� �� U �7 d E�$''H �n;� ��P�) �� ���#� �#

�#��T'7 U �7 /��D −(k+�) �7 �� U �7 ��D −k �- d′ $�'H R�D �
��� ����%
E�Gg �7 � ���� E��n�# A#$g k

�) d′(ω� + ω�) = d′ω� + d′ω� �) d′(d′f) = �

�) d′(ω� ∧ ω�) = d′ω� ∧ ω� + (−�)kω� ∧ d′ω� �) d′f = /	 $C df

+U �7 d = d′ �1��P ? � �#

!��
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�'7 ���� +d′ω = dω E�T<Z �ω = fdxI �L� �H K�-# ��� /D�H �H ��� ?@�� 23�*4�
K ��# _!a �7

d′(fdxI) = d′f ∧ dxI + f ∧ d′(dxI)
(�)
= df ∧ dxI + f ∧ d′(dxI)

JZ �# �H �d′(dxI) = � �H K�-# J�;< ��� /D�H �eV

dxI = dxi� ∧ · · · ∧ dxik (�)
= d′xi� ∧ · · · ∧ d′xik

K ��# �k − � A��7 K
O /4��# R�D �7 +K�'H/� �	g k �7 Ǳ��:4�� �7

d′(dxI) = d′(d′xi� ∧ · · · ∧ d′xik)
(�)
= d′(d′xi� ) ∧ d′xi� ∧ · · · ∧ d′xik

−d′xi� ∧ d′(d′xi� ∧ · · · ∧ d′xik )
A= �− �

� +��� ��	� J�-�7 � m��� E$@ E#�&4�� Ǳ��:4�� R�D � _!a .� A �# �H

−(k + �) �7 M �7 A�-��D −k .� #��7 �h='� d A�T%	g ������ ����%
$'H/� �$P � . c ��@ �# �H #��# #�� �E��n�# k Ǳ�.� �7 �M �7 A�-��D

�) d(ω� + ω�) = dω� + dω� �) d� = �

�) d(ω� ∧ ω�) = dω� ∧ ω� + (−�)k d� ∧ dω�

+��� /
 d /	 $C ��N<��& # �7 �67��� #��� �# �

+��� ���4)� �# dU A#�&7 �h='� �T%	g �(x, U) 1�h4n� E�T4�# �- Ǳ�.� �7 23�*4�
K�'H/� � �*� � K�'H/� ^�n4<� p ∈ U �7 A� U �p ∈ M � �R��&� ω �- A�.� �7
� +dω(p) = dU (w|U)(p)

� �*� �� 8��� �1�h4n� E�T4�# �7 �"N< d � �*� QG:4�� 1�"x� �# W �t ?����
+��� JZ A�#���<

�h='� ��D −(k+�) M E�T<Z �$@�7 M �7 ��D −k M ω �L� ����� ����%
� · · · �X� A��#�7 A�-J�$�� .� ��g�	d� �- Ǳ�.� �7 �H #��# #�� J�'� M �7 dω #�&7

!��
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K ��# Xk+�

dω(X�, · · · , Xk+�) =
k+�∑
i=�

(−�)i+�Xi(ω(X�, · · · , X̂i, · · · , Xk+�))

+
∑

�≤i<j≤n
(−�)i+jω([Xi, Xj ], X�, · · · , X̂i, · · · , X̂j, · · · , Xk+�)_!+3 a

=
∑
�

+
∑
�

�H �<�T<Z dω ��D −(k + �) ? � +��� �%	 JZ F\O /'*� �7 Xi �7 ∧ ��Gg �H
+��� /
 �$@ � �*� Gj "C

��� />) p�Y� �7 �#��T</�
∑
�

+
∑
�

�7 �� (X�, · · · , Xk+�) �H A�T%	g 23�*4�

�7 �� Xi� �L� �6C�� �# +��� />) F ���	- 67��� ��g�	d� �7 Gj 	g �E�Gg �7 +R �7
�7 ∑

�
E�T<Z �K�'H ~ �*� fXi�

f
∑
�

+
∑
i=i�

(−�)i+�(Xif)ω(X�, · · · , X̂i, · · · , Xk+�)

A�-Q���D .� E#�&4�� �7 � �#�@/� � $"�

[fX, Y ] = f [X,Y ] + Y f.X [X, fY ] = f [X,Y ]−Xf.Y

�7 ∑
�

�H ##�L/� E$-�;� /L#�� �7

f
∑
�

−
∑
i<i�

(−�)i+i� (Xif)ω(Xi� , X�, · · · , X̂i, · · · , X̂i� , · · · , Xk+�)

+
∑
i�<i

(−�)i�+j(Xjf)ω(Xi� , X�, · · · , X̂i� , · · · , X̂j, · · · , Xk+�)

f
∑
�

+f
∑
�

�7
∑
�

+
∑
�

�H ##�L/� �]OG� ��C# /	H �7 eV m##�L/� � $"�

+#�@/� � $"�
�# �#�P dω #�&7 �h='� J� ���H A��#�7 J�$�� �H $-#/� J�;< �+,+5 �� �BC
M �\� � ���� /<���< dω �H #�H W�:=� J���/� /L#�� �7 +#��# #�� _,+3 a

+$@� /� ��D −(k + �)

d(fdxI) ��� /D�H �H ��� ?@�� �(x, U) /��h4n� E�T4�# �# dω �� "��=� A��7
ω = fdx�∧· · ·∧ K�'H R�D K�<���/� �H K �@/� ��Z#� �E�Gg �7 +K�'H �"��=� ��

!!I
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K ��# ��T # E��n�# ��D �- J�s	- �dω #��� �# +dxk

dω =
∑

α�<···<αk

dω

(
∂

∂xα�
, · · · , ∂

∂xk+�

)
= �

M �
<Z �T� ��� �&P dω

(
∂

∂xα�
, · · · , ∂

∂xk+�

)
= � �H ��� ?@�� _,+3 a .�

J�� +$@�7 (�, · · · , k) .� /4;T � (α�, · · · , α̂i, · · · , αk+�) �
@ �7 �� <�L$'� e $<�
�H ��� ?
	� /4C� �0'� ? � �$'4N- A#�*P �- α

(α�, · · ·αk+�) = (�, · · · , k, j) (j > k)

���O ? � �# �H

dω

(
∂

∂xα�
, · · · , ∂

∂xαk
,
∂

∂xj

)
= (−�)k

∂f

∂xj

? ��7�'7 �

dω =
∑
j〉k

(−�)k
∂f

∂xk
dx� ∧ · · · ,∧dxk ∧ dxj

=
∑
j〉k

∂f

∂xj
dxj ∧ dx� ∧ · · · ∧ dxk

=
n∑
j=�

∂f

∂xj
dxj ∧ dxi ∧ · · · ∧ dxk

� +��� d /	 $C � �*� J�	- �7 ���# �H

9�< � ���� K0� A��N<�� A��7 �#���< � �*� M .� �� /:�:O Q��� ?���� ? �
�n;� b �P �
@ �7 dω(p)(v�, · · · , vp+�) �� +��� �+,+5 �� �BC .� �� E�#�&4�� ?����
A��#�7 A�-J�$�� �- Xi �H �K #�H �$�V �� dω(X�, · · · , Xk+�) �$47� �
%7 �K #�
<
J���/� M"� ?�	- �7 +K #�H �"��=� p �# �� 67�� ? � e�� � �$'4N- vi E�$'-# 6����
���N7 ��H ? � +$'4N- �:4N� Xk+� � · · · �X� A�-6���� �H #�	< 1�"x� � #�H �	g
QG:4�� e�� � #�H /D�*� /��h4n� /-�T4�# �# �� �̀Y�� �H ��� JZ .� ��E���H
dω(X�, · · · , Xk+�)(p) ��$:� ��H �# +��� �n� �̀Y�� ? � o� \V �]< �7 ��� +#�# J�;< �� JZ
A�/T4N7 �<�L }�- {�:< � �� �# �0<Z ��$:� �7 � #��# /T4N7 p �# Xi � #�:� �7 �0'�
/T4N7 9�< _JZ F��t�a p 9 �7 /t�:< �# ω � #�:� �7 ��$:� ? � E�Gg �7 +#��$<
� �*� �7 �H ��� � �*� A�-�"' .� �T # /
 +#�@ E#�# ���C Q���D �# /4N �7 +#��#
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A�-J�$�� �H��7 ���@ 1G	 ��0� ���� ��4;� �T # K0� A�-��N<�� A�#���<
�T%	g �<�T� $'-#/� J�;< �H $'4N- 1G	 �<�L ? � +��� JZ �# �%4n� A��#�7
A�-E�T4�# �7 J#�H ��H o� � �# ��P�h) ? � /�� ���� />) ���	- 67��� �7 E$@ � �*�

+�N�< #�0;� /��h4n�
�#��#/� J��7 �� � q Q���D 5+5+3 �� �BC �$@�7 ��D−� M ω �H /P�) ���O �#

dω(X,Y ) = X(ω(Y ))− Y (ω(X))− ω([X,Y ])

�����7 _ ���'�7� �D A� \����T4<� �� �BCa 5+!+� �� �BC .� /��# J��7 J�
�� Q���D ? �
�� :%O K�:4N� �̀	d� 1��P �7 �� Ω(M) ��:%O +#.�� /� K-��D �� /%�N<��& # A�0��D
�$@�7 M �7 A$*7 −k /* .�� Δ �L� �K�'H/� � �*� �E��n�# � �7 M �7 A�0��D −�
� . ��P�) �7 A�0��D ��	- c��� E$@ $���� �� :%O 1��h7 �� D(δ) ⊂ Ω(M) E�T<Z

E�T<Z �$@�7 � ���# .� � �L� �K�'H/� � �*�

+$'@�7 W%*4� δ �7 X�, · · · , X� E�L �- ω(X�, · · · , X�)

η ∧ ω ∈ �L� 9�< � ω� + ω� = D(Δ) E�T<Z ω�, ω� ∈ D(Δ) �L� �H ��� ?@��
D(Δ) QZE$ � +��� Ω(M) ��:%O �# /�ZE$ � D(Δ) ? ��7�'7 +D(Δ)η ∧ ω ∈ D(Δ)

�# +##�L/� $���� ωn � · · · �ωk+� �:4N� ��D M n − k c��� /*Y�� �
@ �7
K�<���/� J�'� (x, U) /��h4n� /-�T4�# �p ∈M �>:< �- .� A�/T �N	- �# �6C��
? � �# +$''H/� $���� �� Δp ��� ∂/∂xk

∣∣∣
p

� · · · �∂/∂xk
∣∣∣
p

A�-��#�7 �H K�'H ^�n4<�
S%>� ? � �/T4���V �7 �'7 +��� �&P�< Δp �7 dx�(p)∧ · · · ∧ dxk(p) �h'g 1��P
�d�4< 2+!+3 ��d�4< �����7 �H ���� ���# 9�< p �7 _/D�H E.�$<�7a M #9< q �- A��7
fαβ ���	- 67��� �? ��7�'7 +$'4N- />) �:4N� Δq �# dxk(q) � · · · �dx�(q) K ��L/�

�H $<��# #�� A��t

dxα(q) =
k∑

β=�

fαβ (q) dxβ(q) (Δ�7 E$@ $ $=�) α = k + �, · · · , n

K�'H R�D K�<���/� �? ��7�'7

ωα = dxα −
k∑

β=�

fαβ dxβ
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[Z�� \�2] ?��
�-�� 8��VW���N�2� �� �9: ;!>

/4C� M �7 Δ 6 .�� +X+#� 6� z�����%# �, $�	
�!��)��  8 �21Y �
��� ����%
+d(D(Δ)) ⊆ D(Δ) �H ��� � \����T4<� /4C� �0'� �

K�'H ^�n4<� K�<���/� A��t �� ωn � · · · �ω� A�0��D −� /*Y�� �
@ �7 23�*4�
�� D(Δ) QZE$ � wn � · · · �ωk+� E�G*7� �$''H/� $���� �� T ∗

qM A� q �- Ǳ�.� �7 �H
�? ��7�'7 +$'4N- ωi(xj)δij �7 A��#�7 A�-J�$�� Xn � · · · �X� K ��L +$''H/� $����
�H ��� � \����T4<� Δ /4C� �0'� � /4C� eV +$''H/� $���� �� Δ 6 .�� Xk � · · · �X�

�H $<�@ �D� J�'� Cβij ���	- 67���

[Xi, Xj ] =
k∑

β=�

CβijXβ i, j = �, · · · , k

J�'H�

dωα(Xi, Xj) = Xi(ωα(Xj))−Xj(ωα(Xi))− ωα([Xi, Xj ])

�0'� � /4C� eV +$<�&P ���� �	� �# Q�� �� %	 �# α〉k � � ≤ i � j ≤ k A��7
�- Ǳ�.� �7 /4C� �0'� � /4C� ���� +ωα([xi, Xj]) = � �H dωα(Xi, Xj) = � /4C�
Δ ��T # 1��"g �7a ���� W%*4� Δ �7 A� [Xi, Xj ] �- �H ωα([Xi, Xj ]) = � A� α
�- �H ��� �&P /4C� �0'� � /4C� A� dωα(Xi, Xj) �- �
<Z Q�O _+���� \����T4<�
� +$@�7 W%*4� D(Δ) �7 A� dωα
$���� �� Ω�(TqM) A�BD (i < j)ωi ∧ ωj A� q A�-��D Ǳ�.� �7 �H $�'H ���

K�N �'7 K�<���/� �(�hn7 θαj A�-��D Ǳ�.� �7 �? ��7�'7 +$'H/�

dωα =
∑
i<j

Cαij ω
i ∧ ωj =

∑
j

θαj ∧ ωj

K ��# �$'@�7 9 �	4� j�, i� ≤ k � α〉k �L�

� = dωα(Xi� , Xj�) =
∑
j

(θαj ∧ ωj)(Xi� , Xj�) = θαj�(Xi�)

1��P �7 �� D(D(Δ)) ⊆ D(Δ) {�@ �? ��7�'7 �

dωα =
∑
β〉k

θαβ ∧ ωβ
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A�-�
 ��7 �H K�'H p�>� J�'� (x, U) /��h4n� /-�T4�# �s<�'� +�@�< J���/�

{q ∈ U : xk+�(q) = uk+�, · · · , xn(q) = an}

D(Δ) A��7 A��$ �V dxn � · · · �dxk+� 1��P ? � �# �$'@�7 Δ Q��T4<� A�-$%&�'�
�7�x �eV +$'@�7 �0<Z .� />) /"�H�� /4N �7 ωn � · · · �ωk+� �\� � �$'-#/� ��
;�

�H $@

/T �N	- M �# />) �:4N� A�0��D M ωn � · · · �ωk+� �L� ������ ����%
�7 (α, β〉k)θαβ A�0��D −� E�T<Z �$'@�7 p ∈M .�

dωα =
∑
β

θαβ ∧ ωβ

�H $'@�7 �4@�# #�� A��t (α, β〉k)gβ , fαβ 67��� �H $<��# #�� /4C� �0'� � /4C�

ωα =
∑
β

fαβ dgβ

�# JZ A��L��
7 �#��# ���C �#���< � ��*� �7 ��� J�<�H �# 5+5+3 �� �BC �
' � �7
+_��� E$@ E#��Z (�) ��'�4�� M , $% /<� �V �hD �#a ��� ���@# k〉� A�04��O
�$'H/� p�>� �� ω ���# �7 ���:4�� ���� �7 �� dω .� A�T # A�#���< � �*� �� �� ���N�
�� �BC �# � �*� A��L��
7 �# #��� 1G
;� $<���/� E$'<��) +��� �� E#�� ���N7 �H

�$'H �7�d� �� d .� � q K0� /Lk � 1�"x� A��7 5+5+3

E�T<Z �$@�7 N �7 ��D −k M ω � ���	- f : M → N �L� �
��� ����%
+f∗(dω) = d(f∗ω)

+��� f(p) Q�O /��h4n� /-�T4�# (x, U) K�'H/� R�D �p ∈ M A��7 23�*4�
K�'H R�D K�<���/�

ω = g dxi� ∧ · · · ∧ dxik

K ��# k = � A��7 +K�'H/� �	g k �7 ���:4�� �7

f∗(dg)(X) = dg(f∗X) = [f∗X ](g) = X(g ◦ f) = d(g ◦ f)(X)
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K ��# k−� A��7 Q���D R�D �7 +_#�H ��"*� J���/� g ◦ f 1��P �7 �� f∗g ��4"�� �a

d(f∗ω) = d((f∗g dxi� ∧ · · · ∧ dxik−� ) ∧ f∗ dxik )

= d(f∗g dxi� ∧ · · · ∧ dxik−� ) ∧ f∗ dxik + �

_d f∗dxik = dd(xik ◦ f) = � �� .a

= f∗(d(g dxi� ∧ · · · ∧ dxik−�)) ∧ f∗ dxik (Ǳ��:4�� R�D �7 �'7)
= f∗(dg ∧ dxi� ∧ · · · ∧ dxik−�) ∧ f∗ dxik

= d((f∗(dg ∧ dxi� ∧ · · · ∧ dxik−� ∧ dxik ) = f∗(dω)

� +��� ��	� J�-�7 �

R�:� � ��H- Z� =!>

A���BC �H #��# #�� d .� /&�H /4�P�) �$@ �]OG� �"C �hD �# �H �s<Z �7 �'7
��� �7�C /: �t d� = � ��>7�� �$�-#/� ��
;� �� ��N<��& # ��$'- .� /����
1�OG>P� �g�	d� +$<�7��7 SH�� /89 1�:4;� �H ��� S%>� ? � J��7 A��7
dω = �H K�8�L �4N7 /���P �# �� ω ��D +#��# #�� S%>� ? � J��7 A��7 A�T #
zW�C#y pG>P�a +ω = dη A� η M ��.� �7 �H K�8�L W�C# /���P �# ��<Z � �
/4C� ��N<��& # eV +$'��'�� z��N<��& #y E#�� �� ��N<��& # ��D � ��� M��GH
/'4"� �4N7 pG>P� +$@�7 �T # ��N<��& # M ��N<��& # Gj 	g �H #�@/� �4&L W�C#
���C /��7 #��� $*7 �hD �# �H ���� �-E��d<. (�h) �# /07�;� pG>P� �7
{�@ dω = � ��T # J��7 �7 +��� �4N7 �W�C# ��D �- �d� = � J�� _+�D�L $-��)

E�T<Z �_ ω =
n∑
i=�

ωi dx
i �7a $@�7 ��D �� M ω �L� +��� ω = dη �O A��7 �.X

�H ��� /'*� ? � �7 dω = � {�@

∂ωi
∂xj

=
∂ωj

∂xi

A��7 �� �T # 1��"g �7 $'�.X ω = df �O A��7 > ��@ ? � �

∂f

∂xi
= ωi

!!,
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��*Y� �0��D �! #��� �# $'4N-9�< /D�H c ��@ ? � �!+�+� �� �BC �����7 �J�'H�
�
@ �7 R� �# ��D �! M ω �L� ��� �����@#

ω = Ady ∧ dz −B dx ∧ dz + C dx ∧ dy

�H ω = d(P dx+Qdy +Rdz) /4C� �0'� � /4C� E�T<Z �$@�7

∂R

∂y
− ∂Q

∂z
= A,

∂P

∂z
− ∂R

∂x
= B,

∂Q

∂x
− ∂P

∂y
= C.

.� �N���"g dω = � �.X {�@

∂A

∂x
+
∂B

∂y
+
∂C

∂z
= �

? ��7�'7�a K ��# ��H� �� A��E$�s�V /89 1�:4;� �7 ��N<��& # 1X#�*� �7 �/%H ���O �#
��.X c ��@ ? � �H #�@ /� �7�x +_$ Z/� ��$7 A��E$�s�V A� \����T4<� c ��@
�� ��
O� � �� ��� 9�< K
O ? � I��� W�C# E�T<Z�$@�7 �4N7 ω �L� �$'4N- /D�H
���O �7 �0�=7 J#�H #�$=� ��4"�� +$'4N- /*Y�� ���N<��& # 1X#�*� (�h) �#

�$ ��T7 �]< �# �� R� �7 ω �4N7 ��D�� ���O +#��# �� #�) (�) � X# /*Y��

∂f

∂y
=
∂y

∂x
�7 ω = f dx+ g dy

/'* mK�7��7 K�<���/� ω = dα �7 R� �H�7 α /*7�� �<�T� �H K�<�#/�

α(x, y) =
∫ x

x�

f(t, y�)dt+
∫ y

y�

g(x, t)dt

$-��) 1��&4� /%�) ��*Y� �#�@ � �*� R� − {�} �7 �0'� ω ��� ��T # A��.�
E�T<Z �$@�7 [�,∞]× {�} �7��7 L ⊂ R�E�L�- �H K �@/� ��Z#� +$@

θ : R
� − L→ R

i
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�+3 �
@

��� �+3 �
@ .� _���a �	NC �7a ��� ���	- �$@ � �*� ! �hD �# �H A��<�L �7
6C�� �# m_#�@

(r, θ) : R
� − L→ {r : r > �} + (�;�π)

�7��7 (a, b) �# JZ W4;� J�'����# �H ���� (a, b) �→ (a cos b, a sin b) �@�T< J����
+K�'H � �*� θ� �T # /*7�� K�<���/� �L A�d7 L��T # /g�*@ F\O�7 +��� a �= �

dθ� � dθ ��j4d�4< +A� �� �O�< �# θ� = θ + �π � A� �� �O�< �7 θ� = θ 1��P ? � �#
/	H�7 I$''H /� � �*� R�−{�} �7 ω ��D�� M �\�� �$<�7��7 J�;H�4;� �� �O�< �7

�H #�# J�;< J���/� _!I �� ���N�a �"��=�

ω =
−x

x� + y�
dx+

x

x� + y�
dy

ω = �� . �#��# ��07� A��\L#�	< ? � ��� �$'-$�� J�;< dθ �
@ �7 Xj �	*� �� ω ��D��
ω �6C�� �# I_#�@ ��� �+3 �
@ .� _^a �	NC �7a ��� ���C�7 R� − L �7 �0'� dθ
��� �N�< df �
@ �7 f : R� − {�} → R ��]< C� �GH .� ���	- 67�� }�- Ǳ�.� �7
�d�4<�# �H �d(f − θ) = � ? ��7�'7 � R� − L �7 df = dθ E�T<Z ω = df �L� �H
Q�=� �H �R� − L �7 f = θ+ z�7�xy /4N �7 +∂f/∂y, ∂θ/∂y � ∂f/∂x = ∂θ/∂x

�7 d(dθ) � R� − L �7 d(dθ) = � ��� .a +�N�< dω = � �dH }�- �� . +���
�- .� A�/T �N	- �# �Q�O ? ��7a +�N�< W�C# /�� ���� �4N7 ω eV +_R� − L�

_+��� W�C# R� − {�} ��>:<
J�;< Q��� ? � +�N�< W�C# � .� M��H /4O /T �N	- }�- �# ω �H ��� ?@��
���)# �< � $@�7 W�C# A��4N7 ��D �- �
' ��# �JZ E�.�$<� �< � ���O�< �
@ �H $-#/�

+#��#
�H p� ∈ M ��>:< �7 K�8�L �	
Fs�A9� _���	- �
@ �7a /���P �# �� M $%&�'�

J�� ���	- /*7��

H : M × [�;�] →M

Rn �Gj �� +H(p,�p� � H(p,�) = p A� p ∈ M �- Ǳ�.� �7 �H ##�L �D� J�'�
�7�� H : Rn × [�;�] → Rn 67�� m���� \VR�":<����	- �
@ �7 � ∈ Rn �7
��>:< �7 U ⊂ Rn /���P �# ��� /%H K�'H � �*� K�<���/� H(p, t) = tp 1��P
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E�.�$<� �7 E�T<Z �p ∈ U �L� �H $@�7 /Lk � ? � A���# �H ���� \V R�":<� p� ∈ U

�"N< �BH T���� �� U A���O�< ?�'�a p� + t(p − p�) ∈ U A� t ∈ [�,�] �-
[�,�] �s<�'� +$'4N- R�":<� �7�C �>:< �7 /O��< .� A���N7 ��4"��+_K���</� p� �7
p �→ �@�T< �t R� �&� J��. �- Ǳ�.� �7 E�T<Z �K ��T7 �]<�# /<��. E�#.�7 �T; �	< ��
� ��� /<�	- �@�T< J�	- ���# t = � ��]=��# m��� o#�) A�47 M .� H(p, t)

+_#�@ ��� !+3 �
@ .� _���a �	NC �7a $@�7/� �7�x �@�T< �t = � ��]=� �#

i

!+3 �
@

��D�- E�T<Z ��>:< M �7 $@�7 � \VR�":<����	- �
;7 M �L� �H #�# K�-��) J�;<
�]< .� �X�7 �# dθ ��D #��� �# �� ��%=� � K
O ? ��6">��7a +��� W�C# M �7 �4N7
?�	- m���� \V R�":<� A��>:< }�- �7 R� − {�} A�BD �H ��� ?@�� A#�0@
_+K�'H/	< �7�x ��<Z $*7 �hD �� ��� ���� ���# Rn − {�} A�BD A��7 QX$4��
/���7 �� _M E��n�# $%&�'� A��7a M × [�;�] �H ��� ? ��� K
O 1�"x� �# M�'
�
��� !+3 �
@ .� _^a �	NC �7a K�'H/� ��� H �H �7 /4n� �7 � �K�'H /�
it(p) = 1��P �7 �� it : M → M × [�;�] �@�T< A� t ∈ [�;�] �- A��7 +_#�@
�$@�7 dω = � �7 M × [�;�] �7 /��D ω �L� �H K�'H /��g#� +K�'H/� � �*� (p, t)

W�:=� JX� ?�	- ��<Z $�<���/� �	@ �a $ # K�-��) �j$*7 ���� W�C# i∗
�
w−i∗

�
w E�T<Z

#�@/� �d�4< /0 $7 1��P �7 S%>� ? � .� ���BC �H _$�'H
1�h4n� E�T4�# M �# ��H�7 +���L/� �]< �# M×[�;�] �7 ω ��D�� M �$47�
�4n��7 π � �h� �/'* a M × [�;�] �7 t bY�� /*7�� K�'H/� .�rZ M × [�;�] �7
�M �7 � �h� πM � $@�7 M �7 /��h4n� /-�T4�# (x, U) �L� � �#��# #�� _��#

E�T<Z

(x� ◦ πM , · · · , xn ◦ πM , t)

!!�
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�0 �7a K�-#/� J�;< x̄i �7 �� xi ◦ πM ��� U × [�;�] �7 /��h4n� /-�T4�#
�H #�H W�:=� J���/� /L#�N7 +_u=7 J$@ ���PG)

i∗α

(
n∑
i=�

, ωi dx̄
i + fdt

)
=

n∑
i=�

ωi(�, α)dxi

ω =
n∑
i=�

ωi dx̄
i+fdt #��� �# �Q�O +��� p �→ ωi(p, α) 67�� �T; �	< ω�(�, α) �H

K ��#

dω =
{

$<��# �7 �# �� dt �H /�G	
}
−

n∑
i=�

∂ωi
∂t

dx̄i ∧ dt+
n∑
i=�

∂f

∂x̄i
dx̄i ∧ dt

��d�4<�# +∂ωi
∂t

=
∂f

∂x̄i
##�L/� �d�4< dω = � .� �e��

ωi(p,�)− ωi(p,�) =
∫ �

�

∂ωi
∂t

(p, t)dt =
∫ �

�

∂f

∂x̄i
(p, t)dt

�\� �

n∑
i=�

ωi(p,�)dxi −
n∑
i=�

ωi(p,�)dxi =
n∑
i=�

(∫ �

�

∂f

∂x̄i
(p, t)dt

)
dxi _2+3 a

E�T<Z �K�'H � �*� g(p) =
∫ �

�

f(p, t)dt 1��P �7 �� g : M → R �L�

∂g

∂xi
(p) =

∫ �

�

∂f

∂x̄i
(p, t)dt _5+3 a

�H ��� #�0;� �4"�� +i∗
�
w − i∗

�
= dg �H $'-#/� J�;< _5+3 a � _2+3 a 1X#�*�

�:4N� �j4:�:O K- g �d�4< �# � f 67�� �K �E#�H E#�&4�� 1�h4n� E�T4�# .� �
' � �7
M × [�;�] ��	� A�BD #��� �# �H #�@ ��� +$'4N- 1�h4n� E�T4�# ^�n4<�.�

K ��#

T(p,t)(M × [�;�]) = Kernel(π∗)⊕Kernel(πM∗) _,+3 a

!!�
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i
2+3 �
@

ω ∈ �- E�T<Z �$@�7 �BD � . V = V� ⊕ V� K�:4N� �̀	d� V A��#�7 A�BD �L�
�H ��@�< J���/� ω = ω� + ω� 1��P �7 �� A� Ωi(V )

ω�(v� + v�) = ω(v�) = ω(v�) ω�(v� + v�) = ω(v�)

1��P �7�� M × [�;�] �7 ω ��D�� �_,+3 a ��  9d� #��� �# S%>� ? � A��L��
7 �7
+ω� = f dt �H �N- #�&7 �h='� A� f �d�4< �# ��@�< J���/� ω� + ω�

�� ω �H _!! �� ���N�a #�@/� �]OG� /L#�N7 �ω R��&� ��D −k A��7 ��H �#
�
@ �7 �4
 /���P �7

ω = ω� + (dt ∧ η)

η � �vi ∈ KernelπM∗ A� i M Ǳ�.� �7 �L� ω�(v�, · · · , vk) = � �H ��@�< J���/�
� . �
@ �7 �� M �7 Iω ��D −(k − �) +��� �7�;� /4�P�)�7 ��D −(k + �) M 

�K�'H/� F�*�

Iω(p)(v�, · · · , vk−�) =
∫ �

�

η(p, t)(it∗v�, · · · , it∗vk−�)dt

/����D ?4D� �6C�� �# i∗
�
w − i∗

�
= d(Iω) #�@/� �d�4< dω = � .� �H K�'H/� �g#�

+��� ��E#�� �$@�7 ���C �7 dω �= � /4C� /4O �H i∗
�
w − i∗

�
w A��7

K ��# M × [�;�] �7 ω ��D −k �- Ǳ�.� �7 ����� ����%

i∗
�
w − i∗

�
ω = d(Iω) + I(dω)

!2I
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_+i∗
�
w − i∗

�
= d(Iω) E�T<Z dω = � �L� ��j4d�4<a

/-�T4�# �# K�<���/� /7�) �7 �K �E#�H � �*� �� �#�< �
@ �7 Gj "C �� Iω J�� 23�*4�
�\� � ���� />) I #�
%	g �H ��� ?@� � (x̄�, · · · , x̄n, t) ��]< +K�'H ��H /��h4n�

�K ��L/� �]< �# ���O �# �0'�

E�T<Z �ω = f dx̄i� ∧ · · · ∧ dx̄ik = f dx̄I �L� _�

dω = · · ·+ ∂f

∂t
dt ∧ dx̄I

�H ##�L /� �]OG� /L#�N7

I(dω)(p) =

(∫ �

�

∂f

∂t
(p, t) dt

)
dx̄I(p)

= {f(p,�)− f(p,�)}dxI(p) = i∗
�
(p)− i∗

�
(p)

+$'H/� �7�x ���O ? � �# �� K
O ? � Iω = � J��

+i∗
�
ω = i∗

�
ω = � E�T<Z �ω = f dt ∧ dx̄i� ∧ · · · ∧ dx̄ik−� = f dt ∧ dx̄I �L� _!

J�'H�

I(dω)(p) = I

(
−

n∑
α=�

∂f

∂x̄α
dx ∧ dx̄α ∧ dx̄I

)
(p)

= −
n∑

α=�

(∫ �

�

∂f

∂x̄α
(p, t)dt

)
dxα ∧ dxI

?�'s	- �

d(Iω) =

(∫ �

�

f(p, t)dt

)
dxI

=
n∑

α=�

∂

∂xα

(∫ �

�

f(p, t)dt

)
dxα ∧ dxI

� +I(dω) + d(Iω) = � 1��P ? � �# �H ��� ?@��

@*�<2��P �� >!>

�$@�7 � \V R�":<� p� ∈ M A��>:< �7 ���	- ��>7 M �L� ������ ��%�%
+��� W�C# M �7 ω �4N7 ��D �- E�T<Z
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A� p ∈ M �- ��.� �7 �H K ��# A� H : M × [�;�] → M R�D W7�>� 23�*4�
���� /<�	- �@�T< H ◦ i� : M → M ? ��7�'7 +H(p,�) = p � H(p,�) = p�

�7 �'7 �\� � d(H∗ω) = H∗(dω) = � ��� ���� p� �7�x �@�T< H ◦ i� : M → M

��BC

ω − � = i∗
�
(H∗ω)− i∗

�
(H∗ω) = d(I(H∗ω))

� +��� ��	� J�-�7�

E��
<��V K� �� d� = � �	- �H /��O �# �$'<�#/� E��
<��V K� /)�7 �� !+,+3 �d�4<
_+��� �4@�# /t�"��� �� JZ �7 E��
<��V K<�#/	< �� s�- �7 ?� ��4"��a +$'��'@ /�
Q���D �K ��# �� H b �P Q���D �H �Rn .� U �
@ E��4� .�7 ��g�	d� � . ���O �#
J�� +_2! �� ���N�a K�7��7 K�<���/� U �7 ω ��D �- Ǳ�.� �7 �� I(H∗ω) A��7 b �P
ω = / 9 1�:4;� �7 1X#�*� E�T4�# ? ��7�'7 #�@/� �4)�� Q��T4<� �7 $ $ ��D
A�-J�$�� (�h) �# M��GH A� �BC +K�'H �O K�<���/� �-Q��T4<� M	
7 �� dη
�� ���N�a $'4N- JZ J� ��� � E��
<��V K� .� ��4'4�� �7�C �H �$<��# #�� R� �# A��#�7
�
' � �7 +��� E#�7 ��
O� ? � ��	- �
@ M K�	*� �# d p�t ��;'� 6C�� �# � �_!3
��$'- A#��'7 A� �BC 1��P �7 � �� u=7 �# / �" . �
@ �7 [<���� � #��
<��V K�
? � ���V +#�7 .�� M ?� A��7 d ��	-� ���# E���	- ��� �$<$@ p�>� ��N<��& #
1�=&P �# �H z��N<��& # A�-��D �7 /*�"t A�-�T%	gy �� ��:��# e���V �� [��V
���� E$<��� ��� �7 Trans. Amer. Math, Soc, 92(1959) �� %d� .� �5� �� �!,
�@�T< �- Ǳ�.� �7 �H K ��# �0��D−� �7 �-��D −k .� D A�T%	g $�'H R�D +��� E#�#

���L� # �f : M → N ���	-

M �7 A�0��D− k f∗
 M �7 A�0��D− k

D

� �

D

M �7 A�0��D− � f∗
 M �7 A�0��D− �

�;�	- �(�hn7 A#���� 9d7 �H #��#/� J�gq� e���V �� �BC +��� � \V ~ �*�
$<���/� D E�T<Z �k = � �L� �$'4N- ?�'� A��"*� �7 (�) #���� ? � +D = �

$<��4�� �0'� D E�T<Z � = k + � �L� +�T # 9�� �< � �$@�7 /<�	- �@�T< .� /7�B�
� \V~ �*� �� X�7 ���L� # $<���/� d� �H ��� �d� = � ��d�4< �#a +$@�7 d .� /7�B�
$@�7 �4@�# #�� ��� ?
	� �&P ��r A D �H #��# #�� �T # ���O M �0'� _�$'H

!2!
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zQ��T4<�y .� /7�B� $<���/� D ����O ? � �# +� = � � ��� M $*7 �7��7 k /4C�
+#��L /� ���C /�� �7 #��� $*7 �hD �# �H $@�7

'�
��(� D!>

E�T<Z σ(v�, · · · , vk) = (vσ−�(�), · · · , vσ−�(k)) K�'H � �*� �L� �H $�-# J�;< +�
+σ.p.(v�, · · · , vk) = σp.(v�, · · · , vk)

+w∧η = Alt(w ⊗ η) K�'H � �*� � ���� �/k! ���g J�$7 /�� Alt K ��L +!
/���7 �� θ ∈ ω�(V ) � ω � η ∈ ω�(V ) ���Oa +�N�< � \�4H�@ ∧ $�-# J�;<

_+$�'H

{�, · · · , k} ��g�	d� �# �- �H ��� / �- σ ��	- .� �
;4� Sk+� E��L � . S′ K ��L +2
A��g�	d� � . S′ 0"D�� a�% +$''H /� �&O �� {k + �, · · · , k + �} �

+#��#�7 �# �� �Bg M ���# S′ �� �� 4�$	- �- .� �H ��� k ⊂ Sk+�

K ��# K A�\L o�7 �- Ǳ�.� �7 �H $�-# J�;< _���

ω ∧ η(v�, · · · , vk+�) =
∑
σ∈k

sgnσ.w ⊗ η(vσ(�), · · · , vσ(k+�))

+#�H E#�&4�� J���/� /-�'4� ��hn;� �7 A�0<�$�� ���O �# /4O�� � �*� ? �
+ω ∧ η = (−�)k�η ∧ ω � ���� /<���< ω ∧ η �H $�-# J�;< � �*� ? � .� _^

_+��� ��%@ /%�) A� \V�H�@ 1�"x�a
σ(�) < σ(�) < �H K�8�L zJ.�7 �;T �y /���P �# �� σ ∈ Sk+� �;T � _�
�H $�-# J�;< σ(k + �) < σ(k + �) < · · · < σ(k + �) 9�< � · · · < σ(k)

+��� S′ A��7 A�\L o�7 M �J. �7 A�-�;T � ��	- �g�	d�

�7 �� v!w ∈ Ωk−�(V ) s�A9� � 0���� ;�D w ∈ ωk(v) � v ∈ V A��7 +5
1��P

(v!w)(v� , · · · , vk−�) = ω(v, v�, · · · , vk−�)

+��� ����� /%�) 9�< iv w #�	< +K�'H/� � �*�
$�-# J�;< _���

v!(w!w) = −w!(v!w)

!22



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

��)*�
��+ Z
� > ��� ����
%� F�>

· · · �ϕ� _J�L�#a #�9	- ��  �V �7 V A��7 A�� �V vn � · · · �v� �L� �H $�-# J�;< _^
E�T<Z �$@�7 ϕn �

vj!(ϕi� ∧ · · · ∧ ϕik) =

{
� $@�"< �7��7 A� iα }�- �7 j �L�
(−�)α−�ϕi� ∧ · · · ∧ ϕ̂iα ∧ · · · ∧ ϕik j = iα�L�

E�T<Z ω� ∈ Ω�(V ) � ω� ∈ Ωk(V ) �L� �H $�'H �7�x _�

v!(ω� ∧ ω�) = (v!ω�) ∧ ω� + (−�)kω� ∧ (v!ω�)

_+$�'H E#�&4�� 9�� �	- J#�7 />) � _^a .�a
E#�&4�� J��4�� k + � �7 Ǳ��:4�� M	H �7 ω� ∧ ω� � �*� A��7 �� _�a Q���D _#
A��7 ∧ �L� �_$'H /� �	g E��n�# J�$�� �7 A��#�7 A�BD ���O A��7 �Ha #�H

K�'H /� � �*� �$@�7 E$@ � �*� k + �〉 �̀	d� �7 ���# .� A�-��D

ω� ∧ ω�(v�, · · · , vk+�) = [(v�!ω�) ∧ ω�](v�, · · · , vk+�)

+(−�)k[ω� ∧ (v�!ω�)](v�, · · · , vk+�)

#�@ /���7 ��� /D�Ha ��� �H J��:4� �� �*� ? � �7 ω�∧ω� �H $�-# J�;<
+_#�@/� R�g ���� �	� ��Gg �K�'H R�g v� �7 v� �L� �H

+ω�∧ω� = (−�)k�ω�∧ω� E�G*7� ��� />) �# ∧ �H $�'H �7�x Ǳ��:4�� �7 _-
X!w ��D −(k−�) �$@�7 M �7 ��D −k M ω � M �7 A��#�7 /<�$�� X �L� _�
ω� �L� �H $�-# J�;< +K�'H/� � �*� (X!w)(p) = X(p)!ω(p) 1��P �7 ��

E�T<Z �$@�7 ��D −k M 
X!(ω� ∧ ω�) = (X!ω�) ∧ ω� + (−�)kω� ∧ (X!ω�)

A�/T �N	- �# /4C� �-'� � /4C� f�, · · · , fn : M → R 67�� n �H $�-# J�;< +,
df�∧· · ·∧dfn(p) �= �H $'-#/� 1�h4n� E�T4�# M ��
;� p ∈M ��>:< .�

+�

ϕi ∈ V ∗ = M Ǳ�.� �7 �H K�8�L �	
F 	45� /���P �# �� w ∈ Ωk(V ) �h'g +�
�H $�-# J�;< 1��P ? � �# +ω = ϕ� ∧ · · · ∧ ϕk A� Ω�(V )

+��� � \V� 9d� A� w ∈ Ω�(V ) E�T<Z dimV ≤ � �L� _���
ω = ϕ� ∧ ϕ� + ϕ� ∧ ϕ� E�T<Z �$'@�7 �:4N� i = �, · · · ,� �7 A�- ϕi �L� _^

+�N�< � \V� 9d�
�+#�@ ��� ω ∧ ω �7 20������'�
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� �*� Ann(ω) = {ϕ ∈ V ∗ : ϕ ∧ ω = �} �� ω .�N��V ω ∈ Ωk(V ) �- A��7 +3
+K�'H/�

ω �H ���� ���C�7 /4C� �0'� � /4C� A��N� � dim Ann(ω) ≤ k $�-# J�;< _���
+$@�7 � \V� 9d�

S �Y $O �# �H ���� � \V� 9d� ω M Ann(ω) .�N��V V ∗ .� �BD� . �- _^
+��� �4
 

Ann(ω�) ⊂ Ann(ω�) /4C� �0'� � /4C� E�T<Z �$'@�7 � \V� 9d� ω� � ω� �L� _�
+ω� = ω� ∧ η A� η M Ǳ�.� �7 �H

/4C� �0'� � /4C� E�T<Z �$'@�7 � \V� 9d� �- ωi �L� _#

Ann(ω�) ∩Ann(ω�) = {�}

���O ? � �# +ω� ∧ ω� �= � �H

Ann(ω�) + Ann(ω�) = Ann(ω� ∧ ω�)

+��� � \V� 9d� A� w ∈ Ωn−�(V ) �- E�T<Z �$@�7 n $*7 �7 V �L� _-
K�<���/� ? ��7�'7 �#�H ��h� J���/� V ∗∗ .� / �Bg� J��'g �7 �� �- vi ∈ V J�� _�
SNO �7 �� _#a �� _���a A�04	NC v� ∧ · · · ∧ vk ∈ Ωk(V ∗) �H K�'H R�D

+$�'H J��7 ^�Y ∧ ? �

#�� J�'� V ∗ .� ϕn � · · · �ϕ� A�� �V $�-# J�;< +w ∈ Ω�(V ) K ��L _��� +�
�H #��#

ω(ϕ� ∧ ϕ�) + · · ·+ (ϕ�r−� ∧ ϕ�r)

�ψ� ?�7 �� ϕ� � ψn � π�� ψ� ?�7 �� ϕ� �ω =
∑
i<j

aijψi ∧ψj �L� 2 0������'

$�'H ^�n4<� A��t ψn � · · ·

ω = ϕ� ∧ ϕ� + w′

+�� ψ� �< � #��#�7 �# �� ψ� �< w′ �H
���� � \V� 9d� � �&P �� ω ∧ · · · ∧ ω / �� r A�E�L ^�Y �H $�-# J�;< _^
� �*4@�) r �? ��7�'7 +��� �&P o#�) �# ω / �� (r + �) A�E�L ^�Y �

+��� ω  8 A�� ��<Z m���
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+��� (aij) �� "�� �7��7 ω �� "�� $�-# J�;< �ω =
∑
i<j

aijψi ∧ ψj �L� _�

$�-# J�;< �ωi =
n∑
j=�

αjivj � $@�7 V A��7 A�� �V vn· · ·v� �L� +�

det(αij)ω∗
�
∧ · · · ∧ ω∗

n = v∗
�
∧ · · · ∧ v∗n

� ��� �7�x � ≤ p ≤ n K ��L +��� n × n /N ���� A = (aij) K ��L +�I
K�'H/� � �*� K = k� < · · · < kq � H = h� < · · · < hp Ǳ�.� �7 q = n−p

BH =

∣∣∣∣∣∣∣
a�,h� · · · a�,hp+++ +++
ap,h� · · · ap,hp

∣∣∣∣∣∣∣ , CK =

∣∣∣∣∣∣∣
ap+�,k� · · · ap+�,kq+++ +++
an,k� · · · an,kq

∣∣∣∣∣∣∣ .
$�-# J�;< �ωi =

n∑
j=�

ajivj � $@�7 V A��7 A�� �V vn � · · · �v� �L� _���

ω� ∧ · · · ∧ ωp =
∑
H

BHvH ωp+� ∧ · · · ∧ ωn =
∑
K

CKvK

$�-# J�;< +��� _A#�*P S���� �7a H ′ = {�, · · ·n} −H K ��L _^

vH ∧ vK =
{
� K �= H ′�L�
eH,H′v� ∧ · · · ∧ vn K = H�L�

��� � . �;T � ��Gg eH,H′ �H(
� � · · · p p+ � · · · n
h� h� · · · hp k� · · · kq

)
+detA =

∑
H

eH,H′BHCH
′ �$�'H �7�x �� �GVX cN7 _�

��>7�� �# ψ�, · · · , ψk ∈ V ∗ � $'%:4N� � ϕ�, · · · , ϕk ∈ V ∗ K ��L +X&����� V!a +��
�7 aij #�$g� 1��P ? � �# +$''H/� �$P ϕ� ∧ ψ� + · · · + ϕk ∧ ψk = �

+ψi =
k∑
j=�

ajiϕj �H $<��# #�� A��t aij = aji

� �� � Ω .� E#�&4�� �7 TM .� E$@ �4)�� A�-FGH A�-o�7 ��-��D �7 E�Gg +�!
A��#�7 FGH ξ = π : E → B �L� �Gj �� +�D�L �]< �# J���/� �� �-�L�	g
Ωk({π−�(p)}∗) JZ .� p �# ��� �H K ��T7 �]< �# �� Ωk(ξ∗) /DGH K�<���/� �$@�7

!2�
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o�7 �- ��D�L �]< �# J���/� (TpM)∗∗ .� A�h'g �� ∂/∂xi
∣∣∣
p

J�� +���
��@�< J���/� � . 1��P �7 /*Y�� �
@ �7 �� Ωk(T ∗M) .�

h
∂

∂x�
∧ · · · ∧ ∂

∂xn

A�-���
�� �7 ���'4� /�$'- Ǳ��@� �Ωn(T ∗M) A�-o�7 �H $-#/� J�;< _���
+��� ��− � �# −� J.� �7 _��.a /4"N<

�
@ �7 />) $'� 67��� ��	- A��#�7 A�BD �T; �	< T k[m]
� (TM) K ��L _^

V × · · · × V︸ ︷︷ ︸
�� k

×V ∗ × · · · × V ∗︸ ︷︷ ︸
�� �

→ Ωm(V )

A�-��N<�� �7 ���'4� /�$'- Ǳ��@� T k[n]
� (TM) A�-o�7 $�-# J�;< +���
+$'4N- � J.� � (

k
�

) �̀< .� _��.a /"N<
�� Ωn(V ) Ǳ�Bg� E�T<Z �$@�7 V A��7 A�� �V vn � · · · �v� �L� �H $�'H ���a
�# ^�Y /:�:O #�$g� ��:�:O �#� #�	< ��"*� J���/� /:�:O #�$g� J��'g �7

�+v∗
�
∧ · · · ∧ v∗n ��4;� ���g

Ωm(V ∗) �7 �� Ωm(V ) �
' � 9d7 �##�L � �*� �7�;� 1��P �7 T k�[m](V ) �L� _�
A�-��N<�� �7 ��]< /�$'- Ǳ��@� T k�[n](TM) A�-o�7 $�-# J�;< �K�'H R�g

+��� −� J.� � (
k
�

) �̀< .� _��.a /"N<

�I�5 �� ���N� �# �H M J.� � (�n) �̀< .� J� ���H /"N< ��N<�� �H $�-# J�;< _#
�@�T< �7 �$@�7 εi�···in A�-�&���� �7 �s<�'� �$@ � �*�

V ∗ × · · · × V ∗︸ ︷︷ ︸
�� n

→ Ωn(V )

A�-�&���� �7 /"N< ��'��� +��� ���'4� (ϕ�, · · · , ϕn) �→ ϕ�∧· · ·∧ϕn ��>7�Y �7
+$�'H ��"*� �7�;� 1��P �7 �� εi�···in

�7 η : V × · · · × V → R 67��� ��	- ��g�	d� �T; �	< Ωn;w(V ) $�'H R�D _-
�
@

η(v�, · · · , vn) = [ω(v�, · · · , vn)]w

T k[n]
� ��"@ T k[n;w]

� (V ) K ��L w ∈ Ωn(V ) � ��� b�=P A#$g ω �H �$@�7
A�-o�7 $�-# J�;< +K�'H R�g Ωn;w(V ) �7 �� Ωn(V ) �
' � 9d7 �#�@ � �*�

!23
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J.� � (k�) �̀< .� _��.a /"N< A�-��N<�� �7 ��]< /�$'- Ǳ��@� T k[n;w]
� (TM)

+$'4N- ω

+$�'H �	g T k�[n;w] �7 �7�;� 1��P �7

/��) �" � V ⊗W A��N<�� ^�Y (�h) �# /"��>� #�H J��7 � q ��
O� _�
�7 �� T k� (V ) +��� ∧k(V )

k⊗
V ∗ ⊗

�⊗
V := V ∗ ⊗ · · · ⊗ V ∗︸ ︷︷ ︸

�� k
⊗V ⊗ · · · ⊗ V︸ ︷︷ ︸

�� �
A��#�7 A�-�BD �Ωm(V ) � Λm(V ∗) � {Λm(V )}∗ J�� +�D�L /
 J���/�⊗k V ∗ ⊗ � ⊗k V ∗ ⊗

⊗� V ⊗ Λm(V ) �7 S���47 �� T k�[m](V ) � T k[m]
� (V )

A��#�7 A�-�BD ��7�;� 1��P �7 +�D�L J���/� /
 ⊗�
V ⊗ Λm(V ∗)

T k[m;w]
� (V ) :=

k⊗
V ∗ ⊗

�⊗
V ⊗

w⊗
Λm(V )

T k�[m;w](V ) :=
k⊗
V ∗ ⊗

�⊗
V ⊗

w⊗
Λm(V ∗)

+��� A$*7 M �;�	- Λn(V )⊗· · ·⊗Λn(V ) �H #�@ ��� +K ��T7 �]< �# ��
A�-��N<�� � S���47 T k� [n;w](TM) � T k[n;w](TM)

� A�-o�7 �H $�-# J�;<
+$<���'4� −w � ω J.� � (

k
�

) �̀< .� ��. /"N<

�@�T< E�T<Z �$@�7 />) /% $"� A : V → V � E#�7 n $*7 �7 V �L� _��� +�2
$�-# J�;< +$@�7 J#�H ��7�x M .� /7�B� /4N �7 A∗ : Ωn(V ) → Ωn(V )

_+#�H #�$	%C J���/� detA 67�� � �*� J��'g �7 �� ? �a +c = detA

+detAB = (detA)(detB) �H $ ��T7 �d�4< _^

.� �N���"g A : V → V ��hn;� A��%	 $'� �H K �@ /� ��Z #� +�5

X (λ) := det(λI −A)

= λn − (trace A)λn−� + · · ·+ (−�)n detA

= λn − c�λ
n−� + c�λ

n−� + · · ·+ (−�)ncn

+��� A∗ : Ωk(V ) → Ωk(V ) �@�T< �x� �7��7 Ck $�-# J�;< _���

+ck(AB) = ck(BA) $ ��T7 �d�4< _^

!2�
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A : V → �L� +##�L � �*� _�2 �	NCa ,�5 �� ��N� �# ��� δj�···jki�···ik K ��L _�
$�-# J�;< �$@�7 _� �V M �7 �"N<a (aji ) e ���� A���# V

ck(A) =
�

k!

∑
i� · · · ik
j� · · · jk

a
j�
i�
a
j�
i�
· · · ajkik δ

i�···ik
j�···jk

E�T<Z �$@�7 (�
�

) �̀< .� A��N<�� A � ##�L � �*� ��=&P �# ��� δ �L� � ? ��7�'7
J���/� A⊗ · · · ⊗A⊗ δ / �� (�k) R�":<� 1��P �7 �� p �→ ck(A(p)) 67��

+#�	< � �*�

n × n e ���� �- Ǳ�.� �7 +��� ���4� n� �7 A��%	 $'� M P (Xij) K ��L +�,
/� ��Z #� +#�H � �*� J���/� S���� ? � �7 �� P (aij) #$g �A(aij) J��
B � \V��
*� e ���� �- � A �- Ǳ�.��7 �H ��� ���#� /���P �# P �H K �@
�- �H K
O ? � .� ��� / �	@ �� ���N� ? � P (A) = P (BAB−�) K�@�7 �4@�#
E$@ /D�*� cn � · · · �c� A�0 ��%	 $'� .� A��%	 $'� 1��P �7 �#���< P
J��:4� A��%	 $'� �H K ��# .��< A�" K
O ? � �7 +$'4N- �5 �� ��N� �#
σn · · · �σ� .� A��%	 $'� 1��P �7 yn � · · · �y� ���4� n �7 Q(y�, · · · , yn)
· · · �y� .� /���$:� J��:4� A��%	 $'� ?��� i .� 1��"g σi �H ��@�< J���/�

+��� yn �
#�H /D�*� J���/� � . �
@ �7 �� �- σi �H K �@/� ��Z #� 

πni=�(y − yi) = yn − σ�y
n−� + · · ·+ (−�)nσn

� · · · �y� A�-�; � �7 A��%	 $'� S ��Y �- σi ��Gg .� �]< F�P �? ��7�'7
A�-�; � �� �*� �7 �'7 A e ���� �- λn � · · · �λ� E�k � � #�:� J�� +$'4N- yn

�H K ��L /� �d�4< �$'4N- X(λ) A��%	 $'�

ci(A) = σi(λ�, · · · , λn)

?
	� P S ��Ya K ��L /� �]< �# �� C �%4n� #�$g� A�� A A�0N ���� �$47�
+_$'@�7 c%4n� ���

A�]< e ���� A �H K�'H/� � �*� P (A) 1��P �7 �� Q(y�, · · · , yn) _���⎛⎜⎜⎜⎝
y� � · · · �

� y� · · · �

+++ +++ + + + +++
� � · · · yn

⎞⎟⎟⎟⎠
!2�
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�H #��# #�� A��t R A��%	 $'� M 1��P ? � �# +���

Q(y�, · · · , yn) = R(σ(y�, · · · , yn), · · · , σn(y�, · · · , yn))

+�N- 9�< R A��%	 $'� �$@�7 /:�:O S ��Y �7 p �d<�'� _^

+P (A) = R(c�(A), · · · , cn(A)) K ��# A A�]< e ���� �- Ǳ�.� �7 _�

E�k � � #�:� �- λi �H �##�L /� � �*� πi=j(λi − λj)� 1��P �7 D(A) ?�"� _#
A A�-� Z�# .� A��%	 $'� M 1��P �7 �� D(A) $�-# J�;< +$'4N- A

+�@�< J���/�

�7 +P (A) = R(c�(A), · · · , cn(A)) K ��# �D(A) �= � E�L�- �H $�-# J�;< _-
9�< C A�� A A�-e ���� ��	- A��7 A��N� �H $ ��T7 �d�4< /T4���V M	H
���# ��4'4�� ? � �K�'H R�g �T # J�$�� �- �7 �� C �L� /4Oa +��� ���#
/
N ��. Af���V�� �7 �"N< D(A) �= � �H / �- A ��	- ��g�	d� �� . ����

+_��� Q�T�

A B �- � /:�:O A A �- Ǳ�.� �7 � $<�/:�:O P S ��Y $�'H R�D Q�O
+P (A) = P (BAB−�) � \V��
*�

��#�*�a ��� ���# � \V��
*� c%4n� A B � c%4n� A A A��7 ��#�*� ?�	- _�
+$ ��T7 �]< �# bij � aij SNO �7 A��%	 $'� �� �#�*� n� 1��P �7 ��

ωj = �7 ω�, · · · , ω� ∈ V � ��� V A��7 A�� �V vn � · · · �v� $�'H R�D _��� +��

E�T<Z �w ∈ Ω ∗ k(V ) �L� �H $�-# J�;< +$'4N-
n∑
j=�

αjiVj

ω(ω�, · · · , ωk) =
∑

I=i�<···<ik
αIω(vi� , · · · , vik)

9d7 A�-�>� ��	- F\O .� �P�O (αij) .� k × k e ���� � . J�'����# αI �H
+��� ik � · · · �i� A�-�>�

+$�-# K�	*� �-��D −k ���O �7 �� !+2+3 ��d�4< � �+2+3 �� �BC _^

+#��$< /T4N7 1�h4n� E�T4�# �7 d � �*� �H $ ��T7 �d�4< _^a .� �j	�:4N� _�

A� k � j �i �- Ǳ�.� �7 �L� �0'� � �L� d(
∑
i<j

αij dx
i ∧ dxj) $�-# J�;< +�3

∂αij
αxk

− ∂αik
∂xj

+
∂αjk
∂xi

= �

!5I
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+K #�H � �*� A E��n�# A��N<�� J�$�� A��7 �� LXA �h'g �5�, �� ��N� �# +��

+�N- 9�< LXw E�T<Z �$@�7 ��D −k M ω �L� �H $�-# J�;< _���

.� E#�&4�� �7 _�+LX(ω� ∧ ω�) = LXω� ∧ ω� + ω� ∧ LXω� $�-# J�;< _^
$�-# J�;< �5�, �� ��N� .� _-a �	NC

X(ω(X�, · · · , Xn)) = LX(ω(X�, · · · , Xk))

= LXω(X�, · · · , Xk)

+
k∑

α=�

(−�)α+�ω([X,Xi], X�, · · · , X̂i, · · · , Xk)

�$�'H 1�"x� �� � . Q���D �# _#

dω(X�, · · · , Xk+�) =
k+�∑
i=�

(−�)i+� LXiω(X�, · · · , X̂i, · · · , Xk+�)

+
∑
i<j

(−�)i+j+�ω([Xi, Xj ], X�, · · · , X̂i, · · ·

· · · , X̂j, · · · , Xk+�) dω(X�, · · · , Xk+�)

=
�

�

k+�∑
i=�

(−�)i+�{X�(ω(X�, · · · , X̂i, · · · , Xk+�))

LXiω(X�, · · · , X̂i, · · · , Xk+�)

�T # 1��"g �7 X!dω = LXw − d(X!w) $�-# J�;< _-

dω(X�, · · · , Xk+�) = (LX�
w)(X�, · · · , Xk+�)

−d(X�!w)(X�, · · · , Xk+�)

_+#��Z ��$7 d .� /& �*� � E#�H E#�&4�� J���/� Ǳ��:4�� �7 �� ? �a

+d(L)X = LX(dω) �H $�-# J�;< _-a .� E#�&4�� �7 _�

�.X {�@ �H $�-# J�;< +$'@�7 aij = aji �7 Rn �7 67�� n� .� 1��"g aij K ��L +��
A��<�L �7 R ��>:< �- .� /T �N	- M �# un · · · �u� 67��� �
' � A��7 /D�H �

�H $<�@ �D� 

aij =
�

�

{
∂ui
∂xj

+
∂uj
∂xi

}
!5�
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A� k � j �i �- Ǳ�.� �7 �H ��� ? �

∂�aij
∂xk∂x�

− ∂�aik
∂xj∂x�

=
∂�a�j
∂xk∂xi

− ∂�a�j
∂xj∂xi

fjk∂uj∂x
k−∂uk/∂xj A��7 / 9 1�:4;��7 ��N<��& # 1X#�*� �$47� 2 0������'�

�+$�'H E#�&4�� !+�+� �� �BC .� e�� � E#�# ��
;� ��

��� arctan(y/x) �7��7 θ �-� A���N7 �#a +”dθ” =
xdy − ydx

x� + y�
$�-# J�;< +!I

_+�7�x M E��G*7 Xj �	4O� 9d7

M �H $�-# J�;< �$@�7 f(�) = f(�) �7 [�;�] ��D f dx M ω �L� _��� +!�
w − K ��# g(�) = g(�) �7 g 67�� M Ǳ�.� �7 �H #��# #�� J�'� λ �4
 #$g
λ � �4D�L Q��T4<� [�;�] �7 �� w − λdx = dy �� �#�*� 2 0������'� +λdx = dy

�+$�7��7��

�7 c : [�;�] → S� �L� +σ′ = i∗dθ � ��� A�4O� i : S� → R� K ��L _^
+c∗(σ′) = dx $�-# J�;< �$@�7 c(x) = (cos�πx, sin�πx) A�>7�Y

J�'� λ #�&7 �h='� A#$g $�-# J�;< �$@�7 S� �7 �4N7 ��D −� M ω �L� _�
+��� W�C# w − λσ′ �H #��# #��

ω� ∧ A�-��D �̀	d� 1��P �7 �� w ∈ Ωk(V� ⊕ V�) �- �H $�-# J�;< _��� +!!
� ��� β = k − α ���# .� ω� � α ���# .� ω� �H �@�< J���/� ω�

�ω�(v�, · · · , vα) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�
+ω�(v�, · · · , vβ) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�

ω� + �
@ �7 �4
 /���P �7 �� ω E�T<Z �� �= λ ∈ V ∗
�

� dimV� = � �L� _^
���� ��D −(k−�) M ω� � ��� ��D −k �H ω� �H �@�< J���/� (ω�∧λ)

�H A��<�L �7
�ω�(v�, · · · , vk) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�

+ω�(v�, · · · , vk−�) = � E�T<Z �vi ∈ V� A� i M Ǳ�.� �7 �L�

�� H : [�;�] → U � ���� .�7 � � �7 �"N< �
@ E��4� ��g�	d� K ��L +!2
�L� +K�'H/� � �*� H(p, t) = tp ��>7�Y�7

ω =
∑

i�<···<ik
ωi�···ik dx

i� ∧ · · · ∧ dxik

!5!
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$�-# J�;< �U �7

I(H∗ω) =
∑

i�<···<ik

k∑
α=�

(−�)α−�
(∫ �

�

tk−�ωi�···ik(tx)dt

)
xiα

dxi� ∧ · · · ∧ d̂xiα ∧ · · · ∧ dxik

R� − U �H A��<�L �7 ��� ��$<��H .�7 ��g�	d� M U ⊂ R� K ��L _��� +!5
�>:< M �7 ? ��7�'7 � ���� F����U& # R� �7 U $�-# J�;< +$@�7/� $'"	-
20������'� _+#�@/� �7�x ��� �� ���N� �# S%>� ? � e
ga +��� � \VR�":<�
�g�	d� ?��� k �H �$�N �'7�-�g�	d� .� A#�*P /g�	4� 1��P �7 �� U
�� "��� �k ≤ �� %P�D �H $@�7 U �# /t�:< ���@ A�-67�� .� /-�'4� /g�	4� �7��7

+_#�@ ��� 5+3 �
@ .� _���a �	NC �7a �+$<��# ���C U

U /�� �$@�7 $'"	- R� − U �H $�7��7 J�'� U ⊂ R� A��$<��H .�7 ��g�	d� _^
+$@�"< � \VR�":<� A��>:< }�- �7

i

5+3 �
@

Rn �7 U � Z +��� .�7 � � �7 �"N< �
@ E��4� ��g�	d� M U ⊂ Rn K ��L +!,
��� . +�N�< E#�� JZ 1�"x� /�� ��� �"�� Q���� ? � ���Va w��� F�����	-
����� �4���V�< �
@ �7 ��� ?
	� �g�	d� . �� � � ?�7 �P� � A�-`�*@ Q�t

+_#�@ ��� 5+3 �
@ .� _^a �	NC �7a _+$'H

+〈a, b〉 =
n∑
i=�

aibi ��� Rn �# /��	*� /%)�# ^�Y 〈, 〉 K ��L +!�

!52
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%� F�>

v�×· · ·×vn−� ∈ #�&7 �h='� A��#�7 $�-# J�;< v�, · · · , vn−� ∈ Rn �L� _���
A� w ∈ Rn �- Ǳ�.� �7 �H #��# #�� J�'� Rn

〈v� × · · · × vn−�, w〉 = det

⎛⎜⎜⎜⎝
w
v�
+++

vn−�

⎞⎟⎟⎟⎠
+$�-# cN7 �- e∗i SNO �7 ��<Z � × · · ·× ∈ Ωn−�(Rn) $�-# J�;< _�̂

�+$�'H E#�&4�� [�V �-��'�� SNO �7 J�'����# cN7 .� 20������'�
�H $�-# J�;< R� A��7 _�

v × w = (v�w� − v�w�, v�w� − v�w�, v�w� − v�w�)

�+$�7��7 �� �- ei × ej ��	- �$47� 20������'�

1��P �7 �� Rn �7 _f J� #��La grad(f) A��#�7 J�$�� f : Rn → R �L� _��� +!3

grad(f) :=
n∑
i=�

∂f

∂xi
.
∂

∂xi
=

n∑
i=�

Di f
∂

∂xi

K�N �'7 K�<���/� ∇ :=
n∑
i=�

Di∂/∂x
i A��P #�	< p�t �7 +K�'H/� � �*�

Dvf(p) �H �Dv f(p) = 〈v, w〉 $�-# J�;< �f(p) = ωp �L� +grad(f) = ∇f
vp ∈ #�@ R�D ��s<�'�a ��� v A�4��� �# � p ��>:< �# f A#��4�� W4;�
f �H ��� / �4��� ∇f(p) �H $ ��T7 �d�4< +_Dv f(p) = vp(f) E�T<Z TpRn

$-#/� ��d<� p �# �� 1������ ��H�$O JZ �#

1��P �7 �� X e<�f �� # �$@�7 Rn �7 A��#�7 /<�$�� X =
n∑
i=�

ai∂/∂x
i �L� _^

K�N �'7 K�<���/� A#�	< �
@ �7a +K�'H/� � �*� divX =
n∑
i=�

∂a/∂xi

�_� �*�a K ��# n = � Ǳ�.� �7 �?�'s	- _+divX = 〈∇, X〉

Curl(X) := ∇×X

:=

(
∂a�

∂x�
− ∂a�

∂x�

)
∂

∂x�
+

(
∂a�

∂x�
− ∂a�

∂x�

)
∂

∂x�

+

(
∂a�

∂x�
− ∂a�

∂x�

)
∂

∂x�
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K�'H /� � �*� � . �
@ �7 �� ηX � ωX A�-��D

ωX := a�dx+ a�dy + a�dz

ηX := a�dy ∧ dz + a�dz ∧ dx+ a�dx ∧ dy

$�-# J�;<

df = ωgrad(f), d(ωX) = ηCurl(X), d(ηX) = (divX)dx ∧ dy ∧ dz.

$ ��T7 �d�4< _�

Curl(grad(f)) = �, div(Curl(X)) = �.

�CurlX = � � $@�7 U ⊂ Rn �
@ E��4� .�7 ��g�	d� �7 A��#�7 /<�$�� X �L� _#
E�T<Z divX = � �L� ��7�;� 1��P �7 A� f : U → R 67�� M Ǳ�.� �7 E�T<Z

+X = CurlY A� U �7 Y A��#�7 J�$�� M Ǳ�.� �7

!5,
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%
�+(�
)���

F�+B� ^4+ � _� K��N�2�  !D

M 9�D K��g �# ��7 Q�� �H ���� b>� � c) A�0���T4<� K�	*� ��hD ? � /%P� ��0&�
ω = f dx + � ��� /'='� M C : [�;�] −→ R� $�'H R�D �Gj �� +$<$@ p�>�
R� �7 /��h4n� 67��� y � x � f, g : R� −→ R �Ha $@�7/� R� �7 ��D−� M g dy
1��P ? � �# +K�'H/� ^�n4<� [�;�] A��7 � = t� < · · · < tn = � A.��D�+_$'4N-
�7a $@�7/� c(ti) �� c(ti−�) .� JZ �� i ��*>C �H #�@/� K�N:� �*>C n �7 C /'='�
E�.�$<�7 ti − ti−� A�0%Y�&� �H /���P �# +_#�@ ��� �+� �
@ .� _���a �	NC
�� i ��*>C �#. S �:� J���/� c) E��V M �7 �� A��*>C ?�'� �- �$'@�7 M��H /D�H
A#�	g � �h� � c�(ti)−c�(ti−�) �7��7 JZ /:D�� �h� �H K�<./� S �:� />) E��V �7
ξi ∈ [ti−�, ti] ^�n4<� �7 �*>C �- �7 �� (Cξi) {�:< +$@�7/� c�(ti) − c�(ti−�) JZ

�̀	d� ξ = (ξ�, · · · , ξn) ^�n4<� ?�'� �- � P .��D� �- Ǳ�.� �7 +K ��L/� �]< �#

S(P, ξ) :=
n∑
i=�

f(c(ξi))[c�(ti)− c�(ti−�)] + g(c(ξi))[c�(ti)− c�(ti−�)]

�P��D ��	 9H�� /'* �$'H ��� �&P �7 P .��D� ‖P‖ �D��� J�'� +K ��L/� �]< �# ��
$O ��$:� �$<�@ ��T	- �n;� A$O �7 �0g�	d� ? � � �$''H ��� �&P �7 ti− ti−�
�L� ��� W�C# J��7 �7 +��� E$�s�V ���N7 $O ? �a +K�-#/� J�;< ∫

c
f dx+ g dy �7 ��

!53



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

8
�GK�
P,*� F ��� H�	AB _4	 � `� K�
P,*� ��F

A��N� E�T<Z ‖P‖ = maxi{ti − ti−�}

lim
‖P‖−→�

S(P, ξ) =
∫
c

f dx+ g dy

P A�-.��D� ��	- Ǳ�.� �7 �H #�@/� �D� J�'� A� δ > � M ε > � �- Ǳ�.� �7 �/'* 
K�@�7 �4@�# �P A��7 ξ A�07�n4<� ��	- � ‖P‖ < δ �7∣∣∣S(P, ξ) −

∫
c

f dx− g dy
∣∣∣ < ε

O� (��)�� �##�L/� � �*� S���� ? � �7 �H A$O _+��� E$�s�V ���N7 p�Y� �7 �H
f
∂

∂x
+ ��>7�Y �7 R

� A� ��< J�$�� �L� +#��# /'@� � /
 9�D ��"*� m#�@ /� E$���<

��H S(P, ξ) E�T<Z �_#�@ ��� �+� �
@ .� _^a �	NC �7a K ��T7 �]< �# �� g ∂
∂y

c �H R�D ? � �7 ��� c /'='� #�$4�� �# $O�� �� �7 ��=4� M c��� E$@ ��d<�
�S���� ? � �7 m$'4N- �7�x c) E��V JZ �7 9�< g � f � ��� c) E��V ti � ti−� �- ?�7
�]< �>:< .�a +$'H/� �"��=� �� /%H ���O �# E$@ ��d<� ��H ��$:� Gj 	g ��H\� $O

�7���< J�$�� c��� E$@ ��d<� ��H 1��P �7 �� f dx+ g dy ��N<��& # �M��GH

i
�+� �
@

_+$@�7/� dy � dx A�-�&���� �7 M��H � �0</7 J�
� �����

i
!+� �
@

c(t) = (�) ���O �K�'H/� �"��=� �<�T� �	g �# �� $O ? � K�8�T7 �
' � .� �"C
���O ? � �# +_#�@ ��� !+� �
@ .� _���a �	NC �7a K ��L/� �]< �# �� (t, y�)

!5�



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

H�	AB _4	 � `� K�
P,*� ��F 8
�GK�
P,*� F ���

? ��7�'7 c�(ti)− c�(ti�) = � �H /��O �# c�(ti)− c�(ti−�) = ti − ti−�

S(P, ξ) =
n∑
i=�

f(ξi, y�)(ti − ti−�)

�$' ��L/� � q $O �7 �0g�	d� ? � �p�Y� �7∫
c

f dx+ g dy =
∫ �

�

f(x, y�) dx

��� !+� �
@ .� _^a �	NC �7a c(t) = (tb + (� − t)a, y�) �L� ��T # A�� .�
�\� � c�(ti)− c�(ti−�) = (b − a)(ti − ti−�) E�T<Z �_#�@

S(P, ξ) = (b− a).
n∑
i=�

f(ξib+ (�− ξi)a; y�)(ti − ti−�)

$' ��L /� � . $O �7 9�< �0g�	d� ? �

(b− a)
∫ �

�

f(xb+ (�− x)a, y�) dx =
∫ b

a

f(xy�)(ti − ti−�)

K ��# E��n�# c �- #��� �# �?�T<��� ��$:� �� �BC .� E#�&4�� �7 ��H �#

c�(ti)− c�(ti−�) = c�
′
(αi)(ti − ti−�) αi ∈ [ti−�; ti]

c�(ti)− c�(ti−�) = c�
′
(βi)(ti − ti−�) βi ∈ [ti−�; ti]

? ��7�'7

S(P, ξ) =
n∑
i=�

{f (c(ξi))c�
′
(αi) + g(c(ξi))c�

′
(βi)}(ti − ti−�)

$ ��L/� _� �� ���N�a o#�) ��"@ A9�� �7 �̀	d� ? � �H #�# J�;< #�@/�∫ �

�

{
f (c(t))c�

′
(t) + g(c(t))c�

′
(t)

}
dt

_���a �	NC �7a $'H/� ���O�� �� K
O ? � A��Z #� �7 �/
 9�D A��\L#�	<
J�;< y � x �7 S���47 �� c /'='� c� � c� A�-�&���� �s<�'� +_#�@ ��� 2+� �
@ .�
x = x(t) #�@/� �4&L �/
 9�D �]< .�� ��K�-# J�;< y ◦ y � x �7 �� x ◦ c �/'* � K�-#

��@�< J���/� � . �
@ �7 �� X�7 Q��T4<���y = y(t) �∫
c

f dx+ g dy =
∫ �

�

{
f(x, y)

dx

dt
+ g(x, y)

dy

dt

}
dt

!5�
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��Z #� +K�'H p�>� K�<���/� A��/�$'- ��"*� �zc) Q��T4<�y /
 9�D ��"*� �7�:� �#
�1��P ? � �# +��� ξi ��]=� �# c �7 ��	� ��#�7 �T; �	< dc/dt(ξi) �H K �@/�

A�0g�	d� �H ��� ?@��
n∑
i=�

ω(c(ξi))
dc

dt
(ξi).(ti − ti−�) = _�+� a

=
n∑
i=�

{
f(c(ξi))c�

′
(ξi) + g(c(ξi))c�

′
(ξi)(t)

}
dt

Q��T4<� J�	- �79�<∫ �

�

{f(c(t))c�
′
(t) + g(c(t))c�

′
(t)}dt

�# �� $'H/� �H�O �7�x �g�� �7 (ti−�, ti) E�.�7 �- �7 c �H /P�) ���O +$ ��L/�
_^a �	NC �7a K�'H/� ^�n4<� A� ξi ∈ (ti−�, ti) A�h'g E.�7 �- �# +$ ��T7 �]<

1��P ? � �# +_#�@ ��� 2+� �
@ .�

i 2+� �
@
dc

dt
(ξi) Q�t = (ti−�; ti) �7 �7�x �g��

=
�

ti − ti−�
(c(ti) �� c(ti−�) .� c) E��V Q�t)

�d�4< �#(dc
dt

(ξi) Q�t
)
.(ti − ti−�) = c(ti) �� c(ti−� .� c) E��V Q�t)

����O ? � �#
n∑
i=�

(dc
dt

(ξi) Q�t
)
.(ti − ti−�)

+$'H/� ��� c (�R �7 �$@�7 ��T	- �s<�'� _�+� a �̀	d� ��d�4< �# � ���� c Q�t
c) Q��T4<� ��T # 1��"g �7 +K ��L/� c Q�t � �*� �� ? �∫

c

ω = (�+� ) �# A�0g�	d� $O

!,I
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�4���V 1��P �7 [
>) �
<Z �7 {� �;� �#�	< ��"*� J���/� c Q�t 1��P �7 ��
� . �7 ω(c(t)) $ $=� �H #�@ ��� �$'H ����� +$'H/� �n;� ω �H /: �t �7
Q�t �#y ^�Y �7�x M �7��7 Tc(t)R� .� dc/dt c��� E$@ $���� A$*7 M A�BD
?��*� �c #�$4�� �# Q�t �� 4���V ����� M J#�H �n;� /*�"t W �t +��� z��#�0
��� /
��GH ��0&� A.���� J��7 ? � �$@�7/� [��	� A�-��#�7 .� M �- �7 Q�t
� �0</7 ��
� �K�'H K�N:� M��H ��>*C � �0</7 �7 �� c �s<�'� �#��#/� ��0�� ?�'� �H
+$@�7/� f(c(t)) dx+ g(c(t)) dy Q�>7 dy � dx A�-�&���� �7 � c(t) ��>:< �# M��H
ω ��D−� }�- �H K �@/� �H\4� �K .�#��7 A�4;�7 /�$'- ��7�*� �7 �
<Z .� [�V

�H #��$< #�� R� �7∫
c

ω = cQ�t A� c /'='� �- Ǳ�.� �7

�# c #��� �# �H �)�� J���/� ω /��D �c M �7 M /'='� Ǳ�.� �7 �H #�@/� �7�x
�H K�'H/� ^�n4<� A��t �� ω(c(t)) ∈ Ω�(Tc(t)R�) m$'H /� �$P X�7 ��>7��

ω(c(t)) =
(dc
dt

)
= �

6���� e�� � _E��n�# ω �� 4N- ^�n4<� �7a _#�@ ��� 5+� �
@ .� _���a �	NC �7a
�Gj �� m�N�< ?
	� ��H ? � �$@�"< M �7 M c �L� ��� +#�@/� E#�# K�	*� R� �7 ω
�- �7 �H #��$< #�� Ω�(Tc(t)R�) .� A�h'g }�- ���� �7�:� �
@ �# �H /4��O �#

+_#�@ ��� 5+� �
@ .� _^a �	NC �7a $@�7 M ��$:� �7 �]< #��� ��#�7 ��

i
5+� �
@

�� 4N-y A�-�BD � . ���� �&P�< � �	- �# �H R� �7 E��n�# ω �- Ǳ�.� �7 ��H �#
M �# 6C�� /'='� �- m$'-#/� ��
;� R� �7 A$*7 M /* .�� zΔp = ω(p)

� �� �L� �H $ # K�-��) �j$*7 +��� �&P Q�>7 �j��9�� �Δ A��7 Q��T4<� $%&�'� � .
�H\4� �Gj *D +��� 6D� �7�C �
;� ? � �K�@�7 /'='� M /��	*� Q�t �� "��=� �7

!,�
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��0&� JZ �7 �Ha $@�7 M J�� R� �&� A$%&�'� �# /'='� M c �L� �H K �@/�
/'*� �7 _�+� a �
;7 A�0g�	d� �$@�7 M �7 ��D−� M ω � _#��$< #�� Q�t

+#�	< � �*� J���/� �0g�	d� ? � $O 1��h7 �� ∫c ω ? ��7�'7 � �$'4N-
��� /* $7 ����� � �*� $ # .� �H K�'H/� p�>� �� c) Q��T4<� .� A�/Lk � J�'H�
/*7�� p : [�;�] −→ [�;�] �L� +$@�7/� ���# 9�< $ $ � �*� A��7 E�G*7 �
c◦p : [�;�] −→M /'='� E�T<Z �$@�7 [�;�] A��7 [�;�] .� M �7 M � A#�*P
��>7�Y �7 /�� ���� c J�	- #�7 �7��7 /'='� ? � #�7a K���</� c T8�H T������F �	�5� ��
/g�	d� �7 c A��7 S(P, ξ) �̀	d� �- �p�Y� �7 +$'H/� �H�O /���&4� Xj �	4O�
�- Ǳ�.� �7 �H ��� ��%*� �� �� ���� � �*� .� �e
*��7 � ���� �7��7 c◦p A��7 S(P ′, ξ′)

K ��# c : [�;�] −→ R� /'='�∫
c

ω =
∫
c◦p

ω

/'='� #��� �# �H /��T'- S%>� ? � +_��� �:4N� �4����V $ $d� .� c �7 ω Q��T4<�a
�# +$��/	< �]< �7 bY�� J�$'� �#�@ �4D�L �]< �# c : [�;�] −→ M �
@ �7
���O �# +�N�< A���@# ��H c[�,�] −→ R� �
@ �7 /'='� #��� �# �H /��O

J�� A$O �7 _�+� a A�0g�	d�∫ �

�

{
f(c(t))c�

′
(t) + g(c(t))c�

′
(t)

}
dt

t = p(u) A��\T � �7 �##�L/� �d�4< J�7�NO .� �]< #��� K
O e�� +$''H/� ���
K ��#∫ �

�

{
f(c(t))c�′(t) + g(c(t))c�

′
(t)

}
dt =

=
∫ p−�(�)

p−�(�)

{
f(c(p)(u))c�

′
(p(u)) + g(c(p(u)))c�

′
(p(u))

}
p′(u) du

=
∫ �

�

{
f(c ◦ p(u))(c ◦ p)�′

(u) + g(c ◦ p)�′
(u)

}
du

/07�;� 1�"��=� �ω =
n∑
i=�

ωi dx
i ��D−� M � Rn �# c /'='� M #��� �#

��d<� A��7 /��h4n� /-�T4�# K�<���/� �M E��n�# $%&�'� #��� �# m��� ��� �7�C
JZ .� /4	NC �C�$O � � $@�7 �4@�# �7 �# �� c([�;�]) �H K�'H ^�n4<� J�'� 1�"��=�
_�%4n� A�0-�T4�# �7a �7�;� �� "��=� $'� �7 1�"��=� ��)� ���O �# +$'H 6>C ��

!,!
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�� /%	g ^�n4<� �H �K�'H p�>� �� /��� � �*� �� K�<Z �7 J�'H� +#�@/� �4N
@
�H �$ ��T7 �]< �# �� R� �7 ω ��D−� M ���O K- .�7 +$@�7/�

∫
c

ω =
∫ �

�

{
f(c(t))c�

′
(t) + g(c(t))c�

′
(t)

}
dt

c : �@�T< #��� �# E�T<Z �$@�7 R �7 #��$<�4�� 1�h4n� E�T4�# t �L� �H #�@ ���
K ��# [�;�] −→ R

�

c∗(f dx + g dy) = (f ◦ c)c∗(dx) + (g ◦ c)c∗(dy)

= (f ◦ c) d(x ◦ c) + (g ◦ c) d(y ◦ c)

= (f ◦ c)c�′
(t)dt+ (g ◦ c)c�′

(t) dt

J��7 �7 m#�@/� �4D�L Q��T4<� c∗(f dx + g dy) .� Gj 	g �A��� �]< �>:< .� �? ��7�'7
� _��� ?
	� 1��P M �7 �0'� �Ha c∗(f dx + g dy) = hdt K�N �</� ���W�C#

+K ��L/� Q��T4<� [�;�] �7 h .� e��
�� 4D� K�	*� 67��� #��� �# �K�4&L c : [�;�] −→ Rn A�0�'='� #��� �# �� �-
�$'@�7 R� �7 /��h4n� 67��� y � x �L� +#�	< p�>� J���/� 9�< c : [�;�]� −→ Rn

K�'H/� R�D

∂c

∂x
= c∗

( ∂

∂x

)
,
∂c

∂y
= c∗

( ∂

∂y

)

i
,+� �
@

ξij ∈ �s<�'� �[�;�] .� t� < · · · < tn � s� < · · · < sm .��D� �# �- Ǳ�.� �7
�̀	d� �K ��# �$@�7 Rn �7 ��D−� M ω � [si−�; si]× [tj−�, tj ]

ω(c(ξij))
( ∂c
∂x

(ξij),
∂c

∂y
(ξij)

)
(si − si−�)(tj − tj−�)

!,2
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i
�+� �
@

∂c
∂y (ξij) � ∂c

∂x(ξij) A�-��#�7 c��� E$@ $���� `GYX�A.��4� �� 4D� K�	*� �O�N� �7��7
+�N<�# J���/� zc �� 4D� K�	*� �O�N�y J��'g �7 �� 1G	 ? � �̀	d� $O +���

+K ����7 /	�� � �*� $'� ��� �407 �J�4��# ? � J#�H E���H A��7

6�<� M�<�−k �- K��N�2� &!D

+$@�7 ���	- �H K�8�L M �# G�B� o"B�−k /���P �# �� c : [�;�] −→ M 67��
K�'H/� R�D +�N�< c J#�7 M�"
 �7 /��9� �H #��# E��@� �4
< ? � �7 G�B� pG>P�
�n;� /'*� �7 �c ?�
� S4
�−� �? ��7�'7 � [�,�]� = R�{�} ∈ R �H _#�#���Ca
#�	< �7 �� Rk �# [�;�]k .� A��4O� �@�T< +��� (�hn7 c(�) ∈M A��>:< J#�H

+K�8�L/� �������� o"B�−k JZ �7 � K�-#/� J�;< Ik : [�;�]k −→ Rk

�7 �� ω E�T<Z �$'@�7 /��h4n� 67��� x� � · · · �x� � [�;�]k �7 ��D−k M ω �L�
� �*� �1��P ? � �# +�@�< J���/� ω = f dx� ∧ · · · ∧ dxk �
@ �7 �4
 /���P

K�'H/�∫
[�;�]k

f :=
∫

[�;�]k
f(x�, · · · , xk) dx� · · ·dxk

+��� JZ M��GH /'*� �7 A�)Z Q��T4<� �H
K�'H/� � �*� �$@�7 M �# ?�
� S*
�−k M c � M �7 ��D−k M ω �L�∫

c

ω :=
∫

[�;�]k
c∗ω

(�) /& �*� �k = � #��� �# +K #�	< � �*� ��X�7 c) $'� �� /4��� �	� �H
K�'H/� � �*� ?�
� S*
�−� �- A��7 � ��� 67�� M /'*� �7 ��D−� �K ��#∫

c

f = f(c(�))

!,5
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��� M�"
 � ?�
� S*
�−n M c : [�;�]n −→ Rn K ��L �
��� ����)
? � �# +��� ω = f dx� ∧ · · · ∧ dxn ��D−n ω K ��L +[�;�]n �7 det c′ ≥ � �H

1��P∫
c

ω =
∫
c([�;�]n)

f

i
3+� �
@

� �*� �7 �'7 23�*4�∫
c

ω =
∫

[�;�]n
c∗(ω)

(�)
=

∫
[�;�]n

(f ◦ c)(det c′) dx� ∧ · · · ∧ dxn

(�)
=

∫
[�;�]n

(f ◦ c)| det c′| dx� ∧ · · · ∧ dxn

(�)
=

∫
c([�;�]n)

f

���4� ����� E�$g�C .� _2a �# � � �*� .� _!a �# ��+2+3 �� �BC .� _�a �# �
' � b�Y��
� +��� E$@ E#�&4��

�H ��� �@�V � M�"
 /4@�T< p : [�;�]k −→ [�;�]k K ��L ������ ����)
+$@�7/� M �# ��D−k M ω � ��� M �# ?�
� S*
�−k M c K ��L det p′ ≥ �

1��P ? � �#∫
c

ω =
∫
c◦p

ω

K ��# 23�*4�

!,,
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∫
c◦p

ω =
∫

[�;�]k
(c ◦ p)∗ω =

∫
[�;�]k

p∗(c∗ω)
(�)
=

∫
[�;�]k

c∗(ω)

� +��� E$@ E#�&4�� X�7 E��9L � p / �@�V .� .� _�a �# �
' � b�Y��

p : �H K�8�L c ������F �	�5� /���P �# �� c ◦ p : [�;�]k −→ M �@�T<
�? ��7�'7a �$@�7 det p′ �= � �7 � ���	- ��@�V �M�"
 /4@�T< [�;�]k −→ [�;�]k

�7 �H K�8�L &���.�% \L7 � \L7 b,�: /���P �# �� ? � m_��� ���	- 9�< p−�

$-#/� J�;< �d�4< +$@�7 det p′ < � � �	- �# � det p′ > � � �	- �# �S����
$ $d� �H ��� ?@� � m��� �0 �D�O A�-�]< $ $d� .� �:4N� c �7 ω Q��T4<� �H
K�'H /*� �L� �H #�@ ��� +$'H/� R�g �� Q��T4<� ��Gg �J�#�L�7 �0 �4����V

1��P �7 �� c /'='� �7 f : M −→M ���	- 67�� M Q��T4<�∫
[�;�]k

f ◦ c

c : �L� Gj �� +#�7 $-��) c%r ���O ? � �# !+!+� ��d�4< �7�;� K
O �K�'H � �*�
/%H ���O �# E�T<Z �[�;�] −→M∫ �

�

f(c(p(t)))dt ,

∫ �

�

f(c(t))dt

��N<��& # A�0��D ��D�L Q��T4<� J���/� �0<Z .� �H / �-9�� �A�]< E�L$ # .� +$'���&4�
����� Q���D ��+2+3 �� �BC W"t �7 �/'* a $<�@/� � $"� b�=P �
@ �7 �� . �$'4N-
�7 f 67�� M .� �0'�a �D�L Q��T4<� J���/	< �-$%&�'� �7 67��� .� m_��� ���C�7 ���4�
�7 f dx� ∧ · · · ∧ dxk ��N<��& # ��D S�� �H ��� ��D�L Q��T4<� J���/� Rk $%&�'�

+_#�@/� Rk

��`2#−k �- K��N�2� )!D

K�	*� J���/� v<�#/7 �� c ?�
� S*
�−k M A�� ω ��D−k M Q��T4<� � �*�
�# ^�Y ?�
� A�0"*
�−k .� _/-�'4� �a A��P /g�	d� ��53−k .� ��]'� +#�#
��d<.−k +�.c� − �c� + �c� ��]< /����"g ��T # 1��"g �7 +��� b�=P #�$g�
A��P Gj ��H �
@ �7 �� �-��d<�−k +�@�< J���/� 9�< c� ��E#�� 1��P �7 �� �.c�

��]< +#�	< ^�Y �0<Z �# �� A#$g � � 6	 K- �7 J���/�

�(c� + �c�) + (−�)(c� + c� + c�) = −�c� − �c� + �c�

!,�
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� �*� /0 $7 1��P �7 �� c =
∑
i

aici �
@ �7 ��d<.−k �7 ω Q��T4<� �E�Gg �7

�K�'H/�∫
Σiaici

ω =
∑
i

ai

∫
ci

ω

i
�+� �
@

S*
�−k M �0'� $<���/� �Ha c ��d<.−k �- �7 �H ��� ? � ��d<.−k p�t ���#
−(k− �̀	d� �7��7 �H K�'H ��]< K�<���/� c 3�� ��< �7 ∂c ��d<.−(k−�) M _$@�7
�7 �Ek � �7 +#�@/� R�D c �# A�0"*
�−k .� M �- .�� ����� �# A�0"*
��)

�̀	d� 1��P �7 I� .�� �Gj �� +#�	< pGP� �� E$ � ? � J���/� ?@�� /%�) �
@
S �Y /4N �7 �
%7 ��N�< �� �	� �
@ �# E$@ �n;� ?�
� S*
�−� ��0�
M Q��T4<� ����� ug�7 ��H ? � �H #�@ ���a +#�H Q�	g� �� ���� �	� �# ���'4�
−(n − �# �$47� �� ≤ i ≤ n �7 i �- Ǳ�.� �7 _+$-#/	< ����� �� ∂I� A�� ��D−�
� �*� � . �
@ �7 _In ��−(i,�) ��−(i,�) ��< �7a In

i,�
� In

(i,�)
?�
� S*
��)

E�T<Z �[�;�]n−� �L� �K�'H/�

In(i,�)(x) = In(x�, · · · , xi−�,�, xi, · · · , xn−�)

= (x�, · · · , xi−�,�, xi, · · · , xn−�)

In(i,�)(x) = In(x�, · · · , xi−�,�, xi, · · · , xn−�)

= (x�, · · · , xi−�,�, xi, · · · , xn−�)

i
�+� �
@

!,3



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

8
�GK�
P,*� F ��� 
�a*!−K 
. K�
P,*� &�F

� �*� ci,α = c ◦ (Ini,α) 1��P �7 �� c ?�
� S*
�−n ��−(i, α) �S���� ? � �7
K�'H/� � �*� �J�'H� +K�'H/�

∂c :=
n∑
i=�

∑
α=�,�

(−�)i+αc(i,α)

i
�I+� �
@

K�'H/� � �*� � . 1��P �7 ��
∑
i

aici ��d<.−n .�� ���d<���

∂(
∑
i

aici) =
∑
i

ai∂(ci) =
∑
i

ai

c : [�,�]� −→ S*
�−� Q�O �# +$'4N- /'*� �7 � ≤ n #��� �# � ��*� ? � ��	�
� �*� � ∈ R #$g �� ∂c �K ��L/� /
 p = c(�) ��>:< M� �7 �� JZ S%r� �� �H �M

K�'H/� � �*�
∑
i

aici ��d<.−� #��� �# � mK�'H/�

∂(
∑
i

aici) =
∑
i

ai∂(ci) =
∑
i

ai

∂c = c(�,�) − c(�,�) K ��# c : [�,�] −→ M S*
�−� #��� �# �H #�@ ���
c : [�;�]� −→M ?�
� S*
�−� #��� �# �?�'s	- +∂(∂c) = �−� = � ? ��7�'7

�H ##�L/� �]OG�

∂c = c(�,�) − c(�,�) − c(�,�) + c(�,�)

∂(∂c) = (R−Q)− (R− S)− (S − P ) + (Q− p)

i
!,�
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��+� �
@

�H #�H �]OG� J���/� _��+� �
@ .� _���a �	NC ��]<a �
@ K���� M	H �7
S*
��2 M .�� �
' � KNd� +��� b�=P ?�
� S*
�−� �- A��7 S%>� ?�	-

�K ��# ��H �# +��� /7�) ? �	� �$@�7 $<���/� ��

�7 ∂(∂c) = � E�T<Z �$@�7 M �# E��n�# S*
�−n M c �L� �
��� ����)
+∂� = � ��h4)�

x ∈ #��� �# +K ��L/� �]< �# �� (In(i,α))(j,β) � � ≤ j ≤ n − � K ��L 23�*4�
K ��# � �*� M	H �7 [�;�]n−�

(In(i,α))(j,β)(x) = In(i,α)(I
n−�
(j,β)(x))

= In(i,α)(x
�, · · · , xj−�, β, xj , · · · , xn−�)

= In(x�, · · · , xi−�, α, xi, · · · , xj−�, β, xj , · · · , xn−�)

�7�;� 1��P �7

(In(j+�,β))(i,α) = In(j+�,β)(I
n−�
(i,α)(x))

= In(j+�,β)(x
�, · · · , xi−�, α, xi, xn−�)

= In(x�, · · · , xi−�, α, xi, · · · , xj−�, β, xj , · · · , xn−�)

S%>� ? � .� +(In)(j,β) = (In(j+�,β))(i,α) K ��# � ≤ j ≤ n− � �- Ǳ�.� �7 �? ��7�'7
i ≤ j ≤ n− � �- Ǳ�.� �7 � c ?�
� S*
�−n �- Ǳ�.� �7 �H ##�L/� �d�4< /L#�� �7

K ��#

(c(i,α))(j,β) = (c(j+�,β))(i,α)

S���� ? � �7

∂(∂c) = ∂

⎛⎝ n∑
i=�

∑
α=�,�

(−�)i+αc(i,α)

⎞⎠
=

n∑
i=�

∑
α=�,�

n∑
j=�

∑
β=�,�

(−�)i+α+j+β(c(i,α))(j,β)

�? ��7�'7 +$<�@/� �-�� 1��&4� ��Gg �7 (c(j+�,β))(i,α) � (c(i,α))(j,β) �̀	d� ? � �#
A��7 ��BC J�� +∂(∂c) = � �d�4< �# � $<�@/� F\O �# �7 �# 1G	 ��	-

!,�
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���# 9�< ?�
� A�-��d<.−n �� �%H A��7 bY� �7 ���� ���# ?�
� A�0"*
�−n
� +���
∂c = �
%7 ∂(∂c) = � c:D �< c ��d<.−n M A��7 ��� ?
	� �H $�'H ���
� c�(�) = c�(�) �7 S*
�−� �# c� � c� �H c = c� − c� �s<�'� �Gj �� +�
��� ��+� �
@ .� _���a �	NC �7a $-#/� |� 6Y� ? � �$'@�7 c�(�) = c�(�)

��� ?
	� /���P �# �0< ∂c = � E�T<Z �$@�7 ?�
� S*
�−� M �0'� c �L� +_#�@
/���P �# �� c ��d<.−k ��H �# +$@�7 �4N7 /'='� c �T # J��7 �7 mc(�) = c(�) �H

+_#�@ ��� �!+� �
@ .� _���a �	NC �7a ∂c = � �H K�8�L  ��%

i
�!+� �
@

a���+� �� �9: 5!D

�# pG>P� ? � mK���</�  ��% 9�< �� dω = � �7 ω ��N<��& # ��D �H K �@/� ��Z#� 
��d<. �- ��T # A�� .�a ��� E$@ ^�n4<� �-��d<. #��� �# �7�;� pG>P� A�4���
pG>P� �
%7 �$' �L/	< M�1� M��GH 1��P �7 $<� � ? � W"t �7 �� ∂c �
@ �7
A�-�� �7�;� �t�) �7 �< A.��� 1�OG>P� ? � +_#�@/� E#�&4�� #��� ? � �# 3��
��D ?�7 {�"��� +$@�7/� ∂� = � � d� = � c7�� � #�� ��>��� �7 �
%7 ���� ∂ � d
dθ ��D−� M R� − {�} �7 �H K #�H �]OG� �Gj �� +��� ? � .� ��W�	g ��d<. �
��� �4N7 �H #��# #�� c ��d<.−� M �?�'s	- +#��# #�� W�C# ��r /�� �4N7
��4"�� +$<./� ��# �� Ǳ�$"� �H R� − {�} �# �� 4N7 /'='� M �/'* ��N�< .�� /��
1�"x� /�� +�N�< R� − {�} �# ��d<.−� }�- . �� c �H ��� ?@�� A#�0@ �]< .�
� . p�@ �7 ∂ � d ?�7 ��>7�� (�h)�# � . K
O #$d� 1�"x� /'*� �7 Gj 	g JZ W�C#

+_#�@ ��� �!+� �
@ .� _^a �	NC �7a ���

!�I
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��d<.−k M c � M �7−(k−�) M ω �L� ��9$#��� �� ���� ���� ����)
+
∫
c

dω =
∫
∂c

ω E�T<Z �$@�7 M �#

��D−(k − �) M ω �H ��� /P�) ���O �7 {�"��� �# 1�"x� K]g� �	NC 23�*4�
�
@ �7 A�0��D−(k − �) .� /g�	d� ω ����O ? � �# +c = Ik 9�< � ��� Rk �7

f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk

+K�'H/� �"��=� J�'H� +##�L 1�"x� �0' � .� M �- A��7 ��BC ��� /D�H �\� � �$'4N-
�H ##�L/� �]OG� �-#�	< ��	�� /	H �7 ��$47�∫

[�;�]k−�

Ik
∗
(j,α)(f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ (dxk)) =

=

⎧⎨⎩
� j �= i �L�∫

[�;�]k
f(x�, · · · , α, · · · , xk) dx� · · · dxk j = i �L�

? ��7�'7∫
∂Ik

f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk =

=
k∑
j=�

∑
α=�,�

(−�)j+α
∫

[�;�]k−�

Ik
∗
(j,α)(f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk)

= (−�)i+�
∫

[�;�]k
f(x�, · · · ,�, · · · , xk) dx� · · · dxk

+(−�)i
∫

[�;�]k
f(x�, · · · ,� · · · , xk) dx� · · · dxk

�T # A�� .�∫
Ik

d(f dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk) =

=
∫

[�;�]k
Di f dx

i ∧ dx� ∧ · · · ∧ d̂x
i
∧ · · · ∧ dxk

= (−�)i−�
∫

[�;�]k
Di f

K ��# �J�7�NO A#��'7 �� �BC 9�< � /'�7�D �� �BC �7 �'7∫
Ik

d(f dx� ∧ · · · ∧ d̂x
i
∧ · · · ∧ dxk) =

!��
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= (−�)i−�
∫ �

�

· · · (
∫ �

�

Di f(x�, · · · , xk) dxi) dx� · · · d̂x
i
· · ·dxk

= (−�)i−�
∫ �

�

· · ·
∫ �

�

{
f(x�, · · · ,�, · · · , xk)

−f(x�, · · · ,�, · · · , xk)
}
dx� · · · d̂x

i
· · · dxk

= (−�)i−�
∫

[�;�]k
f(x�, · · · ,�, · · · , xk) dx� · · ·dxk

(−�)i
∫

[�;�]k
f(x�, · · · ,�, · · · , xk) dx� · · ·dxk

�d�4< �#∫
Ik

dω =
∫
∂Ik

ω

K ��# � �*� �7 ��� �7 �E��n�# ?�
� S*
�−k M �#��� �#∫
∂c

ω =
∫
∂Ik

c∗ω

? ��7�'7∫
c

dω =
∫
I

c∗(dω) =
∫
Ik

d(c∗ω) =
∫
∂Ik

c∗ω =
∫
∂c

ω

� +##�L/� �d�4< 9�< E��n�# ��d<.−k A��7 ��BC p�Y� �7 �J�'H�
A� �$ #�L 1�"x� J�7�NO A#��'7 �� �BC M	H �7 �0'� eH�4�� �� �BC �H #�@ ���

+#�@/� /04'� ��BC J�	- �7 Gj 	g �ω = f � c = I� (�) ���O �#
c : [�;�] −→ /'='� �H K�-#/� J�;< �eH�4�� �� �BC .� A#�7��H J��'g �7
}�- Ǳ�.� �7 ���� �4N7 �
' � �7 c(t) = (cos�πt, sin�πt) ��>7�Y �7 R� − {�}

K�@�7 �4@�# /4N �7 �c = ∂c� �s<�'� +�N�< ∂c� A� c� ��d<.−�∫
c

dθ =
∫
∂c�

dθ =
∫
c�
d(dθ) =

∫
c�
� = �

�H $-#/� J�;< _��� K0� #�) A#�) �7 �Ha K�:4N� �� "��=� ���∫
c

dθ =
∫
c

−y
x� + y�

dx+
x

x� + y�
dy = �π

E#�&4�� ��*C�� ? � .� JZ �# �H �#��# #�� 9�< �'��. ? � �# /��"��=� ��r QX$4��a
K ��# ���� dθ �
@ �7 A� θ : R�−([�;∞)×{�}) M Ǳ�.� �7 �j*C�� dθ �H #�@ /�∫

c|[ε;�−ε]
dθ = θ(�− ε)− θ(ε)

!�!
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_+ lim
ε−→�

(θ(�− ε)− θ(ε)) = �π �
A��7 JZ .� �K #�H E#�&4�� c J#�"< . �� J#�# J�;< A��7 1�"x� ? � .� �H /��O �#
67�� M Ǳ�.� �7 �L� ��� . +#�7 E�07 J���/� 9�< �N�< W�C# ω = ”dθ” �
' � J#�# J�;<

K�@�7 �4@�# /4N �7 E�T<Z �ω = df A� f : R� − {�} − R ���	-

�π =
∫
c

ω =
∫
c

df =
∫
∂c

f =
∫
�

f = �

eH�4�� �� �BC ��� �K #�7 ”dθ” J#�"< W�C# 1�"x� �7 �#�C A��E#�� QX$4�� �7 Gj "C
�#�C �Gj �� +#.��/� Rn − {�} �7 A�0��D �7 ?4)�#�V �7 �#�C �� �� �H ��� A��97�

��N�< W�C# /�� ��� �4N7 �H K�4N- R� − {�} �7 ω ��D−� p�t �7

ω =
xdy ∧ dz − y dx ∧ dz + z dx ∧ dy

(x� + y� + z�)�/�

J���/� K�:4N� �� "��=� �7 /�� �K ��#/� �T< /&n� �� ω ��0� Ǳ�;'� �Y�O Q�O �#
�#�C �H ��d<.−� M �7 JZ .� ��N�< W�C# ω �
' � 1�"x� A��7 +dω = � �H #�# J�;<
A��7 A#$*4� A�0@�� +K ��L/� Q��T4<� ���� S� ⊆ R� − {�} E�H−� [ �	< �7
/@�� K�-��)/� �$47� �6C�� �# +��� /
 �0<Z ��	- ��d�4< /�� �#��# #�� ��H ? �
?
	� /4C� �0'� ? � +K�'H b �;� �� �-$%&�'�−n A� � �0��D−n .� A��LQ��T4<� A��7
/���� �� � �*� A��7 �H A$*7 K
O .� S%>� ? � ���# m$@�7 � \V�0 M �H ���

+$@�7/� ?@�� ����

	���
� �- K��N�2� ;!D

c�, c� : � ���� μ �0 �7 E��	- $%&�'�−n M M K ��L ����� ����)
A�0�T �N	- �# A�0	N�D�����& # �7 �� �0<Z �H $'4N- ?�
� ��d<.−n �# [�;�]n −→M

�7 �"N<a $'4N- �0 �D�O c� � c� $�'H R�D +#�# 6���� J��� /� [�;�]n .�
�H A��<�L �7 $@�7 M �7 ��D−n M ω �L� +_Rn �7 /��	*� �0 � M �7 μ �0

sup(ω) ⊆ c�([�;�]n) ∩ c�([�;�]n)

E�T<Z∫
c�

ω =
∫
c�
ω

!�2
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K�N �'7 � �K�'H E#�&4�� K�<���/� !+!+� ��d�4< .� 23�*4�
∫
c�
ω =

∫
c�◦(c−�

�
◦c�)

ω =
∫
c�

ω

�- c� � c� J��a #�@/	< � �*� [�;�]n �H �7 c−�
�
�c� �H ��� ? � �
;� �0'�

��d�4< 1�"x� �7 ��� /	H �7 ���� +_det(c−�
�
�c�)′ ≥ � K ��# �$'4N- �0 �D�O �#

�c�([�;�]n) �# K- � #��# ���C c�([�;�]n) �# K- sup(ω) J�� �H $-#/� J�;< !+!+�
+��� ��4'4�� �7�C !+!+� ��d�4< .� ��BC ? �

supω ⊆ �7 c : [�;�]n −→ M ?�
� A�0"*
�−n A��7 ∫c ω ��4;� #$g
�7 E��n�# ��D−n M ω �L� +K�-#/� J�;< ∫M ω �7 �� ��0 �D�O � c([�;�]n)

�- �H �#��# #�� U .�7 A�-�g�	d� �� %��� �7 M A��7 V /;@�V E�T<Z �$@�7 M
Φ �L� m��� KNC ? � .� S*
�−n M c �H �#��# ���C A� c([�;�]n) M �# M 
� �*� �7�C Φ .� ϕ �- A��7 ∫

M
ϕ.ω E�T<Z �$@�7 [@�V ? � ��#� . � /<�
 A.��D�

K�'H � �*� K�-��)/� +���∫
M

ω =
∑
ϕ∈Φ

∫
M

ϕ.ω

���O ? � �# �H �$@�7 E#�;D �	=� �7 ω �H K � \�7 K�<���/� /4C� �0'� �� � �*� ? �
{p : A�-�g�	d� .� /-�'4� A#�$*� �0'� ω �	=� �� . ���� A�0'4� �̀	d� Gj 	g
Ψ �L� +$'-#/� ��
;� /-�'4� �j*Y�� A�� �#�L �H ��� �$'H/� 6>C �� Φ(p) �= �}

E�T<Z �$@�7 _V ′ ��#� .a A�T # /<�
 .��D�∑
ϕ∈Φ

∫
M

ϕ.Φ =
∑
ϕ∈Φ

∫
M

∑
ψ∈Ψ

ψ.ϕ.ω =
∑
ϕ∈Φ

∑
ψ∈Ψ

∫
M

ψ.ϕ.ω

�
@ �7 �� �)Z �̀	d� p�Y� �7 � �$<�/-�'4� �0g�	d� ? � ��	- �H
∑
ψ∈Ψ

∑
ϕ∈Φ

∫
M

ϕ.ψ.ω =
∑
ψ∈Ψ

∫
M

ψ.ω

��j4:�:Oa +��� /<�
 .��D� ^�n4<� .� �:4N� �� � �*� ��d�4< �# +�@�< J���/� 9�<
A��7 −μ �0 #��� �# �� . +K�-# J�;< ∫(M,μ) ω #�	< �7 �� �̀	d� ? � ��� �407

K ��# p�Y� �7 �M∫
(M,−μ)

ω = −
∫

(M,μ)

ω

!�5
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_K�'H/	< �Hq �� μ ������ W7�>� �Q�O ? � �7
��#.�� A$*7 n $%&�'� M �H /4��O A��7 /4O �∫

M
ω � �*� �# pGP� /	H �7

$@�7 A$*7−n ��#.�� $%&�'� M M ⊂ R
n �L� +#�H � �*� �� ∫M ω J���/� 9�< $@�7

E�T<Z �$@�7 E#�;D �	=� �7 f : M −→ R �∫
M

f dx� ∧ · · · ∧ dxn =
∫
M

f

�+!+� E���9L .� E#�� A��d�4< ? � +$-#/� J�;< �� A#�g Q��T4<� M ���� �	� �H
M ω � $@�7 ��7 KN�D����U& # f : Mm −→ Nn �L� ��7�;� 1��P �7 +���

E�T<Z �$@�7 N �7 E#�;D �	=� �7 ��D−n

∫
M

f∗ω =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫
N

ω $@�7 �0 �D�O f �L�

−
∫
N

ω $@�7 J�#�L�7 �0 f �L�

�`I C�(�� =!D

A��7 /@�� �#�H ��h� J���/� � \V�0 A�-$%&�'� A�� �0'� �� �0��D−n �
' � �7
�7 /*7�� W $�'H R�D +#��# #�� A��L�0 A�-$%&�'� �7 A��LQ��T4<� ��P��

K ��# A� p ∈M �- Ǳ�.� �7 �H A��<�L �7 ��� M

W (p) = ‖np‖ A� ηp ∈ Ωn(TpM) A�.� �7

K ��# v�, · · · , vn ∈ TpM ��#�7 n �- Ǳ�.� �7 ��T # 1��"g �7

W (p)(v�, · · · , vn) = |ηp(v�, · · · , vn)| ≥ �

A��LE.�$<� A��7 /@�� �A��#�7 A�BD �- �7a $'��</� KdO J�	�� �� W /*7�� ?�'�
�$@�7 /��h4n� /-�T4�# (x, U) �L� _#��# #�� _��$4�Gg KdO �<a A$*7−n KdO

K�N �'7 U �7 K�<���/� E�T<Z

W = f |dx� ∧ · · · ∧ dxn| A� f ≥ � M A�.� �7

E�� M +$@�7 ���	- f �H ��� ���	- KdO J�	�� /���P �# ω �H K �@/� ��Z#� 
e�� � E#�	< .�rZ η ��D−n M .� �H ��� ? � KdO J�	�� J#��Z ��$7 A��7

!�,
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1��P ? � �7 /	dO J�	�� �- �H �N�< ��t ? � ��4"�� +ω(p) = |η(p)| K�'H � �*�
�Gj �� +$'
< ����� �4���V �
@ �7 p �7 �"N< ηp ��D ��� ?
	� � $@�7 E$@ �P�O
/ �BD� . 1��P �7 �� TpM J�� +$ ��T7 �]< �# �� R �# #�@ E$<�;< M ���7�� ���<

+#�H � �*� #�@/� ��D�L �]< �# J���/� TpR� .�

ω(p)(vp, wp) = w � v c��� E$@ $���� `GB�� A.��4� �O�N�

ω = ��D �7 /*Y�� �
@ �7 ω m�N�< A���@# ��H ���� KdO J�	�� ω �
' � E�$-�;�
�� . �$@�7 ���# $<���/	< M �H A��7 ? � ��� +$@�7/� ��D�! M η �H ��� |η|

+$@�7 �&P�< � �	- �# �H #��$< #�� M �7 η ��D�! }�-
�#��# /	dO A�0<�	�� #��� �# bY�� /OGP� �+2+3 �� �BC

(x, U) �$@�7 �-$%&�'�−n ?�7 ���	- /*7�� f : M −→ N �L� ����� ����)
q = f(p) ∈ N Q�O /��h4n� /-�T4�# (y, V ) � p ∈M Q�O /��h4n� /-�T4�#

�H #��# #�� A��<�L �7 g : V −→ R /&'��< 67�� E�T<Z �$@�7

f∗(g|dy� ∧ · · · ∧ dyn|) = (g ◦ f).
∣∣∣ det

(∂(yi ◦ f)
∂xj

)∣∣∣ |dx� ∧ · · · ∧ dxn|
W%>� �$C #�	< .� ��� �.X �dH �- � �4D� �+2+3 �� �BC 1�"x� �7 ��� /D�H 23�*4�

� +$�'H E#�&4��

� $'@�7 M �7 1�h4n� E�T4�# �# (y, v) � (x, u) �L� ������ ����)

g|dy� ∧ · · · ∧ dyn| = h |dx� ∧ · · · ∧ xn| (g, h ≥ �)

+h = g.

∣∣∣∣det
(∂yi
∂xi

)∣∣∣∣ E�T<Z

A�0���T�y �7 ���'4� /�$'- ���@� �KdO A�0<�	�� �H $-#/� J�;< �d�4< ? �a
_+$@�7/� 5 �hD .� �I �� ���N� �# E$@ /D�*� z#�D ���
��

A�� ω KdO J�	�� M .� A��LQ��T4<� �̀Y�� ��H\�� ��D S��>� �7 ��� �7
K�'H/� � �*� �$47� +��� A�E#�� ��H �E��n�# $%&�'�

f ≥ � �7 ω = f |dx� ∧ · · · ∧ dxn| A��7
∫

[�;�]n
ω =

∫
[�;�]n

f

!��



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

EaI D�%�� =�F 8
�GK�
P,*� F ���

K�'H/� � �*� c : [�;�]n −→M ��d<.−n #��� �# e�� �∫
c

ω :=
∫

[�;�]n
c∗ω

ω = f |dx�∧· · ·∧dxn| KdO J�	�� A��7 �+!+� E���9L �H $-#/� J�;< �+2+3 �� �BC
KdO J�	�� #��� �# !+!+� ��d�4< �? ��7�'7 +$@�"< � ≤ det c′ �L� /4O ���� ���C�7
�+,+� �� �BC ��d�4< �H K ��L/� �d�4< ? � .� +$@�"< � ≤ p′ �L� /4O ��� ���#
c�, c� J#�7 �0 �D�O R�D �L� /4O ���� ���C�7 M E��n�# KdO J�	�� #��� �#
�7 ω KdO J�	�� �- #��� �# �� ∫

M
ω ��j4d�4< +_$@�"< � \V�0 M � a $@�"< J��� �#

+#�	< � �*� #�@/� E#�;D �	g
�	- �# ��D−n M �� . +$<#���/7 uO�"� ? � ���� � \V�0 M /4C� ��4"��
M A��7 ω = f |η| �
@ �7 �� /	dO J�	�� �- �j4d�4< � �#��# #�� M �7 η �&P�< �
�7 ��  �V �- A�.� � �H K�'H ^�n4<� J�'� M A��7 μ /40 �L� +�@�< J���/� f ≥ �

K�'H � �*� K�<���/� E�T<Z �ω(v�, · · · , vn) K�@�7 �4@�# v�, · · · , vn J�� �"�� �0∫
M

ω :=
∫

(M,μ)

fη

A�-$%&�'� A�� �0��D .� A��T���T4<� �7 �hD ? � �� ��#� �# ��� ���� K0� �j$*7 KdO J�	��
/	
O ��-$%&�'� �7 �0��D Q��T4<� (�h) �# �� K
O 6C�� �# +K .�#�V/� ��$40
#��� �# K
O ? � � ��-��d<. �7 �0��D .� Q��T4<� #��� �# eH�4�� �� �BC ��"@ ���

+#��$< / ���H KdO J�	��

i
�2+� �
@

�p ∈ ∂M � $@�7 . �� J�$7 $%&�'� M �L� �H K ��Z/� #� �7 2 �hD .� �� �� ���N� .�
�- A�.� �7 �H ��P�h) ? � �7 �#�	< �n;H J���/� �� v ∈ TpM / �-��#�7 E�T<Z
v ∈ / �-��#�7 ?�'� +$@�7 A�N���7 M ��#�7 n Q�O x : v −→ v 1�h4n� E�T4�#
∂M �7 ∂μ 0	�9!� \L7 �$@�7 M �0 A���# M �L� +K� �L /� $���#�% �� TpM
A�N���7 ��#�7 M Ǳ�.� �7 �H A� �<�L �7 �- [v�, · · · , vn−�] ∈ (∂μ)p ^�n4<� �7 ��

!�3
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Hn �7 /��	*� �0 μ �L� +K�'H /� � �*� [ω, v�, · · · , vn−�] ∈ μp A� ω ∈ TpM
K ��# p = (a,�) ∈ Hn Ǳ�.� �7 E�T<Z �$@�7

μp = [(e�)p, · · · , (en)p]

= (−�)n−�[(en)p, (e�)p, · · · , (en−�)p

= (−�)n[(−en)p, (e�)p, · · · , (en−�)p]

Rn−� × �7 / �:�� �0 �H $-#/� J�;< ? � ���� A�N���7 (−en)p ��#�7 J��
�7 E�$-�;� �^�n4<� ? � ���# +��� /��	*� �0 �# (−�)n �7��7 {�} = ∂Hn

A��<�L �7 ��� (M,μ) �# �0 �D�O ?�
� S*
�−n M c K ��L ���� � q p�@
cn,� : [�;�]n−� −→ 1��P ? � �# ∂M ∩ c([�;�]n) = c(n,�)([�;�]n−�) �H
+��� J�#�L �7 �0 ��. A�- n A��7 � �0 �D�O #�D A�- n A��7 (∂M, ∂M)

? �a #��# ���C c � �h� J� �# �# JZ �	=� �H $@�7 M �7 ��D−(n − �) M ω �L�
E�T<Z �_ ��� ���@ �� c(n,�) � �h� �# {�:<� J��#∫

c(n,�)

ω = (−�)n
∫
∂M

ω

i
�5+� �
@

? ��7�'7 +##�L/� �-�� (−�)n S �Y �7 ∂C �# C(n,�) ���∫
∂C

ω =
∫

(−�)nc(n,�)

ω = (−�)n
∫
e(n,�)

ω =
∫
∂μ

ω _!+� a

Ǳ��BC �# A���< /'0'� ��Gg� K�4D�L /	< �]< �# ∂μ A��7 �� ^�n4<� ? � �s<�'�
+#�#/� |� � q

a���+� �� �9: >!D

� $@�7 ���40� ��#.��� A$*7 n $%&�'� M M �L� �9$#��� �� ��� ��%�)
$@�7 E#�;D �	=� �7 M �7 ��D (n−�) M ω� $@�7 �4@�# ���C / �:�� �0 ∂M �7

!��



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

bB�,	� �� �9: >�F 8
�GK�
P,*� F ���

E�T<Z�E∫
M

dω =
∫
∂M

ω

#�� J�'� M − ∂M �# c �0 �D�O ?�
� S*
� n M $�'H R�D �$47� 23�*4�

1��P ? � �# + #��# ���C ω � �h� J��# �# ω �	=� �H #��#∫
M

dω =
∫
c

dω
(�)
=

∫
∂c

ω
(�)
= �

E#�&4�� �4
< ? � .� _!a �# � ��� E$@ E#�&4�� �+5+� �� �BC .� _�a �# �
' � b�Y��
K ��# p�Y� �7 �
<Z Q�O +#��# ���C c � �h� J��# �# ω �	=� �H ��� E$@∫

∂M

ω = �

∂M ∩ �H #��# #�� J�'� M �# c �0 �D�O S*
� n M K�'H R�D Q�O
? � �# +#��# ���C c � �h� J��# ⊃ ω �	=� � c([�;�]n) = c(n,�)([�;�]n−�)

K ��# _!+� a M	H �7� 9�< 1��P∫
M

dω =
∫
C

dω =
∫
∂C

ω =
∫
∂M

ω

#�� J�'� O �7 ��# � . Φ /<�
 .��D� M � M A��7 O .�7 [@�V M � �H �#
K ��#� 1��P ? � �# {��;� 1��P �# .� /
 �7 ϕ.ω ��D ϕ ∈ Φ �- Ǳ�.� �7 �H #��#

� = d(�) = d(
∑
ϕ∈Φ

ϕ) =
∑
ϕ∈Φ

dϕ

�? ��7�'7 �∑
ϕ∈Φ

dϕ ∧ ω = �

�
' � �d�4< � �/-�'4� ���� �# �̀	d� ? � ���� E#�;D �	=��7 ω J��∑
ϕ∈Φ

∫
M

dϕ ∧ ω = �

�? ��7�'7∫
M

dω =
∑
y∈Φ

∫
M

ϕ.dω =
∑
ϕ∈Φ

dϕ ∧ ω + ϕdω

=
∑
ϕ∈Φ

∫
M

d(ϕ.ω) =
∑
ϕ∈Φ

∫
∂M

ϕ.ω =
∫
∂M

ω

!��
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� +��� ��	� J�-�7 �
��$40 $%&�'�−n �H ��� /���P �# �eH�4�� �� �BC A�-#�7��H ? �� E#�� .� /
 
? � �# +∂M = φ � _��� E#�;D �	=� �7 JZ �7 /��D �- �\� �a ��� E#�;D (M,μ)

E�T<Z �$@�7 E��n�# ��D−(n− �) M ν �L� ����O∫
M

dν =
∫
∂M

ν = �

9�< �4N7 ��D ? � /4O �a �N�< W�C# �H K�7��7 K�<���/� M �7 ω ��D−n M �? ��7�'7
/��D ��� /D�H ��]'� ? � A��7 +_$<�&P M �7 A�0��D−(n+ �) ��	- �� . ��N-

�H K�7��7 �� ω∫
M

ω �= �

Ǳ�.� �7 �H #��# #�� J�'� ω ��D M K�<�#/� �H ��� +#��# #�� E���	- /��D ?�'�
K ��# TpM .� vn � · · · �v� �-

[v�, · · · , vn] = μp �L� ω(v�, · · · , vn) > � _2+� a

p�Y� �7 [�;�]n �7 c∗ ω ��D E�T<Z �$@�7 �0 �D�O c : [�;�]n −→ (M,μ) �L�
+∫
c
ω > � �d�4< �# +��� g dx� ∧ · · · ∧ dxn �
@ �7 [�;�]n �7 g > � M Ǳ�.� �7

2+�a �# � �	-�# �H ω /��D ^�n4<� �7 A.��< E�G*7 �/'* +∫M ω > � �
' � �d�4<
W�C# ��r ��D−n M /4O eV + K�'H R�g ≥ �7 �� > K�<���/� m�N�< �$'H �$P _

+#��T7 ���C 1�h4n� /T �N	- M �# [%	=� �H K�7��7 J�'� K�<���/� M �7
�7 #��$< J�
�� E#�;D ��$40 $%&�'� �- ���� ��BC M #�) A#�) �7 K
O ? �
JZ E�.�$<� �< M �
@ �K�4&L G"C �H��t J�	- +##�L ~":'� �>:< M �7 ���	- �
@
�7 �A��"*� �7 +#��# [:< ���� W�C# M �7 �4N7 ��D �- �H �̀Y�� ? � ?��*� ? � �#
A�4;�7 1�gGt� �$<�@/� W�C# �j��9�� �4N7 A�0��D 1��P �� �# �
' � �4;�7 ��%=�
J�9�� �� �H K����7 K�% �� �(�hn7 +K ����7 ��$7 K�<���/� M �
@ (�h) �#
�H ��� /*�"t +$<��# #�� E#�;D ��$40 $%&�'�−n M �7 W�C# ��r A�0��D−n .�
E��n�# ��D−(n− �) M ν �H / �- ω + dν �� �%H A��7 S%>� ? � $@�"< W�C# ω �L�
�7 �/'* +K ��T7 . ��K- �� ω + dν � ω �H ��� �d7 �? ��7�'7 +$@�7/� ���# ����
? � +��� �*��>� ? � �# /*�"t A��N� �/4	NC ���) A�-�BD �7 ?4D� �S���� ? �
+K�'H/� ��� A��"��� �- .� A�0��D #��� �# �
%7 ��0��D−n #��� �# �0'� �< �� �)��

!3I
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A�BD +��� A��#�7 / �BD M �7 �4N7 A�0��D−k ��	- Zk(M) ��  �#�L �k �- Ǳ�.� �7
J�
�� �\� � �_d� = � �� .a ��� JZ .� / �BD � . �W�C# A�0��D−k ��	- Bk(M)

/4	NC ���) A�BD ?4D�L �]< �#

Hk(M) := Zk(M)/Bk(M)

A$*7−k +��#� $E�!�� �K�� A��#�7 A�BD �� Hk(M) A��#�7 A�BD ? � m#��# #��
M �7 A��#�7 A�BD ? � �H #��#/� J�gq� ����# ��BC� +#�@/� �4&L M �7 ��]<
F����9 � �##�L/� � �*� M Af���V�� SNO �7 �j���� �H (�hn7 A��#�7 A�BD
S ��Y �7 M .� A$*7−k Af�����-�H E� �L �� �BD JZ m_��� E��n�# M �Ha +���
�$'t�7�� A�" Af���V�� �# � �� A�-#�	< �7 Bk � Zk A�-#�	< m#�@/� E$���< /:�:O

�+$<#�L/� S�� �0-��L ? � �H
��D−k �# +��� ω �4N7 ��D−k M .� [ω] A. ��K- A��4�# Hk(M) .� �Bg �-
? � J�7. �7 +$@�7 W�C# �0<Z �Y�&� �H K ��L/� . �� K- /���P �# �� ω� � ω� �� 4N7
A�BD �/'* a Hk(Rn) = � �H #��#/� J�gq� ?�'� E��
<��V K� �A��#�7 A�-�BD
� \VR�":<� M �L� ��4�%H /4O � � � < k �
<Z �7 {� �;� _��� � �Bg �0'� �7 A��#�7

+Hk(M) = � E�T<Z �k > � � $@�7
W�C# ��D−� }�-a B�(M = �) �H K�'H/� ��� �$47� H�(M) �� "��=� A��7
��N<��& # JZ .� �H K ��$< ���4)� �# /��D−(−�) }�- �� . �#��$< #�� A�&P ��r
f : M −→ �
@ �7 ���	- 67��� ��	- A��#�7 A�BD J��'g �7 H�(M) eV +_K ��T7
�7�x f #��L/� �d�4< df = � {�@ .� �$@�7 $'"	- M �s<�'� +��� df = � �7 R

_+��� M A�-�&���� #�$*� �7��7 H�(M) $*7 ��H �#a +H�(M) � R ? ��7�'7 ����
Hk(M) (�h)�# �T # S%>� M Gj 	g �� �/0 $7 1�
< ? � .� �]< F�P
��*��>� +��� � ≤ $*7 �7 Hn(M) E�T<Z �$@�7 $'"	- � E#�;D M �L� � K�<�#/�

+#��# .��< /�$�%C� A�-�BD � �-E�H �7 ��W�C# ��� �7 Hk(M) �4;�7
� <

∫
Sn−�

σ′ �7 σ ��D−(n− �) M .� /*�"t /7�n4<� Sn−� ⊂ Rn − {�} �7
+K�'H/� � �*� (v�)p, · · · , (vn−�)p ∈ TpSn−� �- Ǳ�.� �7 �#��# #��

σ′((v�)p, · · · , (vn−�)p) = det

⎛⎜⎜⎜⎝
p
v�
+++

vn−�

⎞⎟⎟⎟⎠
!3�
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�"�� X�7 1��"g �$@�7 �"�� �0 �7 A�� �V {(v�)p, · · · , (vn−�)p} /4C� p�Y� �7
�0 ? � �K�'H/� � �*� Sn−� �7 �0 M Gj 	g �S���� ? � �7 �6C�� �# +���
{p ∈ Rn : ‖p‖ ≤ $O�� �� 4N7 A�L . �� J��'g �7 Sn−� �7 / �:�� �0 J�	- ���#
SNO �7 J�'����# cN7 �7 +#�@/� E#�7 ��� �7 Rn .� 9�< JZ �7 �0 �H m��� �}

��>7�Y �7 Rn �7 σ ��D $ $=� σ′ �H K�'H/� �]OG� �X�7 �>� �7 �"N< [ �-��'��

σ =
n∑
i=�

(−�)i−�xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

+��� S
n�� $%&�'�� . A��7

�H K�7� /� Rn − {�} �7 /��D−(n−�) � E#�H E#�&4�� Sn−� �7 σ′ ��D .� J�'H�
�@�T< +_� �= Hn−�(R� − {�}) K �E#�# J�;< �\� �a �N�< W�C# /�� ���� �4N7

��>7�Y �7 r : Rn − {�} −→ Sn−�

r(p) =
p

‖p‖ =
p

v(p)

�L� ��T # J��7 �7 mr(p) = p E�T<Z �p ∈ S
n−� �L� �H ��� ?@�� +$ ��T7 �]< �# ��

�#a +��� Sn−� /<�	- �@�T< �7��7 r ◦ i E�T<Z �$@�7 ��4O� i : Sn−� −→ Rn−{�}
�� r E�T<Z �$'H �$P r(a) = a �# A� a ∈ A Ǳ�.� �7 i : X −→ A � A ⊂ X �L� ��H

_+$'��</� A A��7 X .� s�A9� M 
�L� �� . ��N�< W�C# ���� +d(r∗σ′) = r∗ dσ′ = � �� . ���� �4N7 σ′ �p�Y� �7

+�N�< W�C# σ′ K�<�#/� �H /��O �# +σ′ = i∗r∗σ′ = di∗ν E�T<Z �r∗σ′ = dν

�H $�-# J�;< ��� �d7 �E$<��Z /�� �
;� /' �	� J��'g �7

r∗σ′ =
xdy − y dx

x� + y�
=
xdy − y dx

v�
= dθ

r∗σ′ =
xdy ∧ dz − y dx ∧ dz + z dx ∧ dy

(x� + y� + z�)�/�

=
�

vs
(xdy ∧ dz − y dx ∧ dz + z dx ∧ dy)

�"��=� �T # /: �t �7 �� �0<Z �K�<�$7 /%H ���O �# �� r∗σ′ ��� �.X Gj 	g J��
�K�'H/�

σ =
n∑
i=�

(−�)i−�xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ ��>7�Y �7 /��D σ �L� ��	 ��)�)

!3!
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E�T<Z �$@�7 Sn−� �7 i∗σ $ $=� σ′ � $@�7 Rn �7 dxn

r∗σ′(p) =
σ(p)
‖p‖n _5+� a

? ��7�'7

r∗σ′ =
�

vn

n∑
i=�

(−�)i−�xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

��	� A�-��#�7 � pp c��� TpRn ��	� A�BD �p ∈ Rn−{�} ��>:< �- �# 23�*4�

/D�H �? ��7�'7 +##�L/� $���� ‖p‖ `�*@ �7 Sn−�(‖p‖) E��H �7 ��	� A�BD �# vp
�$''H/� ��x��� ��#�7 n − � .� M �- �7 /4C� _5+� a F�t �# �H #�@ W�:=� ���
���� c) #�$4�� �# 6C�� ∂ /'='� �7 ��	� ��#�7 pp ��� +$'��/� �d�4< M �7
�##�L/� � �h� r(p) ��>:< M� �7 r �@�T< c��� /'='� ? � m��� p � � .� E$<�\L

�T # A�� .� +r∗(pp) = � ? ��7�'7 �

σ(p)(pp, (v�)p, · · · , (vn−�)p) = det

⎛⎜⎜⎜⎜⎜⎝
p
p
v�
+++

vn−�c

⎞⎟⎟⎟⎟⎟⎠ = �

Sn−�(‖p‖) �7 ��	� A�BD �# A�-��#�7 �7 �� _5+� a A�� �# ��� /D�H �? ��7�'7
��#�7 ?�'� �- Ǳ�.� �7 �H K�-# J�;< ��� /D�H _�, �� ���N� W7�>�a ? ��7�'7 +K�-# ��x���

K ��# �A� vp

r∗(vp) =
�

‖p‖ vr(p)

� Sn−�(‖p‖) �# 6C�� γ E� �# �7 ��	� ��#�7 vp ��#�7 �� ���� /0 $7 �j" �:� ? � ���
� #��# ���C Sn−� �# r ◦ γ /'='� �\� � ���� v ��	� ��#�7 �7 p �# Sn−� �7 ��	�
� +#� �/� �/‖p‖ �7 J��9	-

�H f : B −→ R K ��L ��:';� <�=�>? �� 53�8	�3���� ����� ��)�)
��>7�Y �7 �� g : Sn−� −→ R � B = {p ∈ Rn : ‖p‖ ≤ �}

g(p) :=
∫ �

�

un−� f(u− p)du
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1��P ? � �# +K�'H � �*�∫
B

f =
∫
B

f dx� ∧ · · · ∧ dxn =
∫

Sn−�

gσ′

A� �h� �@�T< �# � Sn−� × [�;�] A�BD 23�*4�

π� : S
n−� × [�;�] −→ S

n−� π� : S
n−� × [�;�] −→ [�;�]

i
�,+� �
@

A�0�N �< ��h4)� .� +K ��L/� �]< �# ��

σ′ ∧ dt = π∗
�
σ′ ∧ π∗

�
dt

/��h4n� E�T4�# �$@�7 Sn−� �7 /��h4n� /-�T4�# (y, U) �L� +K�'H/� E#�&4��
K�'H/� R�D 9�< � K�'H/� ��]< Sn−� × [�;�] �7 �� ỹ, t = (y ◦ π�, π�)

σ′αdy� ∧ · · · ∧ dyn−�

�H ��� ?@�� 1��P ? � �#

σ′ ∧ dt = α ◦ π�dỹ� ∧ · · · ∧ dỹn−� ∧ dt

1��P �7 �� h : Sn−� × [�;�] −→ R �L� �H ##�L/� �]OG� /L#�� �7 ? � .�
1��P ? � �# �K�'H � �*� h(p, u) = un−�f(up)∫

Sn−�

gσ′ =
∫

Sn−�×[�;�]

hσ′ ∧ dt

��>7�Y �7 ϕ : B − {�} −→ Sn−� × (�;�] /	N�D����U& # J�'H�

ϕ(p) = (r(p), v(p)) = (p/‖p‖, ‖p‖)
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1��P ? � �# +K�'H/� � �*�

ϕ∗(σ′ ∧ dt) = ϕ∗(π∗
�
σ′ ∧ π∗

�
dt) = ϕ∗π∗

�
σ′ ∧ ϕ∗π∗

�
dt

= (π ◦ ϕ)∗σ′ ∧ (π� ◦ ϕ)∗dt = r∗σ ∧ v∗dt

=
�

vn
(
n∑
i=�

(−�)i−� xi dx� ∧ · · · ∧ d̂x
i
∧ · · · ∧ dxn) ∧

n∑
i=�

xi

v
dxi

=
�

vn+�

n∑
i=�

(xi)� dx� ∧ · · · ∧ dxn =
�

vn−�
dx� ∧ · · · ∧ dxn

? ��7�'7

ϕ∗(hσ′ ∧ dt) = (h ◦ ϕ)ϕ∗(σ′ ∧ dt) = vn−� f.
�

vn−�
dx� ∧ · · · ∧ dxn

= f dx� ∧ · · · ∧ dxn

�\� �∫
B

f dx� ∧ · · · ∧ dxn =
∫
B−{�}

ϕ∗(hσ′ ∧ dt)

=
∫

Sn−�×(�;�]

hσ′ ∧ dt =
∫

Sn−�

gσ′

A�0��D �� . �$'H/� M	H E$'<��) �7 Xj �	4O� �H �#��# .��< /���7 /	H �7 �)Z �%O��a
� �*� �0<Z �7 �H S

n−� × (�;�] � _B − {�} A�-$%&�'� �7 E$;D �	g A���# ��L�#
_+$<��$< �$<�E$@

+K�'H �"��=� 9�< �T # (�hn7 ���O $'� A��7 �� Hk(M) �� K �E#��Z J�'H�
�H �K�-# ��%:� /��h4n� A�0�T �N	- QG) �# 1�"��=� �7 �� 1�"��=� �� K�<Z�7
A��#�7 A�-�BD .� A�� �#�L ��� �.X �? ��7�'7 +$'4N- M �# E#�;D / �-$%&�'�� .

+$'@�7/� ��� �7�C ���O ? � �# �H K�'H p�>� �� �T #
Hk
c (M) := 1��P �7 �� Hk

c (M) E#�;D �	=� �7 ����# Af�����-�H A��#�7 A�-�BD
�	=� �7 �� 4N7 A�0��D−k A��#�7 A�BD Zkc (M) �H �K�'H/� � �*� Zkc (M/Bkc (M)

M ν �H ��� dν �
@ �7 A�0��D−k ��	- A��#�7 A�BD Bkc (M) � ���� E#�;D
Hk
c (M) = E�T<Z �$@�7 E#�;D M �L� ��4"�� +��� E#�;D �	=� �7 ��D−(k − �)

E#�;D �	=� �7 W�C# A�0��D−k ��	- ��g�	d� J�	- Bkc (M) �H #�@ ��� +Hk(M)

�� < f A��>:< �# � $@�7 E#�;D �	=� �7 /*7�� �Rn �7 f ≥ � �L� �Gj �� +�N�<
�	=� �7 � _��� ?�'� Rn �7 �4N7 ��D �-a ��� W�C# ω = f dx� ∧· · ·∧dxn E�T<Z
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ω = dν �
@ �7 A� ν E�#�;D �	=� �7 ν ��D }�- Ǳ�.� �7 ω /�� �$@�7/� E#�;D
eH�4�� �� �BC �7 �'7 E�T<Z ���� E#�;D �	=� �7 ν �H ω = dν �L� ��:�:O �# +�N�<∫

Rn

ω =
∫

Rn

dν =
∫
∂Rn

ν = �

M �L� �H $-#/� J�;< �7�;� /�X$4�� � �Hn
c (Rn) �= � �H $-#/� J�;< Q��� ? �

�7 K�-# J�;< �H K�<Z�7 J�'H� +Hn
c (M �=)� E�T<Z �$@�7 /-��n�# � \V�0 $%�'�

�L� �H $-#/� J�;< ? � +Hn
c (M) ≈ R Gj 	g �M $'"	- � \V�0 $%&�'� �- Ǳ�.�

�E#�;D �	=� �7 ω′ ��D−n �- Ǳ�.� �7 E�T<Z �#�@ ^�n4<� ∫
M
ω �= � �7 /47�x A ω

J���/� /4O�� �7 �� α #$g +��� W�C# ω′−αω �H #��# #�� J�'� α /:�:O A#$g
E�T<Z ω′ − αω = ν �L� �#�H ��P��∫

M

ω′ −
∫
M

αω =
∫
M

dν = �

#�@ ��� +��� η #�� J#�# J�;< ����N� ��4"�� +α =
∫
M ω′/

∫
M ω �d�4< �#

/	N�D����9 � [ω] �−→
∫
M
ω �H ��� Q#�*� �g#� ? � �7 Hn

c (M) ≈ R A�g#� �H
�7��7 E#�;D �	g �7 ω �� 4N7 ��D �- ��T # 1��"g �7 +$@�7/� R A��7 Hn

c (M) .�
+∫M ω = � �
' � �7 {� �;� ���� E#�;D �	=� �7 A�T # ��D ��N<��& #

Hn
c (M) ≈ E�T<Z �$@�7 $'"	- � \V�0 $%&�'�−n M M �L� ����� ��)�)

+R

�K�'H/� 1�"x� �%O�� �� �# �� ��BC 23�*4�
+��� ���# M = R A��7 ��BC _�

��BC E�T<Z �Sn−� A��7 Ek � �7 �$@�7 ���# �L� �-$%&�'�−(n− �) A��7 ��BC _!
+��� ���# Rn A��7

E��n�# ��#�0 � $'"	- $%&�'�−n �- A��7 E�T<Z �$@�7 ���# Rn A��7 ��BC �L� _2
+��� ���#

+∫
R
ω = � �H A��t ��� R �7 E#�;D �	=� �7 ��D−� M ω K ��L ]�  8 �:��

�	=� J�� +ω = df �H #��# #�� A��t _E#�;D �	=� �7 �j��9� �<a f /*7��
�7 f ��d�4< �# +��� �&P [−N ;N ] �
@ �7 A�E.�7 ���) �7 df ���� E#�;D ω

E�Gg �7 +��� c� �7�x �7��7 [N ;∞) �7 � c� �7�x (−∞;−N)

� =
∫

R

ω =
∫

R

df =
∫

R

f ′(t)dt = c� − c�

!3�
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i
��+� �
@

+��� E#�;D �	=� �7 f − c �H �ω = d(f − c) K ��# � c� = c� = c �d�4< �#

��� Rn �7 E#�;D �	=� �7 ��D−n M ω = f dx� ∧ · · · ∧ dxn K ��L ]�  8 �:��
{p ∈ R

n : �	=� K�'H/� R�D �u=7 J$@ ��E#�� A��7 +∫
Rn ω = � �H A��<�L �7

+ω = dη �H #��# #�� J�'� Rn �7 η ��D−(n − �) M K�<�#/� +‖p‖ < �} ⊃ ω

K���/� η A��7 b �P Q���D M �7 �3 �hD .� !2 �� ���N� .� �6C�� �#

η(p) =
n∑
i=�

(−�)i−�
( ∫ �

�

tn−�f(t.p) dt
)
xi dx� ∧ · · · d̂xi ∧ · · · ∧ dxn

K ��# �Q���D ? � �# u = ‖p‖t /' 9T � �7

η(p) =

(∫ ‖p‖

�

un−�f
(
u.

p

‖p‖
)
du

)
�

‖p‖n .

.

n∑
i=�

(−�)i−� xi dx� ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

(�)
= (

∫ ‖p‖

�

un−� f
(
u.

p

‖p‖) du
)
.r∗σ′(p)

��>7�Y �7 �� g : Sn−� −→ R +��� E$@ E#�&4�� �+�+� K� .� _�a �# �H

g(p) =
∫ �

�

un−� f(u.p)du

A �7 �\� � f = � K ��# A = {p ∈ Rn : ‖p‖ > �} ��g�	d� �7 +K�'H/� � �*�
K ��#

η(p) =

(∫ �

�

un−�f
(
u.

p

‖p‖
)
du

)
.r∗σ′(p)
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�(n−�) M Ǳ�.� �7 �!+�+� ��d�4< �7 �'7 �E�Gg �7 +η = (g ◦ r).r∗σ′ = r∗(gσ′) � 
K ��# Sn−� �7 gσ′ ��D∫

Sn−�

gσ′ =
∫
B

f dx� ∧ · · · ∧ dxn =
∫
Rn

ω = �

K ��# ! �� %O�� 1�Y��&� �7�'7 ��d�4< �#

gσ′ = dλ Sn−� �7 λ ��D − (n− �) M A�.� �7

�H �����	- /*7�� h : Rn −→ [�;�] K ��L +η = r∗(dλ) = d(r∗λ) ? ��7�'7
hr∗λ 1��P ? � �# +��� �&P ��� �7��7 �&P .� A�/T �N	- �# � M �7��7 A �7
��D �1��P ? � �# +ω = dη = d(η − d(hr∗λ)) = � � ��� rn �7 ���	- /��D

K ��# A �7 �� . ���� E#�;D �	=� �7 η − d(hr∗λ)

η − d(h∗r∗λ) = η − d(r∗λ) = �

�	=� A���# ω � ∫
M ω �= � �H K�'H/� ^�n4<� J�'� ω ��D�n M �  8 �:��

M ω′ �L� +��� F����U& # Rn �7 U �H ���� U ⊂ M .�7 ��g�	d� M �# E#�;D
�7 η /��D � c A#$g �H K�-# J�;< K�-��)/� �$@�7 E#�;D �	=� �7 � �T # ��D�n

�/<�
 .��D� M .� E#�&4�� �7 +ω′ = cω + dη �H $<��# #�� A��t �E#�;D �	=�
M �# E#�;D /%	=� �-ϕiω .� M �- �H �ω = ϕ�ω+ · · ·+ϕkω K�N �'7 K�<���/�
�- ci ��� /D�H �p�Y� �7 +��� F����U& # Rn �7 Ui �H ��� Ui ⊂M .�7 ��g�	d�
��T # 1��"g �7 +ϕiω = ci ω + ηi K�@�7 �4@�# A� i �- Ǳ�.� �7 �H K�7��7 / �- ηi �
�7 �H ��� V ⊂ M .�7 ��g�	d� M �# E�#�;D �	=� A���# ω′ K�'H R�D K�<���/�

+��� F����U& # Rn

.�7 A�-�g�	d� .� A����"<# �H ��� ?@� � �M A$'"	- �7 ��� �7

U = V�, · · · , Vr = V

A��t �� ωi A�0��D +Vi ∩ Vi+� ± φ �H K�7��7 K�<���/� A��t Rn �7 F����U& #
J�� +∫Vi

ωi �= � � ��� Vi ∩ Vi+� ��g�	d� � . ωi �	=� �H K�'H/� ^�n4<�
�d�4< �# �K ��# R�D J��'g �7 Rn A��7 �� ��BC /4��#

ω� − ciω = dη� , ω� = c�ω� = dη�, · · · , ω′ = crωr−� = dηr

�]< #��� K
O �p�Y� �7 �̀Y�� ? � .� +��� (Vi ⊃) E#�;D �	=� �7 ηi ��	- �H
� +#�@/� ��4'4��

!3�
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@

+#�	< E#�&4�� J���/� A�T # K
O ���n4�� A��7 �� �)Z �� %O�� �# �4D� ��H �7 o��

Hn
c (M) = E�T<Z �$@�7 $'"	- � \V�< �0 $%&�'�−nM M �L� ����� ��)�)

+�

Rn �7 F����U& # U .�7 ��g�	d� M �# 6C�� E�#�;D �	=� �7 ω ��D−n M 23�*4�
/'*� �7 Q��T4<� ? � ���� � \V�0 U J��a ∫

U
ω �= � �H K ��L/� �]< �# A��t

ω = �E#�;D �	=� �7 η ��D M Ǳ�.� �7 �H K�-# J�;< ��� /D�H p�Y� �7 +_���
1��P �7 (Vi, xi) /��h4n� A�-E�T4�# .� A����"<# +dη

U = V�, · · · , Vr = V

�� ��� �� %O�� �# ωi A�0��D +$'40 �D�O �- xi ◦x−�i+� .� M �- �H K ��L/� �]< �#
K�'H/� ^�n4<� A��t �$@�7 �0 �D�O xi : Vi −→ R

n �H Vi �0 .� E#�&4�� �7
#�$g� ��j4d�4< +∫

Vi+�

ωi > � K ��# ?�'s	- �1��P ? � �# m∫
Vi
ωi > � �H

ci :=
∫
Vi

ωi/

∫
Vi

ωi−�

?�'� �$@�7 � \V�<�0 M �L� Q�O +� < c �7 ωi = cω + η �
' � �d�4< +$'4"��
�7 +�N�< �0 �D�O xr ◦ x−�� /�� �Vr = V� �H #�@/� �D� �- Vi .� A����"<#
A��7 (−c − �)ω = dη �d�4< �# +� < c �7 −ω − cω + dη K ��# ω = −ω R�D
� +c �= −� �7 c M 

+#�	< E#�&4�� J���/� 9�< E#�;D ��r A�- M A��7 �� Hn(M)

��r � � � \V�0a $'"	- E�#�;D ��r $%&�'�−n M M �L� ����� ��)�)
+Hn(M) = � E�T<Z �$@�7 _� \V�0

Rn �7 �H U /��h4n� E�T4�# M �# Q�	;� E�#�;D �	=� �7 ω ��D−n M 23�*4�
/-�'4��< A����"<# ��N�< E#�;D M J�� +$ ��T7 �]< �# �$@�7 F����U& #

U = U�, U�, U�, · · ·

!3�
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?�'� � �Ui ∩ Ui+� �= φ �H #�@/� �D� A��<�L �7 /��h4n� A�-E�T4�# ?�'� .�
+��� E��n�# E�#�;D ��g�	d� M ��	
� �# Gj 	g A����"<#

i

��+� �
@

K�'H/� ^�n4<� A��t �� Ui ∩Ui+� �# Q�	;� E�#�;D �	=� �7 ωi A�0��D−n �Q�O
J�'� Ui ��g�	d� � . E�#�;D �	=� �7 ηi A�0��D � ci �7�x #�$g� +∫

Ui
ωi �= � �H

�H $<��# #��

ω = c�ω� + dη�

ωi = ci+�ωi+� + dηi+� i ≤ �

��d�4< �#

ω = dη� + c�ω�

= dη� + c�dη� + c�c�ω�

= dη� + c�dη� + c�c�dη� + c�c�c�ω�

= · · ·

K ��# �#��# ���C �- Ui .� /
 K	4� �# �j���� A� p ∈M ��>:< �- J��

ω = dη� + c �dη� + c�c�dη� + c�c�c�dη� + · · ·

/'*� �7 �$'4N- E#�;D ��g�	d� �- ���) Gj 	g �- Ui �
' � �%g �7 ���� �	� �H
+���

· · · � U� �U� �U� A����"<# ?�'� Gj 	g �H _!I �� ���N�a #�# J�;< J���/� J�'H�
$'<���/� �- Ui � ���� .�d� 1G	 ���
�a ��� M �H J�;g�	4� �H #�@/� �D� 
E#�;D A��g�	d� ���) J�'s	- ���"<# /�� �$''H 6>C �� j < � �7 A�- Uj .� A���N7
M {ϕUi} K ��L +��� /-�'4� �j*Y�� �S���� ? � �7 O = {Ui} [@�V +_#��# ���C

!�I
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A� Ui �- Ǳ�.� �7 E�T<Z �$@�7 M �7 ��D−n M ω �L� +��� O ��# � . /<�
 .��D�
�H ##�L/� �]OG�

? ��7�'7 +��� Ui∪Ui+�∪Ui+�∪· · · �# E�#�;D �	=� A���# ηi �H ϕUi ω = dηi

ω =
∞∑
i=�

ϕUi ω =
∞∑
i=�

dηi = d(
∞∑
i=�

ηi)

� +��� ��	� J�-�7 �

@	�T Q+� �- Z�<I� #� 8��JB� c!D

_�a

Hk(Rn) =
{

R k = � �L�
� k > � �L�

E�T<Z �$@�7 $'"	- $%&�'�−n M M �L� _!a

H�(M) ≈ R

Hn
c (M) ≈

{
R $@�7 � \V�0 M �L�
� $@�"< � \V�0 M �L�

Hn(M) ≈
{
Hn
c $@�7 E#�;D M �L�

� $@�"< E#�;D M �L�

E$;< ���0D ��
O� ? � �# /�� �Hn−�(Rn − {�}) �= � �H K�<�#/� �?�'s	-
A��#�7 A�-�BD (�h) �# u=7 �� ��#� ��]'� �7 +K #�
< 1�"x� ��<Z �j���� �� . ����
�� f : M −→ N ���	- A�04@�T< �7 �"N< �0<Z ��4D� ��� �.X �����# Af�����-�H
(d f∗ ω =a ��� �4N7 9�< f∗ ω E�T<Z �$@�7 N �7 �4N7 ��D−k M ω �L� +K�'H /���7
A�� .� +$'H/� � �h� Zk(M) A�47 �� Zk(N) A�BD f∗ �\� � �_f∗dω = �)

f∗(dη) = �� . �$'H/� � �h� Bk(M) A�47 9�< �� Bk(N) A��#�7 A�BD f∗ ��T #
��D �7 /4@�T< f∗ �H $-#/� J�;< ? � +d(f∗η)

Zk(N)/Bk(N) −→ Zk(M)/Bk(M)

!��
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+f∗ : Hk(N) −→ Hk(M) �K�-#/� J�;< f∗ #�	< �7 9�< �� JZ �H �$'H/� Ǳ�:��
�j:�C# H�(N) E�T<Z �$@�7 $'"	- N �L� +$ ��T7 �]< �# �� k = � ���O �Gj ��
/*7�� 9�< f∗(c) = c ◦ f �d�4< �# +c : N −→ R �7�x 67��� ��g�	d� .� ��� 1��"g
��� 1��"g �j:�C# f∗ : H�(N) −→ H�(M) E�T<Z �$@�7 $'"	- M �L� +��� �7�x
$'"	- M �L� −R �7 H�(M) � H�(N) A��L /
 Q�	g� �7 �4"�� �/<�	- �@�T< .�
F����9 �

⊕
α∈A

Rα K�:4N� 6	 �7 H�(M) E�T<Z �$'@�7 {Mα}α∈A JZ A�-�&���� � $@�"<

.� A�h'g �7 �� c ∈ R �7�x f∗ �@�T< m$'D����U& # R �7 �- Rα .� M �- �H ����
�h'g 9�< N �L� +$'4N- c �7��7 � �7�x JZ A�-� Z�# ��	- �H #�7/�

⊕
α∈A

Rα A�BD

E�T<Z �$@�7 {Nβ}β∈B JZ A�-�&���� � �$@�7 $'"	- ��r

f∗ :
⊕
β∈B

Rβ −→
⊕
α∈A

Rα

f(Mα) ⊂ /4C� c′α = cβ �H #��T</�
⊕
α∈A

Rα .� {c′)α} �7 ��
⊕
β∈B

.� {cβ} �P�'g

+Nβ
k = ���O �K�'H/� ��� � ? � �# JZ �7 Gj 	g �H /4��O � ���S�� ���O
n $%&�'� �# �- N � M �H �f∗ : Hn(N) −→ Hn(M) �@�T< /'* +��� n
�7 R J#�	< F����9 � A��7 /*�"t E�� }�- +$'4N- E#�;D � $'"	- �� \V�0 A$*7

�� "��=� Q�"<# �7 �#��$< #�� Hn(M)∫
N

ω �
∫
M

f∗ ω

? � �# +K�'H/� ^�n4<� ∫N ω� �= � �7 A� ω� +K�4N- N �7 ω E��n�# ��D−n A��7
�H #�@/� �D� J�'� a A#$g �1��P∫

M

f∗ω� = a.

∫
N

ω�

�_N A��7 �7�;� 1��P �7 �a ��� R �7 Hn(M) .� /	N�D����9 � ω �→
∫
N

ω J��
K ��# ω ��D �- Ǳ�.� �7 �H K ��L/� �d�4<∫

M

f∗ eω = a.

∫
N

ω

E#�;D N � M �L� +K���</� f  87�� �� �#��# /T4N7 f �7 �0'� �H �a = deg f #$g
�@�T< E�T<Z �_$@�7 E#�;D �E#�;D ��g�	d� �- J� ��� � �h�a $@�7 E�� f /�� �$@�"<

!�!
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�7 �H #�@/� �D� J�'� deg f A#$g E�G*7 +K ��# �� f∗ : Hn
c (N) −→ Hn

c (M)

E#�;D �	=� �7 N �7 ω ��D �- Ǳ�.�

∫
M

f∗ ω = (deg f)
∫
N

ω

b�=P A#$g �#$g ? � E���	- �H S%>� ? � ���7 �##�T< 1�"x� � q �� �BC �H /��#��
+$@�7/� A���@# ��H ����

A�-$%&�'�−n ?�7 E�� �@�T< M f : M −→ N K ��L ����� ��*�)
�7 +��� f A��7 K]'� ��$:� q ∈ N K ��L +��� (N, v) � (M,μ) $'"	- � ��#�0

K�'H R�D p ∈ f−�(q) �- Ǳ�.�

sgnp f :=

⎧⎪⎨⎪⎩
� μp �$@�7 �0 �D�O f∗p : TpM −→ TqN �L�

TqN �7 vp �TpM �7μp �0 �7 �4"��
−� +$@�7 J�#�L�7 �0 f∗p �L�

1��P ? � �#

deg(f) =
∫
p∈f−�(q)

sgnp(f)

+K�'H/� � �*� �&P ��<Z �f−�(p) = φ �L� �

f−�(q) �E�G*7 +$<��# #�� K]'� � #�:� �#��� �� �BC �7 �'7 �H #�@ ��� �$47� 23�*4�
A��g�	d� �7 Q�7 �̀	d� �\� � �#��# ���9 � {�:< � ��� E#�;D �� . ���� /-�'4�

+#� \V/� 1��P /-�'4�

�� �- pi E��L �7 (Ui, xi) /��h4n� A�-E�T4�# +f−�(q) = {p�, · · · , pk} K ��L
+$'@�7 �9d� �- Ui � �$'@�7 f K]'� � #�:� Ui �# {�:< ��	- �H K�'H/� ^�n4<� J�'�
f−�(V ) = U� ∪ · · · ∪ �H K�7��7 J�'� q Q�O (V, y) /��h4n� /-�T4�# K�-��)/�
�� W ′ ⊂M � E#�	< ^�n4<� q .� ω E#�;D /T �N	- M ��$47� ���]'� ? � A��7 +Uk

+K ��L/� W ′ = f−�(W )− (U� ∪ · · · ∪ Uk) E�#�;D ��g�	d�

!�2
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i

��+� �
@

K�<���/� �? ��7�'7 +#��$< �7 �# �� q �H ��� �4N7 A��g�	d� f(W ′) �1��P ? � �#
f−�(V ) ⊂ �H $-#/� J�'�	t� �� �7 ? � +K ��T7 W ′−f(W ′) .� A��g�	d�� . �� V

+K�'H/� R�g Ui ∩ f−�(V ) �7 �� Ui M �- �E�)X�7 +U� ∪ · · · ∪ Uk
A���# � ≤ g �H K�'H/� ^�n4<� ω = g d y�∧· · ·∧d yn �
@ �7 N �7 �� ω J�'H�
�4�� U�∪· · ·∪Uk ��g�	d� � . f∗ ω �	=� 1��P ? � �# +��� V �# E�#�;D �	=�

? ��7�'7
∫
M

f∗ ω =
k∑
i=�

∫
Ui

f∗ ω

K ��# ���� V �7 �- Ui .� M �- .� /	N�D���	U& # f J��∫
Ui

f∗ ω =
∫
V

ω $@�7 �0 �D�O f �L�

= −
∫
V

ω $@�7 J�#�L�7 �0 f �L�

�7 � � sgnpf = � �H ��� ?
	� /4C� ���# ? � ���� ��0� � \V�0 f J��
� +��� ��	� J�-�7 � �sgnp f = −� �7�;� 1��P

�7 A : Sn −→ Sn �t�:4� �@�T< ���# ���BC .� �hDG7 A#�7��H J��'g �7
{�:< �� �%H �# A �H K �E#�H �]OG� Gj "C +K�'H/� �"��=� �� A(p) = −p ��>7�Y
J�� +��. � $@�7 #�D n �
' � �7 {� �;� ���� J�#�L�7 �0 � � ��� �0 �D�O
K
O ? � .� +degA = (−�)n−� �H K ��L/� �d�4< �#��# �Bg M ���# A−�(p)

.��< �T # K0� ��0&� M �7 JZ .� [�V /�� �K�'H ���n4�� K�<���/� S�� A��d�4<
�
@ �7a /���P �# �� ���	- A�-$%&�'� ?�7 f, g : M −→ N 67�� �# +$@�7/�

!�5
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�H ##�L �D� J�'� H : M × [�;�] −→ N ���	- /*7�� �H K�8�L ������- _���	-

∀p ∈M : H(p,�) = f(p) , H(p,�) = g(p)

�0'� � /4C� M �H #�@ ��� +K���</� g � f ?�7 _���	-a /V�����- M �� H �@�T<
������- p� �7�x �@�T< �H ��� � \VR�":<� ���	- �
@ �7 p� ∈M ��>:< �7 /4C�
��D�(k − �) M �M × [�;�] �7 ω ��D�K �- A�.� �7 �H K �@/� ��Z#� +$@�7
J�;< A��7 ��*C�� ? � .� +i∗

�
ω−i�ω = d(Iω)+I(dω) �H #��# #�� J�'� M �7 Iω

�$'4N- W�C# �� \VR�":<� ���	- �
@ �7 $%&�'� �- �7 �4N7 A�0��D ��	- �
' � J#�#
+K�'H/� �7�x �� ��/%H /	
O Q�O +K�'H/� E#�&4��

E�T<Z �$'@�7 ������- ���	- �
@ �7 f, g : M −→ N �L� ����� ��*�)
A�04@�T<

f∗ : Hk(N) −→ Hk(M) g∗ : Hk(N) −→ Hk(M)

+f∗ = g∗ �$<��7��7

� f = H ◦ i� �7 H : M × [�;�] −→ N ���	- /4@�T< �R�D �7�'7 23�*4�
ω �4N7 ��D�k M [ω] A.��K- �� 4�# H∗(N) .� �Bg �- +#��# #�� g = H ◦ i�

1��P ? � �# +��� N �7

g∗ω − f∗ω = (H ◦ i�)∗ω − (H ◦ i�)∗ω

= i∗
�
(H∗ω)− i∗

�
(H∗ω)

= d(IH∗ω) + I(dH∗ω)

= d(IH∗ω) + �

+��� g∗([ω]) = f∗([ω]) /'*� ? � �7 ? � ���

f, g : � $'@�7 E#�;D � � \V�0 $%&�'��n �# N � M �L� ������ ��*�)
+deg f = deg g E�T<Z �������- M −→ N

S
n �7 �&P�< � �	- A��#�7 J�$�� }�- E�T<Z �$@�7 ��. n �L� ������ ��*�)

+#��$< #��

!�,
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(−�)n−� �7��7 A : Sn −→ Sn ���'4� �@�T< ���# �H K �E#�H �]OG� Gj "C 23�*4�
/<�	- �@�T< �7 A ���. n ���O �# ���� M ���# .� /<�	- �@�T< J�� +���
�$@�7 #��� Sn �7 �&P�< ��	- A��#�7 J�$�� M �L� ��� +$@�7 ������- $<���/	<
A�.� �7 +K .�N7 K�<���/� � q �
@ �7 /<�	- �@�T< � A ?�7 /V�����- M E�T<Z
��#�7 �H #��# #�� A(p) = −p �� p .� ∂p #�&7 �h='� ��97 E�� �#�K�< M �p �-
� +H(p, t) = ∂p(t) K�'H/� � �*� +$@�7/� X(p) .� /7�B� �JZ .� p �# ��	�
A�.� �7 +K .�N7 K�<���/� Sn �7 �&P�< ��	- A��#�7 J�$�� M ���. n A�.� �7

K�'H/� � �*� p = (x�, · · · , xn+�) ∈ Sn

X(p) = (−x�, x�,−x�, x�, · · · ,−xn+�, xn)

���C TpSn �# ? ��7�'7 � ���� #�	g p = (x�, x�, · · · , xn+�) �# R
n+� �7 X(p)

Sn �7 X A��#�7 J�$�� _+��� � . #��$<�4�� �
@ �7 S� ���O �# �@�T< ? �a +#��#
+K�'H/� E#�&4�� /<�	- �@�T< � A ?�7 /V�����- M �)�� A��7 ��

i
!I+� �
@

��>7�Y �7 �r : R−{�} −→ Sn−� R�":<� �ZZ �� �BC .� A�T # #�7��H J��'g �7
E�T<Z �$@�7 A�4O� i : Sn−� −→ R−{�} �L� +K ��L/� �]< �# �� r(p) = p\‖p‖
�@�T< ���� +��� Sn−� �7 Sn−� .� Id /<�	- �@�T< r ◦ i : Sn−� −→ Sn−�

�7 /�� ���� /<�	- i ◦ r(p) = p\‖p‖ ��>7�Y �7 i ◦ r : Rn − {�} −→ Rn − {�}
H(p, t) = tp+(�−t)r(p) ∈ ��>7�Y �7 �� H /V�����- m��� ������ /<�	- �@�T<
+K�8�L/� 0�	��.� s�A9� �� /Lk � ? � �7 /Y�":<� +K�'H/� � �*� Rn − {�}
� ? ��7�'7 +$'4N- /
 (i ◦ r)∗ � (r ◦ i∗) A�04@�T< �$@�7 /N #�L# R�":<� r E�L�-

K ��# Sn−� ⊂ Rn − {�} ���O �#

Hk(Sn−�) r∗−→ Hk(Rn − {�}) i∗−→ Hk(Sn−�)

E�Gg �7 �

!��
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r∗◦i∗ = (i◦r)∗ = Hk(Rn−{�}) /<�	- i∗◦r∗ = (r◦i)∗ = Hk(Sn−�) /<�	-
�d�4< �# �$<�T $
 J���� r∗ � i∗ eV

Hk(Sn−�) = Hk(Rn − {�})A� k �- A�.� �7

+��� r∗σ′ �� 4N7 ��D Hn−�(Rn − {�}) $��� +Hn−�(Rn − {�}) K ��# �Ek � �7
? � A��7 +K .�#�V/� �%4n� A�- k A�.� �7 Hk(Rn − {�}) �� "��=� �7 Q�O
M × {�} ⊂ M × $%&�'� �H ��� ?@� � +K ��# .��< A�T # E�$-�;� �7 ��]'�
Hk(M) ≈ A� l �- A�.� �7 �? ��7�'7 +��� M × Rl .� /N #�L# � \VR�":<� Rl

+Hk(M × Rl)

K ��# � < k < n− � �- Ǳ�.� �7 ����� ��*�)

Hk(Rn − {�}) = Hk(Sn−�) = �

#�� Gj 	g JZ 1�"x� A��7 A9�� �H /���4��O +K�'H/� �	g n �7 Ǳ��:4�� �7 23�*4�

+H�(R� − {�}) = � �H K�'H/� �g#� +��� n = � ���O �#��#
�7 R� �# .�7 �g�	d� �# B � A K ��L +��� R� �7 �4N7 ��D−� M ω K ��L

�$<� . p�@

A = R
� − {(�,�)× (−∞;�]} B = R

� − {(�,�)× [�; +∞)}

A�0��D−� �\� �(�,�,−�) � (�,�,�) S���� �7 {�:< �7 �"N<a $'%
@ E��4� B � A J��
�H $<��# #�� J�'� B � A �7 S���� �7 fB � fA

A �7 ω = d fA B �7 ω = d fB

�d�4< �#

[R� − {�}]× R = A ∩B �7 d(fA, fB) = �

�� . ���� W�C# ω ��d�4< �# +��� c �7�x A ∩B �7 fA − fB �? ��7�'7

ω =
{
d(fA − c) A �7
d(fB) B �7

+A ∩B �7 fA − c = fB �

!�3
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.� E#�&4�� �7 � �7�;� /�X$4�� �7 �$@�7 R� �7 �4N7 ��D−� M ω �L�

A = R
� − {(�,�,�)× (−∞;�)} B = R

� − {(�,�,�)× [�;∞)}

� ηA A�0��D−� E�T<Z �$@�7 R� �7 �4N7 ��D−� M ω �s<�'� +#�H �	g J���/�
�H K ��Z/� ��$7 A��t �� ηB

B �7 ω = d ηB , A �7 ω = d ηA

� A ∩B �7 d(ηA − ηB) = � J�'H�

H�(A ∩B) = H�([R� − {�}]× R) ≈ H�(R� − {�}) = �

��"C ���O FG) �7 +ηA−ηB = dλ K ��# A∩B �7 λ ��D−� M Ǳ�.� �7 ��d�4< �#
A��7 +#�@/	< � �*� A �7 �� . �K ��T7 �]< �# �� ηA − dλ E#�� /%�) K�<���/	<
.� {A,B} [@�V A��7 {ϕA, ϕB} /<�
 .��D� M �H K�'H/� ��� ��
;� ? � 6D�

�#��# #�� R� − {�}

ϕA + ϕB = � dϕA + dϕB = � SuppϕA ⊆ A SuppϕB ⊆ B

67�� [ �	< A��7 �� ϕBλ �L� Q�O{
ϕBλ A ∩B �7
� A− (A ∩B) �7

K ��# �K�'H � �*� �� ϕAλ �7�;� 1��P �7 � K�'H/� E#�&4��

��� B �7 ���	- ��D M ϕAλ , ��� A �7 ���	- ��D M ϕBλ

K ��# A ∩B �7 �E�Gg �7

ηA − d(ϕBλ) = ηA − ϕBdλ− dϕB ∧ λ = ηA − dλ+ d(ϕAλ)

= ηA − dλ+ d(ϕAλ) = ηB + d(ϕAλ)

���	- ��D M K�<���/� �B �7 ηB + d(ϕAλ) 9�< � A �7 ηA − d(ϕBλ) R�D �7 eV
p�Y� �7 +K�'H � �*� A ∪B = R− {�} �7

ω =
{
dηA = d(ηA − d(ϕBλ)) A �7
dηB = d(ηB − d(ϕAλ)) B �7

+��� W�C# ω �\� �
� +��� �7�;� �
@ �7 Ǳ��:4�� /%H �� %O��
+K �7/� J� �V �7 �$�Z $-��) ��H �7 �� �hD �# �H ��T # A��"��=� �7 �� �hD ? �

!��
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+H�
c (Rn) = � K ��# �� ≤ k < n �- Ǳ�.� �7 ����� ��*�)

+��� E$'<��) E�$0g �7 ? �	� J��'g �7 H�
c (Rn) = � �
' � 1�"x� 23�*4�

i
!!+� �
@

Ǳ�.� �7 �H K�<�#/� +� < k < n �H ���� Rn �7 E#�;D �	=� �7 ��D−k M ω K ��L
ω �	=� ���@ �� 4N7 A�L M B K ��L +ω = dη K ��# Rn �7 η ��D−(k − �) M 
F����U& # R

n−{�} �7 A J�� +dη = � K ��# A = R
n −B 1��P ? � �# +���

�H K�<�#/� ,+�+� �� �BC .� �k − � < n− � � ���

η = dλ K ��# A �7 λ ��D − (k − �) M Ǳ�.� �7

� ��&P �7��7 B .� /T �N	- M �7 �H ��� ���	- /*7�� f : Rn −→ [�;�] K ��L
? � �# +��� B �7��7 �# `�*@ �7 A�L �T; �	< �B �H ���� M �7��7 Rn − �B �7
η − d(fλ) ��D mω = dη = d(η − d(fλ)) � ��� /'*� �7 Rn �H �7 d(fλ) �1��P
� +$@�7/� �B �# E�#�;D �	=� �7 p�Y� �7

'�
��(�  d!D

+��� ��$<��H f : [a; b] −→ R K ��L +�7��# Q��T4<� A��7 J�	 � Q��T4<� �̀< +�
mi = K�'H/� R�D �[a; b] .� P = {t� < · · · < tn} .��D� �- A�.� �7
� �*� �� Mi = Mi(f) �7�;� 1��P �7 � ��� [ti−�; ti] �7 f ��	�&' � mi(f)

�7 ξ = (ξ�, · · · , ξn) / ���n M �P A��7 ^�n4<� M .� ��]'� +K�'H/�
P .��D� A��7 J�	 � �̀	d� � X�7 �̀	d� �?� �V �̀	d� +��� ξi ∈ [ti−�, ti]

1��P �7 S���� �7 �� ξ ^�n4<� �

L(f, P ) =
n∑
i=�

mi(f).(ti − ti−�) _?� �V �̀	d�a

!��
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U(f, P ) =
n∑
i=�

Mi(f).(ti − ti−�) _/ X�7 �̀	d�a

S(f, P, ξ) =
n∑
i=�

f(ξi).(ti − ti−�) _J�	 � �̀	d�a

/���P �# �� f.L(f, P ) ≤ S(f, P, ξ) ≤ U(f, P ) p�Y� �7 +K�'H/� � �*�
�- U(f, P ) ��	- ��	�&' � �7��7 �- L(f, P ) ��	- ��	 �V�� �H K� �L �%���g�	
F(��)��
�# �� f +K���</� [a; b] �7 f $�%��� (��)�� �� ��	�&' � � � ��	 �V�� ? � m$@�7

�H K�8�L J�	 � � \VQ��T4<� /���P

lim
‖P‖−→�

S(f, P, ξ)

+K���</� [a, b] �7 f J�	 � Q��T4<� �� $O ? � ��$:� m$@�7 #���
$�-# J�;< ��� +#�	< � �*� J���/� �$@�7 J��H/7 f �L� /4O �� S(f, P, ξ) _���

+#��$< #�� lim
‖P‖

−→ �(f, P, ξ) E�T<Z �$@�7 J��H/7 f �L� �H

� \VQ��T4<� 9�< � �7��# � \VQ��T4<� [a; b] �7 f E�T<Z �$@�7 �4���V [a; b] �7 f �L� _^
�7 f �)��'
 /T4���V .�a +$<�7��7 Q��T4<� �# ����O ? � �# � ���� J�	 �

+$�'H E#�&4�� [a; b]

��� �7��# � \VQ��T4<� [a; b] �7 f E�T<Z �$@�7 J�	 � � \VQ��T4<� [a; b] �7 f �L� _�
+$<�7��7 K- �7 Q��T4<� �# �- �

Q = {t� < � P = {s� < · · · < sm} K ��L +[a; b] �7 m ≤ f ≤ M K ��L _#
K�'H/� R�D i = �, · · · , n �- A�.� �7 +$'4N- [a; b] A��7 .��D� �# · · · < tn}

ei = [ti−�; ti] Q�t −
{

�- [sα−�; sα] ��	- Q�t �̀	d�
$'4N�< [ti−�; ti] �# Q�	;� �H

}

i
!2+� �
@

E�T<Z �$@�7 [ti−�; ti] �7 f ��	 �V�� �T; �	< Mi �L� �H $�-# J�;<

U(f, P ) ≤ U(f,Q) +
n∑
i=�

(M −Mi)ei ≤ U(f,Q) + (M −m)
n∑
i=�

ei

!�I
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+#��# #�� ?� �V �̀	d� #��� �# �7�;� /	
O

�d�4< �� �7��# �� �BC � �$ ��/� �&P �7
n∑
i=�

ei‖P‖ −→ � E�L�- �H $�-# J�;< _-

�$ ��T7∑
‖P‖−→�

U(f, P ) = inf{U(f,Q) : ��� [a; b] .� A.��D� Q}

lim
‖P‖−→�

L(f, P ) = sup{L(f,Q) : ��� [a; b] .� A.��D� Q}

+��� J�	 � � \VQ��T4<� [a; b] �7 f E�T<Z �$@�7 [a; b] �7 �7��# � \VQ��T4<� f �L� _�
�- A�.� �7 �H $�-# J�;< +$<� \VQ��T4<� [a; b] �7 g � f K ��L +_��)��  8 �21a _.

K ��# �P A��7 ξ′ � ξ ^�n4<� �#

∑
‖P‖−→�

n∑
i=�

f(ξi)(ti − ti−� =
∫ b

a

fg)

|f(ξ′i), (ξ
′
i)−f(ξi), (ξ′i)| ≤M |f(ξ′i)− E�T<Z �[a; b] �7 |g| ≤M �L� J0	���K��

+f(ξi)|

��$:� �7 �##�L � �*� �̀	d� $O 1��P �7 �s<�'� ∫
c f dx+g dy $�-# J�;< _p

��� �7��7 � .∫ b

a

[f(c(t))c�
′
(t) + g(c(t))c�

′
(t)]dt

� ≤ �7 c(t) = (cos(�πt), sin(�πt)) �H �$�'H �"��=� �� ∫
c
dθ =

∫
[�;�]

c∗dθ +!
+t ≤ �

�7 CR,n : [�;�] −→ R� − {�} K ��L �� < R �- �n b�=P #$g �- A�.� �7 +2
���� � . ��>7�Y

cR,n(t) = (R cos(�nπt), R sin(�nπt))

#�� J�'� c : [�;�]� −→ R� − {�} ?�
� S*
��� M �H $�-# J�;< _���
cR�,n − cR�,n = ∂c �H #��#

J�;< �$@�7 c(�) = c(�) �7 E��n�# /'='� c : [�;�] −→ R� − {�} �L� _^
+��� R� − {�} �# .�� M c− c�,n �H #��# #�� J�'� A� n �H $�-#

!��
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+K���</� ◦ Q�O c[��Q ��_ �� #$g ? � +��� #�&7 �h='� n $�-# J�;< _�

���� f(z) = zn+a�z
n−�+ · · ·+an A��%	 $'� M f : C −→ C K ��L +5

� �*� cR,f = f ◦ cR,� ��>7�Y �7 �� CR,f : [�;�] −→ C �@�T< +� ≤ n �H
+K�'H/�

M .�� cR,f − cR,n E�T<Z �$@�7 ��97 /D�H E�.�$<�7 R �L� �H $�-# J�;< _���
� cR,n(t) = [cR,�(t)]n �H #�@ ��� � 0	���K�� +��� C − {�} �# ��d<.

$�N �'7

f(z) = zn
(
�+

a�
z

+ · · ·+ an
zn

)
+_�" /���� �� �BCa f(z) = � A� z ∈ C M A�.� �7 �H $�-# J�;< _^
cR,f − E�T<Z �f(z) �= � K�@�7 �4@�# |z| ≤ R �7 z �- A�.� �7 �L� �0	���K��

+��� .�� M c�,f

+#��# #�� ?�
� A�0"*
� A�d7 A�0*	4d� M	H �7 A��LQ��T4<� A��7 /@�� +,
�H ��><�	- Q�O ? � �7 �#�@/� ��E$�s�V eH�4�� �� �BC � ���O ? � �# �4"��
Δn ⊂ Rn K ��L +��� #�) �7 (�) / � �9� A���# �$ # K�-��) $*7 �� ���N� �#

+� ≤ xi ≤ � �
n∑
i=�

�H $@�7 / �- x ∈ Rn ��	- ��g�	d�

i

!,+� �
@

��d<.�n � c : Δn −→ M J�� ���	- ��� /*7�� �M �# ?�
� �#���n

K ��L ��"C $'<�	- +?�
� A�0*	4d��n .� A��� �̀	d� M .� ��� 1��"g
K�'H/� � �*� � ≤ i ≤ n A�.� �7 +��� A�4O� �@�T< In : Δn −→ Rn

∂i : Δn−� −→ Δn

∂i(x) =

⎧⎪⎨⎪⎩
(
�−

n−�∑
i=�

, x�, · · · , xn−�
)

i = � �L�

(x�, · · · , xi−�,�, xi, · · · , xn−�) � < i < n �L�

!�!
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� �*� �e�� +∂ic = c ◦ ∂i K�'H/� � �*� c ?�
< �#��−n #��� �# �

∂c =
n∑
i=�

(−�)i∂ic K�'H/�

+$�'H ��P�� /�$'- �]< .� �� Δn �# ∂i(Δn−�) �
@ _���

+∂� = � $�-# J�;< _^

�7 ��D−(n− �) M ω = f dxi ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn �L� �H $�-# J�;< _�a
_+$�'H #�$=� �� �0"*
� #��� �# 1�"x�a +∫In dω =

∫
∂In ω E�T<Z �$@�7 Rn

E#�	< � �*� �� ∫
c
ω Q��T4<� M �7 ω ��D−k �- � M �# c ��d<.−k �- Ǳ�.� �7 _#

+∫c dω =
∫
∂c ω K ��# ω ��D−(k − �) �- Ǳ�.� �7 �H $�'H �7�x �

+x′ ∈ ∂�(Δk) � � ≤ t ≤ � �H �@�< J���/� tx′ 1��P �7 �� x ∈ Δk+� �- +�
?�
� �#��−k �- Ǳ�.� �7 +��� #�&7 �h='� x′ ��>:< t = � /4C� �E�G*7
c̄(x) = t.c(x′) ��>7�Y �7 �� c̄ : Δk+� −→ Rn �@�T< �c : Δk −→ Rn

+##�L/� � �*� /0 $7 �
@ �7 c̄ � c ��d<. �- Ǳ�.� �7 +K�'H/� � �*�

i
!�+� �
@

+c = ∂c̄ #�@/� �d�4< ∂c = � .� �H $�-# J�;< _���

}�- .�� c $�-# J�;< +��� �4N7 /'='� M c : [�;�] −→ R� K ��L _^
E���7 �# �∂σ =

∑
i

aici �L� �0	���K�� +�N�< ?�
� A�0"*
�−� .� σ �̀	d�

+$���V J���/�
∑
i

ai

c′([�;�]) /'* ���� T��K��% c′ �H �c = ∂σ+c′ �@�< J���/� �H $�-# J�;< _�
+��� �>:< M�

�� ���� .�� M c�− c� $�-# J�;< �c�(�) = c�(�) � c�(�) = c�(�) �L� _#
+�0H#�� .� E#�&4�� �7 �� � �0"*
� � .� E#�&4�� �7

!�2



Copyright :  Dr. Mehdi Nadjafikhah < m_nadjafikhah@iust.ac.ir >

8
�GK�
P,*� F ��� ����
%� �e�F

�� 4N7 /'='� �- A�.� �7 $�'H R�D +��� M $%&�'� �7 ��D−� M ω K ��L +3
K�@�7 �4@�# �L� �0	���K�� +��� W�C# ω $�-# J�;< +∫

c
ω = � �M �# c

+∫c ω = f(c(�))− f(c(�)) K ��# A� c /'='� �- A�.� �7 E�T<Z �ω = df

���	- �@�T< �- � E#�7 $'"	- M �H K�8�L T��� ��A�K /���P �# �� M $%&�'� +�
E��n�# A�BD M Gj 	g� +$@�7 �>:< M �7 ���	- � \VR�":<� f : S

� −→ S
n

�@�T< �- � E#�7 $'"	- �H K�8�L E#�� $'"	- /���P �# �� _$%&�'� �j��9� �<a
�+$@�7 �>:< M �7 � \VR�":<� �4���V �
@ �7 f : S� −→M �4���V

/-�� $'"	- M E�T<Z �$@�7 �>:< M �7 � \VR�":<� ���	- �
@ �7 �L� _���
+���

+�N�< /-�� $'"	- S� _^

f : �- $�-# J�;< �0	���K�� +��� /-�� $'"	- Sn A� n > � �- A�.� �7 _�
+��� �@�V ��r �j��9�� ����	- S� −→ Sn

�7 f : S� −→ M ���	- �@�T< �- E�T<Z �p ∈ M � E#�7 /-�� $'"	- M �L� _#
+��� � \VR�":<� p �7 ���	- �
@

$'"	- u ∩ V �7 /-�� $4"	- A�-�g�	d� � . V � U �H M = U ∪ V �L� _-
Sn J#�7 /-�� $'"	- A��7 �T # /��"x� ? �a +��� E#�� $'"	- M E�T<Z �$'@�7
/-�'4� A#�$*� �7 �� S� �R��&� f : S� −→ M A�.� �7 �0	���K�� _+���

+V �# � � #��# ���C U �# �7 M �- �H $�'H K�N:� A��t ��C

_+#�@ ��� 3 �� ���N� �7a +H�(M) = � E�T<Z �$@�7 /-�� $'"	- M �L� _�

$'"	- R�−U �H A��<�L �7 ��� ��$<��H .�"0� g�	d� M U ⊂ R� K ��L _��� +�
e
ga +��� � \VR�":<� �>:< M �7 ���	- �
@ �7 U �H $�-# J�;< +�N�<
J�;< �$@�7 R�−U .� ��$<��H �� &���� M p �L� �0	���K�� _+3 �hD .� !5 �� ���N�
�7 +_$'H/� �t�O�a $<./� ��# �� p �H #��# #�� U �# /'='� M �H $�-#

+#�@ ��� !3+� �
@ .� _���a �	NC

�7 �>:< M �7 /4C� �0'� � /4C� U ⊂ rr� ��$<��H � $'"	- .�7 ��g�	d� �- _^
+$@�7 /-�� $'"	- �H ��� � \VR�":<� ���	- �
@

+��� c%r R� �# .�7 A�-�g�	d� � . #��� �# S%>� ? � _�

!�5
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/<�
 .��D� �# Ψ � Φ K ��L +��� Mn ��$40 $%&�'� �7 ��D−n M ω K ��L +�I
_���$�'H �7�x .

∑
ϕ∈Φ

.

∫
M

ϕ.|ω| < ∞ E�G*7 � �$'4N- E#�;D �	=� �7 67��� .�

+��� W%>� A��T	-
∑
ϕ∈Φ

∫
M

ϕ.ω �̀	d� �H ##�L/� �d�4< ? � .�

$�-# J�;< _^∑
ϕ∈Φ

∫
M

ϕ.ω =
∑
ϕ∈Φ

∑
Ψ∈Ψ

∫
M

Ψ.ϕ.ω

A�.� �7 �H $�'H ��<a +��� ���# �>7�� ?�	- �K�'H ~	g |ω| �7 �� ω �L� �
_+��� �&P�< sup pϕ �7 �H #��# #�� Ψ /-�'4� A#�$*� �0'� �ϕ �-

? � +
∑
ϕ∈Φ

∫
M

ϕ.ω =
∑
ψ∈Ψ

∫
M

ψ.ω 9�< �
∑
ψ∈Ψ

∫
M

ψ.|ω| < ∞ �H $�-# J�;< _�

+K�'H/� � �*� ∫M ω �� ��4;� �̀	d�

/*7�� f : R −→ R K ��L +$<��4N7 A�-�g�	d� An ⊂ (n;n + �) K ��L _#
� Φ /<�
 .��D� �# +Suppf ⊂

⋃
nAn � ��� ∫An

= (−�)n/n �7 ���	-
A��T	- � #��� �# �-

∑
ψ∈Ψ

∫
R

ψ.f dx �
∑
ϕ∈Φ

∫
R

ϕ.f dx �H $�7��7 A��t Ψ

+1��&4� /�� �$'@�7 W%>�

.� #�D /"N< A�-��N<�� �7 ���'4� /�$'- Ǳ��@� �3 �hD .� �! ? �	� �� �#� �# +��
+_/:�:O ��� A#$g ω �Ha K�'H/� � �*� �� ω J.� �7 � (

k
�

) �̀<

/;n7 E��	- �7 {(x, y) ∈ R� : |(x, y)| < �} ��g�	d� M K ��L _��� +�!∫
M
dω �=

∫
∂M

ω $�-# J�;< +ω = xdy 9�< � �$@�7/� o.�� .� �n;�
.��< �"��=�a +#�@ E#�&4�� �I �� ���N� .� +$'@�7 /'*� �7 F�t �# �- �L� /4O
_+K�@�7 �4@�# �� .�� �H �H ��� ���C�7 /4C� �0'� A��N� �H $�'H ��� ��N�<

+#�@ ��� !3+� �
@ .� _^a �	NC �7

i
!3+� �
@

!�,
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M = JZ �# �H $� ��7 eH�4�� �� �BC A��7 /B:< Q��� ��7�;� 1��P �7 _^
+�N�< E#�;D JZ �	=� �H ��� /��D−� M ω � (�;�)

$�-# J�;< �E#�;D �	=� �7 67��� c��� (�;�) A��7 /<�
 .��D� M /���7 �7 _�
+##�L/� ~:< ���O ? � �# eH�4�� �� �BC K
O ��� �H

M θ � ���� _.�� J�$7a E#�;D � � \V�0 $%&�'�−n M M $�'H R�D +�2
+��� �&P A��>:< �# dθ �H $�-# J�;< +$@�7/� M �7 ��D−(n− �)

+M� ⊂M�−∂M� �H $<�E#�;D � ��#. �� $%&�'�−n �# M� � M� ⊆ R
� K ��L +�5

�7 ∫
∂M�

ω =
∫
∂M�

ω K ��# M� �7 ω ��D−(n− �) �- A�.� �7 �H $�-# J�;<
+#�@ ��� !�+� �
@ .� _���a �	NC

r∗(Vp) = �H #�@/� �4&L K� ? � �#a $�'H ^�NO �� 3 K� �# �/‖p‖n ���g +�,
un−�, · · · , v� ��#�7 �� n−� �� . ���� �/‖p‖n−� ���g A��7 /0��� _(�/‖p‖)vr(p)

+_#��# #��

+$�'H �"��=� �� R∗σ′ _5 �hD .� � �� ���N�a r∗dxi A��7 Q���D .� E#�&4�� �7 +��
i ◦ r : Rn − {�} −→ �@�T< mr∗σ′ = r∗i∗σ = (i ◦ r)∗σ �H#�@ ���a
�# Rn − {�} A�47 /4@�T< J��'g �7 �H /t�@ �7 ���� r ���# _Rn − {�}

_+#�@ �4D�L �]<

�	=� �7 ��D−n S���� �7 η � ω � $<��$40 $%&�'� Nm � Mn K ��L _��� +�3
{v�, · · · , vn, ω�, · · · , ωm} ?4N<�# .�d� �� M ×N +$'4N- N � M �7 E#�;D
{ω� · · · , ωm} � {v�, · · · , vn} �H �K�'H/� � �*� TM×N

p,q T̃pM ⊕ TqN �#
� π� : M × N −→ M �L� +$'4N- TqN � TpM S���� �7 �# �"�� A�-� �V

$�-# J�;< �$'@�7 /0 $7 � ��h� π� : M ×N −→ N∫
M×N

π∗
�
ω ∧ π∗

�
η =

∫
M

ω.

∫
N

η

�H ∫M×N hπ
∗
�
ω ∧ π∗

�
η
∫
M gω E�T<Z �$@�7 ���	- h : M ×N −→ R �L� _^

g(p) =
∫
N

h(p,�)π∗
�
η h(p,�) = q �→ h(p, q)

+��� π∗
�
ω∧π∗

�
η �
@ �7 A� η � ω M A�.� �7 M ×N �7 ��D−(m+n) �- _�

!��
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�7 ν ∈ TpR
n � ω�, · · · , ωn−� ∈ TpR

n K ��L +p ∈ Rn − {�} K ��L _��� +��
�H $�-# J�;< +$@�7 (λp)p �
;7 A� λ ∈ R M A�.�

r∗σ′(ν, ω�, · · · , ωn−�) = �

/g�	4� �H ��� E#�;D � ��#.�� $%&�'�−(n−�) M M ⊆ Rn−{�} K ��L _^∫
M r∗σ′ = $�-# J�;< +$@�7/� O ��$"� .� E$<�\L A�0g�*@ .� A�0>)E��V .�

+#�@ ��� !�+� �
@ .� _^a �	NC �7 +�

i
!�+� �
@

`�*@ �- �H ��� E#�;D ��#.�� $%&�'�−(n− �) M M ⊂ Rn − {�} K ��L _�
J�;< +c(M) = {λp : p ∈ M,λ ≥ �} � $'H/� 6>C ��"
 �� � .� E$<�\L

+∫
M
r∗σ′ =

∫
c(M)∩S�

r∗σ′ �H $�-#

i
!�+� �
@

S%r� ���# ?�	- �7 +$'H/� �"��=� �� M /	dO ��  ��. ��$:� �)Z Q��T4<�
+$'-#/� J�;< dθn �7 �� Q��T4<�

�z ∈ (−∞;�) � y = � �x = � �H / �0<Z 9d7 (x, y, z) ∈ R
� ��	- Ǳ�.� �7 +��

� �*� (x, y, z) � ��$"� ?�7 �P�� `�*@ � ��=�−z ?�7 ��  ��. �� ϕ(x, y, z)

+K�'H/�

+ϕ(x, y, z) = arctan(�
�

√
x� + y�) $�-# J�;< _���

!�3
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i
2I+� �
@

R
� �7 θ(x, y, z) = arctan y

x ��>7�Y �7 /*7�� J��'g �7 θ � �P (p) = ‖p‖ �L� _^
��g�	d� �7 1�h4n� E�T4�# M (p, θ, ϕ) �H $�-# J�;< 1��P ? � �# �$@�7
� � y ∈ [�;∞) � y = � �H / �0<Z 9d7 R

� �# (x, , y, z) J�� /t�:< ��	-
+$'-#/� ��
;� �z ∈ (−∞;�] � y = � �x = � �H / �0<Z

+dϕ(v) = � $�'H �7�x �$@�7 r `�*@ �7 S�(r) E��H �7 ��
 ��	� ��#�7 v �L� _�
$�'H �7�x �$@�7 p = (x, y, z) ∈ S�(r) ��>:< �# ��	� ��
 ��#�7 ω �s<�'�

+dθ(ωp) = �/
√
x� + y�

�]< �# _JZ .� �n;� /;n7 �4"��a S� �7 ϕ � θ $ $=� /'*� �7 ��ϕ � θ �L� _#
67�� h : S� −→ R �H σ′ = hdθ ∧ dy 1��P ? � �# �H $�-# J�;< �K ��T7

+_��� S� �7 ��#�0 ���# �7 /0'�a ��� h(x, y, z) = −
√
x� + y�

+σ′ = d(− cosϕdθ) �H $ ��T7 �d�4< _-

��D M A��7 dθ = r∗
�
i∗σ �H A��<�L �7 R�":<� r� : R�−{�} −→ S� K ��L _�

�$@�7 /*�"t � �h� π : R� −→ R� �L� +r∗
�
dθ = dθ A$�-# J�;< +R� �7 σ

_.� /4	NCa �7 /��D dθ �H ���� π∗dθ ���# R� _.� /4	NCa �7 dθ ��D E�T<Z
+r∗dθ = dθ �H $�'H �7�x � E#�	< E#�&4�� ? � .� +$@�7/� R�

r∗(vp) = K ��# S�(‖p‖) �7 ��	� v �- A�.� �7 �
' � � _�a �	NC .� E#�&4�� �7 _.
+r∗dθ = dθ $�'H �7�x �j	�:4N� �vr(p)/‖p‖

�7 _t+dθ� = r∗σ′ = d(− cos(ϕ ◦ r)dθ) = d(− cosϕdθ) �H $ ��T7 �d�4< _p
+$�-# cN7 R

n−�−{�} �7 dθn−� SNO �7 R
n−{�} �7 �� dθn �7�;� 1��P

�H ���� U� ∪ U� ∪ U� ∪ · · · `�	4� �
@ �7 $'"	- $%&�'� �- �H $�'H �7�x +!I
���) �# �"C�g ���"<# � �Ui ∩ Uj �= ρ �$'4N- /��h4n� A�0-�T4�# �- Ui

+#��# ���C E#�;D A��g�	d�

!��
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f∗ : �H A��<�L �7 �-$%&�'�−n ?�7 E�� �@�T< M f : Mn −→ Nn K ��L +!�
J�;< +$@�7 K]'� A��>:< ρ �H /��#�� ���� �0 �D�O TpM −→ Tf(p)N

�1��P ? � ��r�# � � ���� N A��7 f E�T<Z �$@�7 $'"	- N �L� �H $�-#
+$'4N- f ?�
� ��>:< �{�:< ��	-

f(z) = ��>7�Y �7 f :� C −→� C A��%	 $'� �@�T< �- �H $�-# J�;< _��� +!!
+_� ≤ na ��� E�� zn + a�z

n−� + · · ·+ an

f ′(z) = $�-# J�;< +f ′(z) = nzn−�+(n−�)a�zn−�+ · · ·+an−� K ��L _^
+$'H/� �H�O c%4n� #�$g� �7 ω �H lim

ω−→�

f(z + ω)− f(z)
ω

f(x + iy) = u(x, y) + K�N �</� A� v � u /:�:O ��$:� �7 67��� A��7 _�
$�-# J�;< +iv(x, y)

f ′(x + iy) =
∂u

∂x
(x, y) + i

∂v

∂x
(x, y) =

∂v

∂y
(x, y)− i

∂u

∂y
(x, y)

+$ ��T7 ih ��<Z ��T # ��7 � /:�:O A#$g �� ω ��"
 �0	���K��

��� J�	- �� �	� �# f ′ �H �|f ′(x + iy)|� = det f ′(x, y) $ ��T7 �d�4< _#
E$@ � �*� />) � $"� ����� �	� �# f ′ � $@ � �*� _^a �	NC �# �H

+$@�7/� f : R� −→ R� J�� /4@�T< �- A��7

+$�'H �8��� �" /���� �� �BC A��7 �T # /��"x� �!� �� ���N� M	H �7 _-

�hD ? � A� �BC .� A���N7 �Ha !� �� ���N� .� E#�&4�� J�$7 ���E#�� /�X$4�� _�
E�� f : M −→ N �L� �H $�-# J�;< �j	�:4N� +#��# #�� _#�7/����
7 ��
K]'� � #�:� ��g�	d� �7 �7�x �j*Y�� /*7�� f (−�)(a) �# {�:< #�$*� E�T<Z �$@�7
$'"	- f :� C −→� C A��%	 $'� �- A��7 �g�	d� ? � �H $�-# J�;< +��� f

+$'H/� ���4)� �� � #�:� ��	- f �H $ ��T7 �d�4< � ����

�p ∈ Rn − M Ǳ�.� �7 +��� E#�;D $'"	- $%&�'� M Mn−� ⊂ Rn K ��L +!2
�)�# {�:< ��	- �H K�'H/� ^�n4<� J�'� p Q�O ∑ A$*7−(n − �) E��H M 
R�":<� rp : Rn − {p} −→

∑ K ��L +$@�7 �4@�# ���C Rn − M �# ∑
���# �� p R��&� ��>:< Q�O M $%&�'� ω(p) 0N��Q ��_ +��� /0 $7

+K�'H/� � �*� rp|M

!��
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+#��# �:7�>� $@ E#��Z 2 �� ���N� �# �H �s<Z �7 � �*� ? � �H $�-# J�;< _���

+#��$< /T4N7 ∑ ^�n4<� �7 � �*� ? � �H $�-# J�;< _^

�- �7 ω �H $ ��T7 �d�4< +��� �7�x p .� /T �N	- M �# ω �H $�-# J�;< _�
+��� �7�x Rn −M .� �&����

�7 /t�:< q � p K ��L +#��#�7�# �� �=&P−(n− �) .� /4	NC M $�'H R�D _#
J�;<a +ω(q) = ω(p)± � $�-# J�;< +�%4n� F�t �# �# ��� �$<��=&P ? �
�� A .� A��>:< }�- � ��� rp|M �7��7 M − A �7 �H /4@�T< �7 rq|M $�-#

_+��� ����	- �#�7/	< n A��7

�&���� �# �C�$O Rn −M E�T<Z �$@�7 � \V�0 M �L� ��H �# �H $�-# J�;< _-
M �H /4��O �# /4O �� K
O ?�	- �H $'-#/� J�;< $*7 �� ���N� $'� +#��#
�(�h) ? � �# ��W�C# S%>� +#�	< 1�"x� J���/� �<�T� �$@�7 � \V�<�0

+��� E$@ E#��Z �� �hD �#

���	- �
@ �7 f, g : M −→ N � $<�E#�;D $%&�'�−n �# N � M K ��L +!5
+H : M × [�;�] −→ N ���	- /V�����- �7 �$'V�����-

#�$*� �T; �	< #f−�(q) K ��L +��� H A��7 K]'� A��$:� q ∈ N K ��L _���
+#f−�(q) ≡ #g−�(q) _! �<�	�Va $�-# J�;< +��� f−�q �# {�:< _/-�'4�a
o.�� �7 {�:< #�$*� +��� E#�;D ��#. �� $%&�'�−� M H−�(q) J0	���K��
E#�&4�� #��� �� �BC ��A�C �
@ .� �H ��� / � �d' �a +��� ��. p�Y� �7

_+#�@/�

g � f ��4;� K]'� ��$:� q �H /���P �# K
O ? � �H $�-# J�;< ��4�%H _^
+��� ���C�7 K- .�7 �$@�7

�$'V�����- ���	- �
@ �7 g, f �
' � [ �	< A��7 �f, g : M −→ N �H /���P �# +!,
+K�'H/� E#�&4�� f g̃ .�

2II
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#�� J�'� H ′ : M × [�;�] −→ N ���	- /V�����- M E�T<Z �f g̃ �L� _���
�H #��#

H ′(p, t) =
{
f(p) � .� /T �N	- M �# A�- t Ǳ�.� �7
g(p) � .� /T �N	- M �# A�- t Ǳ�.� �7

+��� A.��K- A��>7�� ? _^

A��<�L �7 �$@�7 ������- g �7 H ���	- /V�����- c��� ���	- �
@ �7 f �L� +!�
�7 ���	- �
@ �7 f K�8�L/� ���� KN�D����U& # t �- Ǳ�.� �7 p �→ H(p, t) �H

+��� i��#4	� g

+��� A.��K- A��>7�� �J#�7 ����9 � ���	- �
@ �7 �_���

�"�� $O�� A�L M J��# �7 �H ��� ���	- /*7�� ϕ : Rn −→ R K ��L �_^
H ′ : R × Rn −→ Rn �@�T< �p ∈ Sn−� Ǳ�.� �7 +�&P �-� � �� �# � ���
�7 ����N� ? � ^�� �- ��+!+, �� �BC �7 �'7a $ ��T7 �]< �# �� c7�� � �# �#�P
x �→ H(tmn) 67��� .� M �- �H $�-# J�;< _+##�L/� � �*� �- t ��	- Ǳ�.�
�# {�:< ��	- � $'V���9 � /<�	- �@�T< �7 ���	- �
@ �7 � $'4N- KN�D����U& #

+$<��#/� E�T< �7�x �� �7�x $O�� A�L M ���)

� (�hn7 ��>:< �- �� H(t,�) J���/� �H $�-# J�;< t � p S��'� ^�n4<� �7 _�
+�D�L $O�� A�LJ��#

J�'� f : M −→ M /	N�D����U& # E�T<Z �p, q ∈ M � E�7 $'"	- M �L� _#
+��� ����9 � /<�	- �@�T< �7 ���	- �
@ �7 f, f(p) = q �H #��# #��

�� �BC 1�"x� .� ��� �� %O�� �	NC A��7 �T # /��"x� �_#a �	NC .� E#�&4�� �7 _-
+$�'H K-��D 5+�+�

�H $�-# 1��P ? � �# �f : M −→ N � $'@�7 ���	- $%&�'�−n �# N � M �L� _�
+#f−�(q�) ≡ #f−�(q�) _! �<�	�Va K ��# q�, q� ∈ N K]'� � #�:� Ǳ�.� �7
�� <�	�V �7 f  87�� �� #$g ? � +_��� E$@ � �*� !2 �� ���N� �# #f−�(q) �Ha

+K���</� !

�s<�'� �!2 �� ���N� �# z! �� <�	�V �7 ���#y �7 z��#y ~ �*� �7 �H $�-# J�;< _.
�# �C�$O Rn −M E�T<Z �$@�7 A$*7−(n − �) E�#�;D $%&�'� M M ⊂ Rn

+#��# �&����

2I�
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M E�#�;D $%&�'� �7 ���	- A��#�7 A�0<�$�� .� ���	- A�E#��<�) {Xt} K ��L +!3
M × [�;�] �7 ���	- A��#�7 J�$�� M X $�'H R�D ���W�C# J��7 �7a ���
��	�	Y .� +K�-#/� ?%;< Xt(p) #�	< �7 �� π∗

MX)(p, t) 1��P ? � �# +���
A�E#��<�) �H ##�L/� �d�4< �+!+, �� �BC 1�"x� �# �4D� ��
7 QX$4�� 9�< � , �hD
A��<�L �7 _A�4����V−� E��L �j��9� �<a M A�0	N�D����U& # .� {ϕt} ���	-
���	- 67�� �- Ǳ�.� �7 ��T # 1��"g �7 +$'H/� $���� �� {Xt} �H #��# #��

K ��# f : M −→ R

(Xtf)(p) = lim
h−→�

�

h
(f(ϕt+h(p))− f(ϕt)(p))

�K�'H/� � �*� � . �
@ �7 /��D−k �M �7 A�0��D−k .� ωt E#��<�) �- A��7

ωt := lim
h−→�

�

h
(ωt+h − ωt)

+ ddt (ϕ∗
tω)t) = ϕ∗

t (LXt ωt + ω�t ) $�-# J�;< _���

M E�#�;D ��$40 $%&�'�−n M �7 �&P �dH }�- ��D−n �# ω� � ω� K ��L _^
/4C� {Xt} c��� E$@ $���� A�0	N�D����U& # ϕt E�#��<�) $�-# J�;< +$'4N-
LXωt = ω� − K�@�7 �4@�# �H $'H/� �$P ϕ∗

tωt = ω� {�@ �# /4C� �0'� �
+ω�

?
	� /4C� �0'� � /4C� ? � �H $�-# J�;< �3 �hD .� �� �� ���N� .� E#�&4�� �7 _�
+d(Xt!ωt) = ω� − ω� �H ���

J�;< +ω� − ω� = dλ A� λ M A�.� �7 �\� � ∫
M
ω� =

∫
M
ω� $�'H R�D _#

+ω� = f∗ω� �H #��# #�� J�'� f� : M −→M /	N�D����U& # $�-#

N � M �H �$<���	- / �04@�T< g : N � −→ Rn � f : Mk −→ Rn K ��L +!�
�@�T< +f(M)∩g(N) = φ � n = k+ �+� �$<�E#�;D � \V�0 A�-$%&�'�

1��P �7 �� αf,g : M ×N −→ Sn−� ⊂ Rn − {�}

αf,g(p, q) = r(g(q) − f(p)) =
g(q)− f(p)
|g(q)− f(p)|

�H �K�'H/� � �*� �(f, g) = degαf,g 1��P �7 �� g � f _c7�a #��)�7 #$g
+��� �0 A���# � � \V�0 �� �� ���N� �# ��"*� �7 M ×N

+�(f, g) = (−�)k+�+��(g, f) $�'H �7�x _���

2I!
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�7 ���	- /V�����- �# k : N × [�;�] � H : M × [�;�] −→ Rn K ��L _^

H(p,�) = f(p) H(p,�) = f ′(p) K(q,�) = g(q) K(q,�) = g′(q)

+{H(p, t) : p ∈M} ∩ {K(q, t) : q ∈ N} = φ A� t �- A�.� �7 �H A��<�L �7
$�-# J�;<

�(f, g) = �(f ′, g′)

E�T<Z �f, g : S� −→ R� �L� �H $�-# J�;< _�

�(f, g) =
−�
�π

∫ �

�

[∫ �

�

A(u, v)
{r(u, v)}�

du

]
dv

� r(u, v) = |g(v)− f(u)| �H

A(u, v) = det

⎛⎝ (f�)′(u) (f�)′(u) (f�)′(u)
(g�)′(v) (g�)′(v) (g�)′(v)

g�(v)− f�(u) g�(v)− f�(u) g�(u)− f�(v)

⎞⎠
+_�� �hD .� �5 �� ���N�� ∫

S�
σ′ = �π �H ��� ���# ? � �7 �/�π ���ga

�(f, g) = � E�T<Z �$'@�7 6C�� �=&P M �# �# �- g � f �L� �H $�-# J�;< �_#
�<�T� �H $-#/� J�;< $*7 �� ���N� +_$�-# ��d<� �=&P−xy A��7 �$47� �� ? �a

+#��Z ��$7 J���/� �"��=� J�$7 �� �(f, g)

K�'H/� � �*� (a, b, c) ∈ R� A�.� �7 _��� +!�

dΘa,b,c =
(x − a)dy ∧ dz − (y − b) dx ∧ dz + (z − c) dx ∧ dy

((x− a)� + (y − b)� + (z − c)�)�/�

K�'H R�D �(a, b, c) �∈M � M ⊆ R� . �� J�$7 � ��#�0 $%&�'�−� A�.� �7
p ∈ /
 #9< �# /t�:< (a′, b′, c′) � (a, b, c) K ��L +Ω(a, b, c) =

∫
M
dΘ(a,b,c)

/40 ?�	- �# (a, b, c) $�'H R�D +$<��# ���C M F�t �# �# �H �$'4N- M
{ωp, (v�)p, (v�)p} �H A��<�L �7 #��# ���C ωp ∈ TpR� − TpM ��#�7 �H ���
�"�� �0 �7 TpM �# {(v�)p, (v�)p} E�L�- ��� �"�� �0 �7 TpR� �#

+ lim
(a,b,c)−→p

Ω(a, b, c)− Ω(a′, b′, c′) = −�π $�-# J�;< +$@�7

2I2
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i
2!+� �
@

(a, b, c) ∈ �- A�.� �7 $-#/� �d�4< M = ∂N �H $�-# J�;< �$47� �0	���K��
+Ω(a, b, c) = � A� (a, b, c) �∈ N �- A�.� �7 � Ω(a, b, c) = −�π A� N−M

���#�"� $%&�'�−� M A�.� �7 �H ��� A�E$'<�;< f : S� −→ R� K ��L _^
�Gj �� +#��# #�� ���	- A� M ?�'�a+f(S�) = ∂M A� M E�#�;D ���#�0

_+##�L ��� ��-$%&�'�−� Af���V�� �1��D .� �2� ��=&P �7

JZ .�� �H $-#/� J�;< �� � \�40 ��  � � M .� /4	NC �� �	� �# �
@
\r�H �;V �# �H ��� E�HK�< M �� � � A�04	NC � �� +��� ? / X �� E��L

+�N�< � \�40 ���� �	� ��  � � +��� E� �# ���) JZ .�� � #��# ���C

i
22+� �
@

+dg/dt �∈ TpM K�@�7 �4@�# �g(t) = p ∈ M /4C� � g : S� −→ R� K ��L
.� ωp ��#�7 �H �0 J�	- �# dg/dt �H ��� / �-#��)�7 #�$*� n+ K ��L
J�;< +��� �-#�)�7 � �� #�$*� n− � �$@�7/� 6C�� �#��# ���C _���a �	NC

+n = n+ − n− = −�
	π

∫
S�
g∗(dΩ) �H $�-#

$�-# J�;< _�

∂Ω
∂a

(a, b, c) =
∫

S�

f∗
((y − b) dz − (z − c) dy

‖(x, y, z)‖�
)

∂Ω
∂b

(a, b, c) =
∫

S�

f∗
((z − c) dx− (x − a) dz

‖(x, y, z)‖�
)

∂Ω
∂c

(a, b, c) =
∫

S�

f∗
((x− a) dy − (y − b) dx

‖(x, y, z)‖�
)

2I5
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� . A�0�'='� �& .� M �- A��7 �� �(f, g) ��$:� +n = �(f, g) $�-# J�;< _#
�$�'H �"��=�

i
25+� �
@

J�'� �� A,B ⊂ Rn−{p, q} .�7 A�-�g�	d� +$'���&4� p, q ∈ Rn K ��L _��� +2I
+��� F����U& # �Rn �7 A∩B � �$'D����U& # Rn�# �7 B � A �H $�'H ^�n4<�
�7 �H $�-# J�;< �D� ��
7 ,+�+� �� �BC 1�"x� �# �H �s<Z �7�;� /�X$4�� �7
Hn−�(Rn−{p, q}) 9�< � �Hk(Rn−{p, q}) = � A� � < k < n−� �- A�.�

+��� A$*7 �#

A��g�	d� F ⊆ Rn �H �$�7��7 �� Rn−F ����# Af�����-�H A��#�7 A�-�BD _^
+��� /-�'4�

1��P �7 �� U : Hk(M) × H�(M) −→ Hk+�(M) /<�d'D ^�Y�P�O +2�
+K�'H/� � �*� [ω] ∧ [η] = [ω ∧ η]

�$@�7 �4N7 η � W�C# ω �L� �T # 1��"g �7 +��� � �*�o�) U $�-# J�;< _���
+ω ∧ η E�T<Z

+��� />) �# U $�-# J�;< _^

+α∪β = (−�)k�β∪α E�T<Z �β ∈ Hk(M) � α ∈ H�(M) �L� �H $�-# J�;< _�

i
2,+� �
@
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$�'H �7�x �β ∈ H�(N) � α ∈ Hk(N) �f : M −→ N �H /����P �# _#
+f∗(α ∪ β) = f∗αUf∗β

1��P �7 �� × : Hk(M)×H�(N) −→ Hk+�(M×N) /��) ^�Y�P�O _-
� ��� � �*4@�) × $�-# J�;< +K�'H/� � �*� [ω] × [η] = [π∗

Mω ∧ π∗
Nη]

+α× β = π∗
Mα ∩ π∗

Nβ

$�-# J�;< �$@�7 Δ(p) = (p, p) ��>7�Y �7 Δ : M −→ MM × M �L� _�
+α ∪ β = Δ∗(α× β)

.� /�H n ^�Y�P�Oa Tn = S� × · · · × S� A$*7−n ^��� �7 $�'H R�D +2!
+��� �� i ��&���� �7 � �h� πi : Tn −→ S� �H ���� π∗

i dθ �T; �	< dθi _S�

J�;< �� Hk(Tn) .� /&%4n� �P�'g �- dθi� ∧ · · · ∧ dθik ��	- �H $�-# J�;< _���
�%4n� A�0���T4<� �0<Z �7 �H Tn .� / �-$%&�'� � . ?4D� �7 �� �� ? � +$'-#/�

+dimHk(Tn) ≥
(
n
k

) �d�4< �# +$�'H E#�&4�� �$<��#

!, �� ���N� .� �0	���K�� +��� �&P ���# .� f : S
n −→ T

n �H $�-# J�;< _^
+$�'H E#�&4��

2I�
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�0DHI �6 @�04*�� �\� � �@��#�6 @�-�AD �6 >
	� @�04*�� ��	- �l" �9� �"B Q�jD �#
/&*�# ^�Y �6 5�� 8L�- � ��� F#�4D� K&B .� K0� #��� M ���� ,K #�I r�=� ��

,K�(I /D�+� �� F#�4D� � ��86� > � �I ��� F%��� JZ J��. J�(I� ,K�4'T6 /4p�
/=* �# ��� /+6�� �F J�%�� �6 V @��#�6 @�AD �6 1���� <�E M .� ��](�
�F#�6 J��94� /4N �6 � �K�-#/� J�:; (v, w) �→ 〈v, w〉 #�	; �6 �I �F �6 V × V .�
#�� J�(� @� w �= � F�T;Z �v �= � �L� �%?�6 F%�-�"��; � 〈v, w〉 = 〈w, v〉 /(+ 
_/9�9O #�%i� ��i�	d�a R �� F _J�%��a 2���- �eV > � .� ,〈v, w〉 �= � �I #��#

,K ��L/�
�� =6�Y �6 Rn �6 〈 � 〉r /&*�# ^�Y M �� ≤ r ≤ n �6 r �- @�.� �6

〈a, b〉r :=
r∑
i=�

aibi −
n∑

i=r+�

aibi

F�T;Z �a �= � �L� �I ��� ���� F%�-�46�; > � ,K�(I � �+� K�;���/�
〈
(a�, · · · , an), (a�, · · · , ar,−ar+�, · · · ,−an)

〉
=

n∑
i=�

(aii)
� > �

〈〈a, b〉〉 = �K���/� Rn �6 〈〈, 〉〉 #��%;�4�� /&*�# ^�Y �6 �r = n @��6 �Fm � �6
,〈〈a, a〉〉 > � K ��# @� a �= � �- @�.� �6 �/&*�# ^�Y > � #��� �# ,∑n

i=� a
ibi

3!�
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U ��d

�- @�.� �6 �I K�7�L H�"� ]Bi� /���P �# �� 〈, 〉 J��94� /=* �# 56�� M ��I �#
� ��� F%�-�46�; �>�+� �"�� /=* �# 56�� �- �I ��� >?�� 〈v, v〉 > � @� v �= �

,��� /&*�# ^�Y M ��d�4; �#
f : �L� �\� � ���� T �(V ) .� @�j<(� V �6 〈, 〉 /&*�# ^�Y �- �I %�(I ���
> � ,��� W �6 J�94� /=* �# 56�� M F ∗〈, 〉 F�T;Z �%?�6 /=* /& %"� w → V

�L� �Hl �� ,%?�6 M �6M f �L� /4O %?�6 F%�-�46 ��� >
	� J��94� /=* �# 56��
�6 ,f(a) = (a, a) 56�� f : R → R

� � %?�6 R
� �6 〈a, b〉 = a�b� − a�b� ^�Y 〈, 〉

,��� F%�-�46�; f∗〈, 〉 r�Y� �6 F�T;Z �%?�6 V @��6 /	N�D����8 � f �L� �Q�O > �
�I ��� >�+� �"�� /4B� �0(� � /4B� f∗〈, 〉 F�T;Z �%?�6 >�+� �"�� 〈, 〉 �L� >�(u	-

,%?�6 M �6M f
� V ∗ @��6 v∗n, · · · , v∗� ��]; J�L�# ��  �V �6 �V @��6 vn, · · · , v� � �V �- @�.� �6

K�N �(6 K�;���/�

〈, 〉 =
n∑

i,j=�

gij v
∗
i ⊗ v∗j

2��"i > � �# �I

gij := 〈vi, vj〉

,gij = gji �%?�6 J��94� (gij) e ���� �I %(I/� ^�d � 〈, 〉 J#�6 J��94� �> ��6�(6
�� '���� �6 �"N; 〈, 〉 /&*�# ^�Y �- J�� ,#��# 8�; @�T # K0� ��"+� (gij) e ����
�K�(I � �+� K�;���/� v ∈ V �- @�.� �6 ϕv ∈ V ∗ /=* /4?�T; ���� /=* [��#
v �→ ϕv �?�T; ���� /=* 8�; [��� �� '���� �6 �"N; 〈, 〉 J�� ,ϕv(w) = 〈v, w〉
F�T;Z �v �= � �L� �I %(I/� ^�d � 〈, 〉 /L%�-�46�; ,%?�6/� V ∗ �6 V .� /=* /& %"�
KN�D����8 � M �〈, 〉 /&*�# ^�Y �- �%?�6 /-�(4� %+6 �6 V �L� �> ��6�(6 ,ϕv �= �

��=6�Y �6 α : V → V ∗

〈v, w〉 = α(v)w

�6 �"N; g : V → V ∗ e ���� ���# (gij) e ���� �r�Y� �6 ,%-#/� �� �6
|�? �6 Q#�+� 〈, 〉 /L%�-�46�; �> ��6�(6 ,��� V ∗ @��6 {v∗i } � V @��6 {vi} @�-� �V

���� � .

det(gij) �= � � /(+ ��� >�
��; (gij)

3!!
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�"�� % �6 (gij) ���� ���(4� (gij) #��� �# ��F%�u�V /g�? �6 〈, 〉 J#�6 >�+� �"��
/(+ �%?�6 >�+�

n∑
i=�

gija
iai > � K ��# ���� �'P ���p� �0;Z .� /
 �B�X �I an, · · · , a� �- @�.� �6

2��P �6 �� ��]; ‖.‖ ��D �V �6 〈〈, 〉〉 >�+� �"�� /&*�# ^�Y �- @�.� �6

_��� F%? �4D�L �"�� @#%i .��: �a ‖v‖ := 〈v, v〉�/�

#�	; �6 �� Rn �# 〈, 〉 �6 ���(4� ��D ,K�(I/� � �+�

‖a‖ = 〈a, a〉�/� =
( n∑
i=�

(ai)�
)�/�

���� F%�Z � s �# ‖.‖ /&P� )��* ,K�-#/� J�:;

K ��# @� v, w ∈ V �- @�.� �6 ����� ����*
,a ∈ R �I �‖av‖ = |a|.‖v‖ _�

w � v �I ��� ���B�6 /4B� �0(� � /4B� @��N� �I �I �〈v, w〉 ≤ ‖v‖.‖w‖ _!
,_8����? @��N��;a v = λw �I #�? �D� λ ∈ R /(+ �%(?�6 /=* �� 4N6��

,‖v + w‖ ≤ ‖v‖+ ‖w‖ _3

23�*4�

,��� /0 %6 _�a

�2��P > � ��t �# ,��� ���B�6 @��N� r�Y� �6 �%(?�"; /=* �94N� w � v �L� _!a
λv −w �= � @� λ ∈ R �- @�.� �6 F�T;Z �%(?�6 /=* �94N� w � v �L� /(+ 

�\� �

� < ‖λv − w‖� = 〈λv − w, λv − w〉 = λ�‖v‖� − �λ〈v, w〉 + ‖w‖�

,#��%; @��: � ~�- � ��� λ SNO �6 ��# ���# �� �#�+� M ���� �	� eV
eV ,%?�6 /'(� JZ >�"� % �6 ��d�4; �#

�〈v, w〉� − �‖v‖�‖w‖�〈�

,��� ��	� J�-�6 �

3!3
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K ��# _!a �6�(6 _3a

‖v + w‖� = 〈v + w, v + w〉 = ‖v‖� + ‖w‖� + �〈v, w〉

≤ ‖v‖� + ‖w‖� + �‖v‖, ‖w‖ = (‖v‖+ ‖w‖)�

,K ��T6 �\ >�D�g .� ��� /D�I J�(I�

� \V��N;��' # � ∈ Rn �# Rn �6 |.| 56�� �Hl ��� #��# /6�&=��; )��* ‖.‖ 56��
V �6 ��# ��# /+6�� ���*� 56�� ,#��%; �� 2H
:� > � ‖.‖� 56�� �I � �N�;
.� >T	- @��&	 %(� M 2��P �6 ��;Z �V @��6 {vi} ��  �V SNO �6 � ���

�?�; J���/� ! ���#
∥∥∥ n∑
i=�

aivi
∥∥∥� =

n∑
i,j=�

gija
iaj

�T # J��6 �6

‖.‖� =
n∑

i,j=�

gijv
∗
i .v

∗
j

#��Z ��%6 ��# ��# 56�� @��6 �#���; /' �+� J���/� � s �� �AB �6 ��� �6
,_� �� ���N�a

^�Y �6 ���(4� ��D ‖, ‖ �L� ��5@�� :';� ��AB�� ���� ����*
F�T;Z �%?�6 V �6 〈, 〉 /&*�#

(�) 〈v, w〉 =
�

�
{‖v + w‖� − ‖v‖� − ‖w‖�}

(�) 〈v, w〉 =
�

�
(‖v + w‖� − ‖v − w‖�)

� ,��� �"��<� 23�*4�

�6 �%((I Ǳ�9�� �� ��D M �I /&*�# ^�Y �# �- �I %-#/� J�:; !,�,� �� �AB
�- @�.� �6 /(+ a %?�6 ��D �D�O f : V → W �L� �6�:� 2���Y �6 ,%;�6��6 K-
�- @�.� �6 �/(+ a �N- 8�; /&*�# ^�Y �D�O f F�T;Z �_‖f(v)‖ = ‖v‖ @� v ∈ V

,_〈f(v), f(w)〉 = 〈v, w〉 @� v, w ∈ V
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�6 >�+� �"�� /&*�# ^�Y M �0(� KN�D����8 � %O �# �I K�-#/� J�:; Q�O
,#��# #�� @��#�6 @�AD �-

@%+6−n @��#�6 @�AD �6 >�+� �"�� /&*�# ^�Y M 〈, 〉 �L� ����� ����*
,〈vi, vi〉 = δij �I #��# #�� J�(� V @��6 {v�, · · · , vn} @�� �V F�T;Z �%?�6 V
f : Rn → /	N�D����8 � ��l4d�4; _,K���;/� 〈, 〉 �6 �"N; ���"�� ��  �V ��� @�� �V >�(�a

�I #��# #�� V

〈a, b〉 = 〈f(a), f(b)〉 a, b ∈ R

,f∗〈, 〉 = 〈, 〉 ��T # 2��"i �6

@.��%��+4� K4 ��T�� @��L��
6 �6 ,��� V @��6 F��p�# @�� �V {w�, · · · , wn} K ��L 23�*4�
K�(I � �+� K�;���/� �w� �= � J�� ,K ��Z/� ��%6 �� � �V > � ���	y�����L
vk, · · · , v� �*�� �6 WD�� %�(I R�D ,‖v�‖ = � r�Y� �6 � �v� := w�/‖w�‖

eV ,K �F%?

〈vi, vj〉 = δij

F�H+6 �

{v�, · · · , vk} = − {w�, · · · , wk}

K ��L ,��� /=* �94N� vk � · · · �v� �6 �"N; wk+� �> ��6�(6

w′
k+� := wk+� − 〈v�, vk+�〉v� − · · · − 〈vk, vk+�〉vk �= �

�I ##�L/� F%-�:� /L#�� �6

〈w′
k+�, vi〉 = � i = �, · · · , k

� ,K�-#/� ���#� Ǳ��94�� �6 wk+� := w′
k+�/||w′

k+�|| K�(I � �+� K�;���/� �\� �

,%(��;/� V �6 1����2��� ��� V �6 〈 � 〉 >�+� �"�� /&*�# ^�Y �2�B�� /*�6
,K���/� V �6 /�%�&B��� M �6 �p(v, w) = ‖v−w‖ � �+� �6 �I ��� > � JZ ���#
,��� �4� M Hl 	i p �I %-#/� J�:; _�,�,� �� �AB .� _3a �	NBa /�&�� @��N��;

,%(��;/� v (�S �� ‖v‖
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U ��d

�- �I K ,q/� ��Z#� ,K ��# .��; �T # @�" �� 4
; M �0(� �6 ���I �6 .�tZ @��6
V �6 α(v)(w) = 〈v, w〉 �6 α : v → V ∗ KN�D����8 � M V �6 〈 � 〉 /&*�# ^�Y

K�(I/� � �+� i : V → V ∗∗ /+�"g KN�D����8 � M	I �6 ,%(I/� � �+�

i(v)(λ) = λ(v)

KN�D����8 � �S���� > � �6

β : V ∗ α−�

−→ V
i−→ (V ∗)∗

��=6�Y �6 V ∗ �6 〈 � 〉∗ /=* �# 56�� M � �+� @��6 β .� J�(I� ,K ��# ��

〈λ, μ〉∗ = β(λ)(μ) = iα−�(λ)(μ) = μ(α−�(λ))

2��P �6 �� 〈 � 〉 J#�6 J��94� J�(I� ,K�(I F#�'4�� K�;���/�

α(v)(w) = α(w)(v)

2��P �6 �� �=6�� > � �α(w) = μ � α(v) = λ R�D �6 ,#�# b�Y�� J���/�

λ(α−�(μ)) = μ(α−�(λ))

��l4d�4; 〈μ, λ〉∗ = 〈λ, μ〉∗ ,��� J��94� 8�; 〈 � 〉∗ %-#/� J�:; �I ��?�; J���/�
,_��� β J�	- �5B�� �#a ��� V ∗ �6 /&*�# ^�Y M 〈 � 〉∗

�4D�L �]; �# V @��6 {vi} @�� �V ���� /(+� �� �6 Hl I > � K�(�"6 �
( � @��6
� ��� V ∗ @��6 ��]; J�L�# ��  �V {v∗i } K�(I/� R�D � �4D�L

〈, 〉 =
n∑

i,j=�

gij v
∗
i ⊗ v∗j

> ��6�(6 ,��� {v∗i } � {vi} �6 �"N; α : V → V ∗ e ���� (gij) 2��P > � �#
β : e ���� (gij)−� > ��6�(6 ,��� {vi} � {v∗i } �6 �"N; α−� : V ∗ → V ��  �V g−�ij
�(gij)−�−(gij) K�(I � �+� �L� ��d�4; �� ,��� {v∗∗i } � {v∗i } �6 �"N; V ∗ → V ∗∗

F�T;Z∑
gik gkj = δij

�K ��T6 V ∗∗ @�Ai �� vi �L� �F�Hi �6 �

〈, 〉∗ =
n∑

i,j=�

gij v∗∗i ⊗ v∗∗j =
n∑

i,j=�

gij vi ⊗ vj
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K ��# α(v) = λ Ǳ�.� �6 F�T;Z �%?�6 >�+� �"�� 〈 � 〉 �L� �I %�(I ���

λ(α−�(λ)) = β(λ)(λ) > � @� λ �= � �- Ǳ�.� �6

J���/� �-� �V SNO �6 � �+� .� �l	�94N� �� > � ,��� >�+� �"�� 8�; 〈 � 〉∗ �> ��6�(6
� s r�? �6 〈 � 〉∗ ��P�� @��6 F�� > ��F#�� �>�+� �"�� ���O �# ,#�	; 2�"y�
�I ��� %��+4� 〈 � 〉∗ �6 �"N; /4B� �0(� � /4B� V ∗ @��6 {v∗

�
, · · · , v∗n} ��  �V ����

,%?�6 %��+4� 〈 � 〉 �6 �"N; {v�, · · · , vn}
@��#�6 @�-�AD �� �&I �6 /&*�# ^�Y �� �0� @��6 _1 �� ���N�a �� /06�:� @�-M�(
�
���O M �6 �0(� �� �4"�� ,#�I ��� J���/� Ωk(V ) � Tk(V ) = T k(V ∗) �T k(V )

Ωn(V ) @��#�6 @�AD ,�N�; ��P�� �6�B �#���; �
? �6 ���I ��=6 �I �K ��# ���
� w �j(i �# �0(� �6 �JZ �6 /&*�# ^�Y M � �+� @��6 > ��6�(6 ���� @%+6 M 
%;� V @��6 @�� �V�# {w�, · · · , wn} � {v�, · · · , vn} K ��L ,K ��# .��; M Q�=6 −w

2��P > � �# �wi =
n∑
j=�

αji vj K�N �(6 �L� ,%(?�6/� %��+4� 〈 � 〉 �6 �"N; �I

δij = 〈wi, wj〉 =
〈 n∑
k=�

αki vk ,

n∑
�=�

α�j v�

〉
=

n∑
k,�=�

〈vk, v�〉 =
n∑
k=�

αki αkj

^�d � JZ .� �I �%(I/� �%P AAt = I ��=6�� �# A e ���� At �0;��� �> ��6�(6
@� w ∈ Ωn(v) �- Ǳ�.� �6 �I ##�L/� �d�4; $�E @��AB .� ,detA = ±� #�?/�

K ��#

w(v�, · · · , vn) = ±w(w�, · · · , wn)

�I ##�L/� �d�4; r�Y� �6 > � .�

v∗
�
∧ · · · ∧ v∗n = ±w∗

�
∧ · · · ∧ w∗

n

�6 �"N; ±v∗
�
∧ · · · ∧ v∗n �
? �6 �0;Z oK ��# Ωn(V ) .� 2��'4� �j(i �# �> ��6�(6

,K���;/� Ωn(V ) �# M Q�g �6 �P�(i �� �0;Z ,%(4N- V @��6 {Vi} %��+4� @�� �V
/
 � #�I 8 �	4� K- .� �4:�6 J���/� K- .�6 �� �0;Z �%?�6 ���4*� �# 8�; μ /40 �L�
�� JZ �K���;/� �"�� ���� [v�, · · · , vn] = μ 2��P �6 �I v� ∧ · · · ∧ vn �-��#�6 .�

,K���;/� Ωn(V ) �# M �"�� Q�g �6 �j(i

3!E



D�%�� 
,� d ��� D�%�� 
,� $�d

�{w�, · · · , wn} F��p�# @�� �V SNO �6 M SNO �6 M Q�g �6 �P�(i cN6 @��6

^�d � wi =
n∑
j=�

αji vj K�N �;/� � F#�I ^�p4;� %��+4� {v�, · · · , vn} %��+4� @�� �V

�I ##�L/�

det(αij)w∗
�
∧ · · · ∧ w∗

n = v∗
�
∧ · · · ∧ v∗n

K�N �(6 �L�

〈, 〉 =
n∑

i,j=�

gij w
∗
i ⊗ w∗

j

F�T;Z

gij = 〈wi, wj〉 =
〈 n∑
k=�

αki vk,
n∑
�=�

α�j v�

〉
=

n∑
k=�

αki αkj

F�T;Z �A = (αij) �L� �\� �

det(gij) = det(At.A) = (detA)�

.� %(���"i Ωn(V ) �# M Q�g �6 �P�(i �l4d�4; ,��� ]Bi� ����L det(gij) �Fm � �6

±
√

det(gij)w∗
�
∧ · · · ∧ w∗

n , gij = 〈wi, wj〉

C�(�* ��� &!c

ξ = π : E → �L� ,K ��L/� ��
6 @��#�6 @�-GHI #��� �# �� % % ��86� > � J�(I�
〉p >�+� �"�� /&*�# ^�Y M p ∈ B �- �6 �I 〈 � 〉 /+6�� �%?�6 @��#�6 GHI B
�# �- Ǳ�.� �6 �I ��"+� > � �6 ���� �4���V � _π−�(p) @�AD �6a %-#/� �"N; �� 〈 �

56�� �s�, s� : B → E �� 4���V q�6

〈s�, s�〉 = p �→ 〈s�(p), s�(p)〉

%&'�(� �6 ���	- @��#�6 GHI M ξ �L� ,K�7�L/� ξ �6 &��	� ���A	 ���� �4���V 8�;
,K�7�T6 >p� K�;���/� ���	- J�	 � �4� .� �%?�6 B ���	-
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@�-^�Y ��	- ��i�	d� Euc(V ) K ��L ,#��# #�� � �+� @��6 K- @�T # q���
� K�(I � �+� Euc(π−�(p)) �6 �� π−�(p) �- �L� ,��� V �6 >�+� �"�� /&*�#

#�? R�D

Euc(ξ) =
⋃
p∈B

Euc(π−�(p))

> � �
:� �0(� ,��� Euc(ξ) .� /?�6 �ξ �6 J�	 � �4� M .� ��](� �2��P > � �#
��4*�� .� �;�	; M Euc(ξ) ���# >�	- �6 ,�N�; @��#�6 @�AD Euc(V ) �I ���

�,��� @��� GHI ��(6 ��/&I

S���� �6a @��<'P−k GHI M ξ = π : E → M K ��L ����� ����*
_���	- S���� �6a J�	 � �4� M 2��P > � �# ,��� M ���	- %&'�(� @�� _���	-

,#��# #�� ξ �6

#��# #�� U .�6 @�-�i�	d� .� SI�� M @��6 U /-�(4� �l+Y�� [?�V M 23�*4�
tU : π−�(U) → U × Rk _���	- S���� �6a @.�� /0 %6 M �0;Z .� M �- �6 �I
#�� 〈(p, a), (p, b)〉p = 〈a, b〉 J�	 � �4� M r�Y� �6 U × RK �6 ,��� ���4*� �#

K�(I/� � �+� �v, w ∈ π−�(p) �u;�(� ,#��#

〈v, w〉Up := 〈tU (v), tU (w)〉Up

{ϕU} K ��L ,��� ξ
∣∣∣
U

@�6 _���	- �S���� �6a /;�	 � �4� M 〈 � 〉U �2��P > � �#
2��P �6 �� 〈 � 〉 ,��� U ��#� . /;�
 .��D� M 

〈v, w〉p :=
∑
U∈U

ϕU (p)〈v, w〉Up v, w ∈ π−�(p)

@� p Ǳ�.� �6 � ��� _���	- S���� �6a �4���V 〈 � 〉 2��P > � �# ,K�(I/� � �+�
J#�6 >�+� �"�� J#�# J�:; @��6 ,��� J��94� � /=*�# /+6�� π−�(p) �6 〈v, w〉p

�I K�(I/� ��� �JZ

〈v, v〉p =
∑
U∈u

ϕU (p).〈v, v〉Up

� ,��� �"�� �- U .� /
 @�.� �6 � �%;�/'(��; �- ϕv(p)〈v, v〉Up .� M �- �

�F#�:D���V @�AD M @� � @��#�6 GHI �- �I %-#/� J�:; QX%4�� >�	- ��"?
,#� \V/� J�	 ��4�
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〈, 〉U /&*�# @�06�Y /L%�-�"��; �I /4��O �# �*Z �� &O�� QX%4�� �I #�? ���
�I #��%; #�� @� 〈, 〉 ~�- TS� �6 _E �� ���N�a 5B�� �# ,#�"; ���# �K�4?�%; �"B .� ��
F%�-�46�; /�� �%?�6 >�+� �"�� �I %(I Ǳ�9�� /=*�# J��94� � 56�� @� TpS� �- �6

,%?�";
J�(I�� �I @��#�6 @�-GHI #��� �# [��V %(� �1 �� �AB .� @#�6��I J��(i �6

,K�(I/� �O �F%;��

,ξ = ξ F�T;Z �%?�6 @��<'P−k GHI M ξ = π : E �L� ������ ����*
�p ∈ M �- @�.� �6 2��P > � �# ,��� ξ @��6 /;�	 � �4� M 〈, 〉 K ��L 23�*4�

/	N�D����8 �

αp : π−�(p) → {π−�(p)}∗

��=6�Y �6

αp(v)(w) = 〈v, w〉p v, w ∈ π−�(p)

E′ = �6 E .� /	N�D����- �- αp ��	- � �#�L �I %(I/� ^�d � 〈, 〉 /T4���V K ��#
� ,%(I/� � �+� ⋃p∈M{π−�(p)}∗

/4B� ξ F�T;Z �%?�6 @��<'P −� GHI ξ = π : E → M �L� ������ ����*
,%?�6 � \V�0 �I ��� /-%6 /4B� �0(� �

M �6 /;�	 � �4� 〈, 〉 � F#�6 μ �0 @���# ξ �L� ,��� /0 %6 �L� �0(� �	NB 23�*4�
�I #��# #�� #�'6 �j<(� @� s(p) ∈ π−�(p) F�T;Z �%?�6

〈s(p), s(p)〉p = � , [s(p)] = μp

f(λs(p)) = ��=6�Y �6 �� f : E →M×R @. ��K- e�� o��� q�6 M s r�Y� �6
,K�(I/� � �+� (p, λ)

�I _%�(I ��� ��E �� �AB .� eV b�Y�� �6a K�;�#/� �38�� :B�'C� ����*
� �#��# #�� Ω�(ξ) = ξ∗ @��6 �'P�; � �	- q�6 M F�T;Z �%?�6 � \V�0 ξ �L�
� ,ξξ̃∗ ��� ,��� /-%6 ξ∗ �\�

��	� GHI ��� GHI �I %((I/� �%�V �4:�6 ��	-� /��T(- 2�%-�:� > � ��	-
@��6 〈, 〉 ���	- J�	 � �4� M �6 ����O > � �# ,%?�6 M ���	- %&'�(� M �6 TM
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,� $�d D�%�� 
,� d ���

�% &��	� ��� �� �%(I/� Ǳ�9�� >�+� �"�� /&*�# ^�Y M @� TpM �- �6 �I �TM
�6 U �6 �� 〈, 〉 J�	 � �4� �%?�6 M �6 /��j4p� /-�T4�# (x, U) �L� ,K���;/� M

2��P

〈, 〉 =
n∑

i,j=�

gijdx
i ⊗ dxi

〈, 〉 �I ��� �%((I/� �%P gij = gji �� =6�� �# g − ij ���	- 56��� �I ��?�; J���/�
,��� >�+� �"�� 〈, 〉 �� . det(gij) > � � ���� J��94�

,��� �# �� "��� .� J� ���I @��N;�� �M �6 〈, 〉 J�	 � �4� �- �I ��� >?�� �4"��
�#��# #�� N �6 f∗〈, 〉 J� ���I @��N;�� �f : N →M ���	- �?�T; �- @�.� �6 eV
>?�	 � f �I ��� N �6 J�	 � �4� /4B� �0(�� /4B� > � o��� /=* �# r�Y� �6 �I

,_%?�6 M �6M f∗p @� p ∈ N �- @�.� �6 /(+ a %?�6
J� ��� Q�4(I ��N;�� M �T ∗M J�L�# GHI �6 〈, 〉 c��� / �9�� 〈, 〉∗ J�	 � �4�

K�N �(6 K�;���/� ��� �# �� "��� .�

〈, 〉∗ =
n∑

i,j=�

gij
∂

∂xi
⊗ ∂

∂xi

J� ��� (gij(p)) e ���� �p �- @�.� �6 �I %-#/� J�:; V ∗ �6 /&*�# ^�Y ��P��
�d�4; �# o��� (gij(p)) e ����

n∑
k=�

gikg
kj = δji

�� Ωn(TpM) .� �j(i �# M �6 〈, 〉 J�	 � �4� �p ∈ M �- @�.� �6 ��6�:� 2��P �6
�?�; J���/� K �F% # Hl "B ,M Q�=6 �P�(i �%(I/� �p:�

±
√

det(gij(p))dx�(p) ∧ · · · ∧ dxn(p)

K-��D �� �"�� M Q�=6 �j(i >��+� J�
�� μp F�T;Z �%?�6 μ �0 @���# M �L�
�D�O x : U → R

n �L� oK���/� M �6 ��D −n M �6 S���� > � �6 � �#.��/�
2��P �6 U �6 �� ��D > � F�T;Z �%?�6 �0√

det(gij)|dx� ∧ · · · ∧ dxn|

/6 �d( � �# d �4"�� �I �K�-#/� J�:; dV #�	; �6 �� KdO J�	�� > � ,�?�; J���/�
J��46 ��D −n M J��(i�6 J��46 ��;Z � %?�6 � \V�0 M /4B� /4Oa ��� /(+�
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,� d ��� "�3�� K�f &�d

�S���� > � �6 ,K���;/� 〈, 〉 �4� c��� #�? �p:� KdO J�	�� �� JZ � _#�I ��j�
F#�:D M �L� �I ��� >?�� ,K�(I � �+� K�;���/� ∫

M
dV 2��P �6 �� M KdO

_%�(I ��� �C�� �� ���N� �6a F#�:D ��t M ���O �# ���� /(+� �6 Q���D > � �%?�6
� . �6a ��� �4L�86 F��p�# ��86 #%i �- .� � � ��� �p:� @#%i Q��T4;� > � � 
K� �L/� ���O > � �# ,_#�?/� F��p�# ��86 #%i �- �6��6 M F�#�:D @�-�i�	d�

,��� /-�(4��; KdO �6 M

〈, 〉 =
n∑
i=�

dxi ⊗ dxi /��	+� J�	 � �4��6 Rn �# ��#. �� %&'�(� −n M M �L�

/��	+� /(+� �6 {KdOz � dV = |dx�∧· · ·∧dxn|��d�4; �# ,gij = δij F�T;Z �%?�6
,#�?/� JZ

�
3
� K�e )!c

,K .�#��/� JZ �6 �jD J� �V �� �I #��# #�� M �6 J�	 � �4� �- �6 ��]; @�4	0� �*��
��	� @�-��#�6 �γ : [a, b] →M ���	- /(<(� �- @�.� �6

γ′(t) =
dγ

dt
∈ Tγ(t)M

#�I F#�'4�� J���/� JZ Q�g �� "��<� @��6 〈, 〉 .� > ��6�(6 � �K ��# ��

∥∥∥dγ
dt

∥∥∥ =
〈dγ
dt
,
dγ

dt

〉�/� (
=

[
〈dγ
dt
,
dγ

dt
〉γ(t)

]�/�
��W�B#

)

J�(� [a; b] @��6 a = t�〈· · · 〈tn = b @.��D� �I /(+� > � �6 �%?�6 $� C� ����L γ �L�
�� 2�94:� �6 �4"��a ��� ���	- �- [t−i− �; ti] .� M �- �6 γ �I %?�6 �4?�# #��

2��P �6 �� γ Q�g �_t�, · · · , tn−� �# �&4p� ���� �

k
���	- @��
� /(<(� ��,� �
?
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�ba(γ) =
n∑
i=�

�ki
ti−�

(
γ
∣∣∣
[t′

i−�
ti]

)
#�	; .� �0(� �%?�6 �4?�# #�� �ba �� "��<� J�8�� �# /��06� F�L�- ,#�I � �+� J���/�
�- @�.� �6 �I %-#/� J�:; _�$ �� ���N�a �j4p� /�X%4�� ,#�I F#�'4�� J���/� �
J��I > �4
��I Q�g � �+� > � �/��	+� J�	 � �4� �6 �Rn �# ���	- @��
� /(<(�

,��� /
 �/(<(� �6 5B�� /+&Y %(� @�-/(<(� Q�g / X�6
2��P �6 γ ��B Q�g 56�� ��; �6 s : [a; b] → R /+6�� �>�(u	-

s(t) = �ta(γ) =
∫ γ

a

∥∥∥dγ
dt

∥∥∥ dt
�l4+�"g ,#�	; � �+� J���/�

s′(t) =
∥∥∥dγ
dt

∥∥∥ _�,� a

> � �6 �l9�B# > � � �s(t) = t �I ��� M Q�g �6 /���P �# �l9�B# dγ/dt ��d�4; �#
�6 �� γ /(<(� ,a− b = s(b) = �ba(γ) 2��P > � �# ,s(t) = t = a �I ��� /(+�
,#�I �4����V % %d� J���/� γ(t) = γ(t− a) ��=6�Y �6 [�; b− a] �6 @�/(<(� 2��P

K ��# γ % % /(<(� > � #��� �#

% % s(t) = �t
�
(γ) = �t+aa (γ) = K %B s(t+ a)− K %B s(a) = t

U�I U������G ��2 (�S P��� γ K�7�L/� �%(I �%P s(t) = t |�? �# γ �u;�(�
,_#�I F#�'4�� s .� t @� �6 J���/� �\� �a ,���

F%? rH=P� #�	; > � � %(-#/� J�:; ds �6 �� M �6 ‖, ‖ ��D �M��HI S4I �#
s : [a;�] → R � γ /(<(� �- Ǳ�.� �6 �I #��#/� J�is� >�(� _�,� a �� �#�+� ,���

,|ds| = γ∗(‖, ‖) K ��# [a; b] �6 ���];
#��� �M��HI 2�d4?�; �# ��l4d�4;

ds� =
∑
i,j=�

gij dx
i dxj

2��P �6 �� ��#�+� > � �F.���� ,#��# #��

〈, 〉 =
∑
i,j=�

gij dx
i ⊗ dxj
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/(+� �6 �� JZ Hl 	i /�� �%((I/� ��"+�

‖, ‖� =
∑
i,j=�

gij dx
i dxj

��%9� � �N�; M��HI �
? �6 dxi⊗dxi > 8T � ��d( � �# dxidxj #�	; ,%;��L/�
/+6�� �#�I ��"+� J���/	; /=*�# /+6�4���P �6 �� _(dxidxj)(p) �/(+ a p �# dxidxj

��# ��# ���

v �→ dxi(p).dxj(p)(v) v ∈ TpM

���?# ���N6 dxi ⊗ dxj ��6 ��I M��HI q�� ,#�?/� F#�'4�� #�	; >�	- .� F.���� �
�?�; #�?/� ����

n∑
i,j=�

gij dx
i δxj

�6 /+6�� J�	 � �4� �M��HI �]; .�a ,%(4N- �94N� M��I � �0(�6 �# δx � dx �I
δx � dx M��I � �0(�6 J�
� ���h� �# /&*�# ^�Y �
&6 ��N�; ��	� @�-��#�6

_,���
�� =9; �# q � p �L� ,% ��T6 �]; �# M %("	- %&'�(� �6 〈, 〉 J�	 � �4� M Q�O
#�� q �6 p .� γ : [a; b] → M ���	- @��
� /(<(� M �B�%O F�T;Z �%(?�6 F��p�#
K�(I/� � �+� ,_#��# #�� q �6 p .� ���	- @�/(<(� �I #�I �6�y #�?/� /4Oa #��#

d(p, q) := inf
{

��� q �6 p .� ���	- @��
� /(<(� M γ JZ �# �I �(γ)
}

�%?�6 /��� ��=9; r ∈ M �L� �F�Hi �6 ,d(p, p) = � � d(p, q) ≥ � �I ��� >?��
���	- @��
� @�-/(<(� �ε > � �- Ǳ�.� �6

�(γ�)− d(p, q) < ε �6 q �6 p .� γ� : [a; b] →M

�(γ�)− d(q, r) < ε �6 r �6 q .� γ� : [b; c] →M

�6 [b; c] �6 � γ� 2��P �6 [a; b] �6 �� γ : [a; c] → M �u;�(� ,K�(I/� ^�p4;� ��
� ��� r �6 p .� ���	- @��
� /(<(� γ 2��P > � �# �K�(I � �+� γ� 2��P

�(γ) = �(γ�) + �(γ�) < d(p, q) + d(q, r) + �ε

�I K ��L/� �d�4; ���� ���# @� ε �- Ǳ�.� �6 S&=� > � J��

d(p, r) ≤ d(p, q) + d(q, r)
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/�H
:� γ� � γ� J%�;�"N� �# �K�4N;�#/	; .�d� �� ���	- @��
� @�-/(<(� �u;�(��
d : M×M → R 56�� �,_�E �� ���N�a �?�#/� �� /Lm � > � d J�(u	- ��� �#�#/� }�
d(p, q) > �l	4O F�T;Z p �= q �L� �I �N�; >?�� �
( � 8 �6 �#��# �� �4� )��* �� �&I

,#�?/� �O � . �
? �6 > � ,�

p : M×M → R �L� � ���� M �6 @�4� d : M×M → R 56�� ����� ����*
�6 (M,d) F�T;Z �_%(I/� � %"� M f���V�� %&'�(� �6 �� M �Ia %?�6 M �6 ����� �4�

,��� Q#�+� (M,p)

� ,%;� . K� � �4; ���AB [p6 �# �- r�Y� �6 23�*4�

B = {p ∈ Rn : |p| ≤ �} @�L .� @.�6 /T �N	- U K ��L ��	 ����*
,〈, 〉e =

n∑
i,j=�

dxi ⊗ dxj ���� U �6 /�%�&B� �6 /��	+� J�	 � �4� 〈, 〉e K ��L ,���

‖, ‖ � |, | = ‖, ‖e K ��L ,��� U �6 /-��p�# J�	 � �4� 〈, 〉 K�(I R�D �>�(u	-
�I %;��# #�� J�(� m,M > � #�%i� 2��P > � �# ,%(4N- ��]; @�-��D

m.|, | ≤ ‖, ‖ ≤M.|, |

K ��# �@� γ : [a; b] → B �- Ǳ�.� �6 ��l4d�4; �

m.�e(γ) ≤ �(γ) ≤M.�e(γ)

> � �# ,K�(I/� � �+; G(p, a) := ‖ap‖p 2��P �6 �� G : B×Sn−� → R 23�*4�

@� m,M > � #�%i� ���� F#�:D B × Sn−� J�� ,��� �"�� � �4���V G 2��P
�I %;�?/� �D� J�(�

B × S
n−� �6 m < G < M

> � �# ,%?�6 a = b/|b| �6��6 a ∈ Sn−� K ��L �� �= bp ∈ TpR
n � p ∈ B �L� Q�O

2��P

m|b| < |b|G(p, a) < M |b|

�I ���

|b|G(p, a) = |b|.|ap|p = ‖(|b|a)p‖p = ‖b|p
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���# K- b = � ���O @��6 r�Y� �6 �I �%-#/� �d�4; �� �]; #��� @��N��; > �
� ,���

/(<(� ~�- �(γ) Q�g �6 ��� >
	� F%? � �+� d(p, q) �� &P�D �I %�(I ���
�%?�6 R

n −{�} �6��6 M %&'�(� ��� >
	� �Hl �� ,%?�"; �6��6 q �6 p .� ���	- @��
�
r�Y� �6 γ F�T;Z �%?�6 ���B�6 @� γ M @�.� �6 d(p, q) = �(γ) �L� ��� ,−p �6��6 q �
> �4-���I M .� [�6 ��� >
	�a ��� q �6 p .� @��
� ���	- /(<(� > �4-���I
�	NB �6 _S� �6 −p � p |�9; >�6 F�� �# K�; �# ��T # 2��"i �6 ,%?�6 #��� /(<(�

,#�? ��� !,� �
? .� ���

k
!,� �
?

'����f� Y�HI 5!c

^�NO .� / �0
�(
� �6 ��-/(<(� > �4-���I )�j* �# � �N� �4:�6 �� +��=� ��](� �6
,K�(I/� �̀%? F#�� @�����N� �6 ��-q� � �;�T( � b�Y�� @��6 ,K ��# .��; 2����h�
�# ,��� ���4*� �# F : R×R → R _� \V��N;��' # /D�I F�.�%;� �6a /+6�� %�(I R�D
��� !,� �
? .� ^ �	NB �6a f(b) = b′ � f(a) = a′ �6 f : [a; b] → R 56��� >�6

��	I �I K�4N- /+6�� JZ Q�";# �6 _#�?∫ b

a

F (t, f(t), f ′(t)) dt

/+6�� Q�";# �6 F�T;Z F (t, x, y) =
√
�+ y� �L� Hl �� ,#.��/� _K	�(�� � a K	 8I�� ��

> �4-���I (b, b′) � (a, a′) >�6 t �→ (t, f(t)) /(<(� �JZ @�.� �6 �I K�4N- [a; b] �6 f
#��# �� Q�g∫ b

a

√
�+ (f ′(t))� dt
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�O�N� J#�I K	�(�� Q�";# �6 � F (t, x, y) = x
√
�+ y� �u;�(� �Q��� >���# J��(i �6

�
? .� ��� �	NB �6a K�4N- ��<� −x Q�O f 56�� ��#�	; J���# .� �P�O b=�
�_#�? ��� 3,�∫ b

a

f(t)
√
�+ (f ′(t))�dt

> � ��F#�� `��;� �# F#�'4�� #��� @�-q�� �%46� �� �N� �̀; > � �6 >4*�#�V �0 �6
���B /���6 #��� �� f : R → R �
? �6 56��� K	�(�� � K	 8I�� )�j*�# �� �N�
f ′(x) = �I x /g�9; � K ��L/� �]; �# �� f 1C� @�: ��&UN� > � �O @��6 ,K�-#/�
K	�(�� � /+Y�� K	 8I�� /4O � � �K	�(�� � K	 8I�� �I #��%; /��8� /
� �=9; , �
�6 �%(4N- K	�(�� � K	 8I�� @��6 % %;�I �0(� /
� |�9; Q�O > � �6 �%?�6 /+Y��
f : 56�� �- @�.� �6 ��6�:� 2��P �6 ,%?�6 � \V��N;��' # � �	- �# f �
;Z |�?

�0;Z @��6 �I K ��L/� �]; �# �� (x, y) ∈ R� /g�9; �R��'� R� → R

D�f(x, y) = D�f(x, y) = � _!,� a

@�0�<(� �I ��� /(+� J�%6 > � _#�? ��� 3,� �
? .� ^ �	NB �6a

t �→ f(x+ t, y) t �→ f(x, y + t)

@�4:�6 2�iHg� �� s |�? >4D�L �]; �# �6 ��� >
	� ,%;��# �'P W4:� t = � �#
�I � = (f ◦ c)′(�) @� c : (−ε; ε) → R� F��p�# /(<(� �- @�.� �6 �% Z ��# �6
> � �	- �W4:� @��d;. F%i�B M	I �6 �I ##�L/� 2�"y� /�� , c(�) = (x, y)

,%(4N- ��4(4�� �6�B _!,� a .� c ��?

k
3,� �
?

K	�(�� � K	 8I�� >4D� @��6 K�& ��

J(f) =
∫ b

a

F (t, f(t), f ′(t))dt
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f : 56��� �	- ��i�	d� �# @�-/(<(� �4��� > � �# ,K�(I �	i �6�:� W �g �6
α : /+6�� /(+ {f ���h�z >4D�L �]; �# �6 �� > � ,K ��L/� �]; �# �� [a; b] → R

,_#�? ��� 1,� �
? �6a K�-#/� ��d;� �α(�, t) = f(t) �I (−ε; ε)× [a; b] → R

@�.� �6 �I ��� (−ε, ε) �6 56��� .� @�F#��;�* � t �→ α(u, t) 56��� 2��P > � �#
(−ε, ε) .� /+6�� α eV ,K�-#/� J�:; α(u) �6 �� 56�� > � ,#�\L/� f .� u = �

� α(u)(a) = a′ |�? �# @� α(u) �- �L� ,��� f : [a; b] → 56��� �i�	d� �6
@� u ∈ (−ε, ε) �- @�.� �6 ��T # 2��"i �6 �%(I �%P α(u)(b) = b′

α(u, a) = a′ , α(u, b) = b′

,#��#/� F�T; �6�y �� / �04;� |�9; �I ��� f .� @���h� α K� �L/� F�T;Z

k
1,� �
?

K ��# � α ���h� �- @�.� �6 Q�O

dJ(α(u))
du

∣∣∣
u=�

=
d

du

∣∣∣
u=�

∫ b

a

F
(
t, α(u, t),

∂α

∂t
(u, t)

)
dt

=
∫ b

a

{ d

du

∣∣∣
u=�

F
(
t, α(u, t),

∂α

∂t
(u, t)

)}
dt

=
∫ b

a

{∂α
∂u

(�, t)
∂F

∂x
(t, f(t), f ′(t))

+
∂�u

∂u∂t
(�, t)

∂F

∂y
(t, f(t), f ′(t))

}
dt

K�;���/� X�6 Q��&T4;� ��# �&	 #��� �# Ǳ8 �6 Ǳ8 F%i�B .� � ∂�α∂u∂t = ∂�α
∂t∂u J��

K ����6 ��# �6 � �K�(I F#�'4��

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

∂α

∂u
(�, t)

{∂α
∂x

(t, f(t), f ′(t))
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− d

dt

(∂F
∂y

(t, f(t), f ′(t)
)}

dt _3,� a

+
∂α

∂u
(�, t)

∂F

∂y
(t, f(t), f ′(t))

∣∣∣b
a

K ��# �\� � ���� �'P ��# �&	 �%(I �'O �� / �04;� |�9; α �u;�(�

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

∂α

∂u
(�, t)

{∂F
∂x

(t, f(t), f ′(t))

− d

dt
(
∂F

∂y
(t, f(t), f ′(t)))

}
dt _1,� a

�
? �6 �I #�?/� �4D�L �]; �# @� α 2����h� �2����h� ^�NO M��HI vO�"� �#
)�*

α(u, t) = f(t) + uη(t)

K ��# �S���� > � �6 ,��� η(a) = η(b) = � �6 /+6�� η : [a; b] → R �I ����

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

η(t)
{∂F
∂x

(t, f(t), f ′(t)) − d

dt

(∂F
∂y

(t, f(t), f ′(t))
)}

dt

{���h� >����z �� dJ(α(u))/du(�) W4:� ,��� /
 ���O �# �- �# / �0; K
O ��4"��
2��P �6 � F%���; J

δJ =
∫ b

a

η
{∂F
∂x

− d

dt

∂F

∂y

}
dt

56�� @�-��h4� S&t� �M��HI @��\L#�	; �# ,#�?/� F#�# J�:; M��HI S4I �#
t @�-��h4� �0(� �; ���O > � �# � 84;��V �# �; � #�?/� �Is 56�� K�� S9i � � �&
F%? % %V�; Hl 	i fL G%- 56�� �I ��� > � �d�4;a %;�F%? G\O (t, f(t), f ′(t)) �

,_#��# /V �# ��06� /	I �Ia ��� F%:; �p:� 8�; α �6 δJ /T4N6 �
&6 _���
α ���h� �- @�.� �6 /4N �6 δJ(α) F�T;Z �%(I K	�(�� � K	 8I�� �� J /+6�� f �L�
� M J�6�NO ���O �# J�u	- ,%?�6 �'P �%(I /� �'O �� / �04;� |�9; �I f .�
##�L ^�d � �α �- @�.� �6 δJ(α) = � |�? @���B�6 .� �I #��%; #�� /&��# �@%+6
� �+� M ���� > � �6 ,��� J @��6 /+Y�� K	�(�� � /+Y�� K	 8I�� f /4O �I

,K ��Z/�
�D�O �I f .� α 2����h� �	- @�.� �6 �I ��� _J Q���4NI�� a J >�
� �=9; f
�I ##�L/� S�� J�(I� _1,� a )�* �
? , δJ(α) K�?�6 �4?�# �%(4N- �04;� �#

,K�(I r�=� K�;��46 /4O�� �6 �� � . |�?
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�=9; M /4B� �0(� � /4B� C� �HI .� f 56�� ��3	-� �	��D?� ���� ����*
�%(I �%P � . |�? �# f �I ��� J >�
�

∂F

∂x
(t, f(t), f ′(t))− d

dt

(∂F
∂y

(t, f(t), f ′(t))
)

= �

@� η(t) = ∂α/∂u �- @�.� �6 �� _1,� a �# Q��T4;� f /4N �6 �I ��� >?�� 23�*4�

,##�L/� �d�4; � . F#�� K� .� ��AB �eV ,%(I �'P �#�?/� �'P b � a �I

[a; b] �6 η ���	- 56�� �- @�.� �6 � g : [a; b] → R �4���V /+6�� �L� ��	 ����*
, g = � F�T;Z �%(I �%P ∫ b

a
η(t)g(t)dt = � |�? �# η(a) = η(b) �6

� , ϕ(a) = ϕ(b) = � � ��� �"�� (a; b) �6 ϕ �I K ��L/� ϕg �� η 23�*4�

����� ��#�+� , F (t, x, y) =
√
�+ y� �I % ��T6 �]; �# �� /4��O �Q��� J��(i �6

���� >�(� ���O > � �#

� =
d

dt

( f ′(t)√
�+ (f ′(t))�

)
=
f ′′√�+ f ′� − f ′(f ′/

√
�+ f ′�)

�+ (f ′)�

= (�+ f ′�)f ′′ − f ′f ′′ = (�− f ′ + f ′�)f ′′

,��� /=* f �\� � f ′′ = � �d�4; �#
�d�4; >�	- 8�; K�4D�L/� �]; �# �� F (t, x, y) = �+ y� ���O �L� �I %�(I ���
,#�?/� � = d

dt(�f
′(t)) F#�� �
? �6 ���� ��#�+� ���O > � �# �� . ,%?/� �P�O

J�u	- √f >�
� |�9; �I �#��# @%+6 M J�6�NO �# ���O �6 @���N6 �-�"? > �
, (
√
f)′ = f ′/�

√
f �I ��� �%;� f >�
� |�9;

���� ��#�+� � F (t, x, y) = x
√
�+ y� �I ����# � � � ���O �#

� =
√
�+ (f ′(t))�

d

dt

( f(t)f ′(t)√
�+ (f ′(t))�

)
M��HI �
? �6 �� JZ �I �##�L/� /04(� �+f ′�−f ′f ′′ = � ��#�+� �6 > � ,���

2��P �6

�+ (
dy

dx
)� y

d�y

dx�
= �

F#�'4�� #��� �� #��%;�4�� M�(
� �� ?? .� /
 ���#�+� > � �O @��6 ,�?�; J���/�
> � �# , p = y′ = dy

dx K ��L ,_%�(I ��&<� J��#�* @��6 �� �&	 > �a K�-#/� ���B
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2��P

d�y

dx�
=
dp

dx
=
dp

dy
.
dy

dx
= p

dp

dy

#�?/� >�(� �� ��#�+� �> ��6�(6

�+ p� − yp
dp

dy
= � ⇒ p

�+ p�
dp =

�

y
dy

⇒ �

�
log(�+ p�) = log y + �6�y

⇒ y = �6�y ×
√
�+ p�

⇒ p =
dy

dx
=

√
cy� − �

⇒ dy√
cy� − �

= dx

⇒ �

c
cosh−�(cy) = x+ k

��� !C �&UN� �6 [;���� � cosh {M���6 ���- ��(�NIz )��* � � �+� #��� �#a
,_%�(I

k
$,� �
?

2��P �6 �� ��#�+� > � �c �6 c � �+� �6

y = c cosh
(x+ k

c

)
_$,� a

##�L/� �]OH� � ��� �6�9� �
? �6 �coshx = �

�
(ex + e−x) �I �?�; J���/�

[-�I �6 o��� @#�+P � ≤ x [ �8D� �6 ���� J��94� ��<�−y �"N; JZ ��#�	; �I
�� c, k @�046�y J��46 F���	- �
( � ,��� � s �
? �6 �-� � � eV ,��� /��8; x ≤ �

/0 %6 � F#�� �� ~�- �6 �#�\T6 (b, b′) � (a, a′) .� _$,� a ��#�	; �I >��+� @��g
,��� F%? �Is a′ = b′ )�* ���O !� �� ���N� �# ,�N�;
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J(f) =
∫ b
a
F (t, f(t), f ′(t))dt � f : [a; b] → Rn �I /4��O �# 2�%-�:� > � K�	+�

�6 α : (−ε; ε) × [a; b] ����O > � �# ,��� F#�� F : R × Rn × Rn → R @��6
�K"(I/� �"��<� � . �
? �6 � �4D�L �]; �# α(�) = f

dJ(α(u))
du

∣∣∣
u=�

=
∫ b

a

n∑
�=�

∂α�

∂u
(�, t)

{ ∂F
∂y�

(t, f(t), f ′(t))

− d

dt

( ∂F
∂y�

(t, f(t), f ′(t))
)}

dt_�,� a

+
n∑
�=�

∂α�

∂u
(�, t)

∂F

∂y�
(t, f(t), f ′(t))

∣∣∣b
a

�%4I �%P � . r�? �6 �� �#�+� n �# /4N �6 J .� f >�
� ��=9; �- �> ��6�(6

∂F

∂x�
(t, f(t), f ′(t))− d

dt
(
∂F

∂y�
(t, f(t), f ′(t)) = � � = �, · · · , n

F��p�# %&'�(� M �# @�-��N� > �4-���I >4D� �� ���N� #��� �# �� ��
O� > � J�(I�
� γ(a) = p �6 ���	- @��
� /(<(� M γ : [a; b] → R �L� ,K ��L/� ��
6 �M
� �+� � < ε �6 α : (−ε, ε) × [a; b] → M J�� /+6�� �� γ ���h� �%?�6 γ(b) = q

�I K�(I/�

,α(�, t) = γ(t) _�a

�- �6 α �I #��# #�� J�(� [a; b] .� a = t� < t� < · · · < tN = b @.��D� _!a
|�9; �D�O γ .� ���h� M /���P �# �� α ,��� ���	- (−ε; ε)× [ti−�; ti] ���;

�I K�7�L / �04;�

,α(y, a) = p 8�; � α(u, b) @� u ∈ (−ε; ε) �- Ǳ�.� �6 _3a

k
$,� �
?
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�� @� γ @�-��N� K�& �� ,��� t �→ α(u, t) ��N� α(u) K�(I R�D ��"B J�u	-
�%P / �04;� |�9; �D�O α ���h� �- Ǳ�.� �6 dL(αw)

du

∣∣∣
u=�

= � |�? �# �I K�6��6
>�
� |�9; �%46� � �K ��# Q��� >���� .� @��6�d� ��4"�� ,K�4N- �%((I/�

E(γ) =
�

�

∫ b

a

∥∥∥dγ
dt

∥∥∥� dt =
�

�

∫ b

a

〈dγ
dt
,
dγ

dt

〉
dt

>�6 |�"��� �@��I �- .� [�V o#��# �� Q��T4;� 56�� > ��S��(� �I �K ��L/� �]; �# ��
,K�-#/� ���B ��� #��� �� �-Q��T4;�

���B (x, U) 2�j4p� F�T4�# M �# @� γ
∣∣∣
[ti−�;ti]

�- �I K�(I R�D K�;���/�
2�j4p� F�T4�# (u, t) �L� ,_K�(I/� �4
��I �� �-F.�6 �2��P > � ��t �#a #��#

K�N �;/� �%?�6 (−ε, ε)× [a; b] �# #��%;�4��
∂α

∂u
(u, t) = α∗

( ∂

∂u

∣∣∣
(u,t)

) ∂α

∂t
(u, t) = α∗

( ∂
∂t

∣∣∣
(u,t)

)
@�-/N �; �PH* �L� ,��� α(u) /(<(� �6 t ��]<� �# ��	� ��#�6 ∂α/∂t(u, t) �> ��6�(6

αi(u, t) = xi(α(u, t)) γi(t) = xi(γ(t)) = αi(�, t)

2��P > � �# �K�(I r�=� ��

∂α

∂t
(u, t) =

n∑
i=�

∂αi

∂t
(u, t).

∂

∂xi

∣∣∣
α(u,t)

∂α

∂t
=

n∑
i=�

∂αi

∂t
.
∂

∂xi

∣∣∣
α(t)

> ��6�(6

E
(
γ
∣∣∣
ti−�;ti

)
=

�

�

∫ ti

ti−�

〈dγ
dt
,
dγ

dt

〉
dt

=
�

�

∫ ti

ti−�

n∑
i,j=�

gi,j(γ(t))
〈dγi
dt
,
dγi

dt

〉
dt

�6 �� �- gij � �K�(I F#�'4�� Rn �6 U @��L /
 @��6 x 2�j4p� F�T4�# .� �L�

�]; �# ��
∫ ti

ti−�

F (γ(t), γ′(t))dt 2��P > � �# �K ��T6 �]; �# Rn �6 /+6��� J��(i
�I K ��L/�

F (x, y) =
�

�

n∑
i,j=�

gij(x).yi yj
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> ��6�(6

∂F

∂x�

(
γ(t),

dγ

dt

)
=
�

�

n∑
i,j=�

∂gij
∂x�

(γ(t))
dγi

dt

dγi

dt

�

∂F

∂y�

(
γ(t),

dγ

dt

)
=

n∑
r=�

g�r(γ(t))
dγj

dt

�d�4; �#

d

dt

( ∂F
∂y�

(γ(t),
dγ

dt

)
=

n∑
r=�

g�r(γ(t))
d�γr

dt�
+

n∑
r,j=�

∂g�r
∂xj

(γ(t))
dγj

dt

dγr

dt

�I K�(I/� ��� �#�?/� ��J��94� 2X#�+� @�-�� �
? �
( � �0 �6

n∑
r,j=�

∂g�r
∂xj

dγi

dt

dγr

dt
=

n∑
i,j=�

∂gi�
∂xj

dγi

dt

dγi

dt

=
n∑

i,j=�

∂gj�
∂xi

dγi

dt

dγj

dt

�d�4; �#

n∑
r,j=�

∂g�r
∂xj

dγj

dt

dγr

dt
=
�

�

n∑
i,j=�

∂gi�
∂xj

dγi

dt

dγj

dt
+
�

�

n∑
i,j=�

∂gj�
∂xi

dγi

dt

dγj

dt

K ��Z/� ��%6 J�(I� �(∗ ∗ ∗) .�

d

du

(
E(α(u))

∣∣∣
[ti−�;ti]

)∣∣∣
u=�

= −
∫ ti

ti−�

n∑
�=�

∂α�

∂u
(�, t)

{∑
r=�

g�r(γ(t))
d�γr

dt�

+
∑
i,j=�

�

�

{∂gi�
∂xj

(γ(t))− ∂gi�
∂xi

(γ(t)) +
∂gi�
∂xi

(γ(t))
}dγi
dt

dγj

dt

}
dt

+
n∑
�=�

∂α�

∂u
(�, t)

n∑
r=�

g�r (γ(t))
dγr

dt

∣∣∣ti
ti−�
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k

�,� �
?

�# γ ���� ��# @��#�6 J�%�� K ��L ,��� ���	- @��
� �0(� γ �I K �?/� ��Z#� 
�̀	d� �I #�? ��� dγdt (ti−) = ti �# γ �� �	� @��#�6 J�%�� dγ

dt (ti+) = ti

.� ��� 2��"i F#�� ��=6 �X�6 Q���D �# @�*Z
〈∂α
∂u

(�, ti),
dγ

dt
(ti−)

〉
−
〈∂α
∂u

(�, ti−�),
dγ

dt
(ti−�+)

〉
�� � . @�-#�	; �Q��T4;� J%? ��F#�� ��](� �6

[ij, �] =
�

�

(∂gi�
∂xj

+
∂gj�
∂xj

− ∂gij
∂x�

)
Q��T4;� /�� �%;��# /T4N6 /��j4p� F�T4�# �6 56��� > � ,K�(I/� r�=�

−
∫ ti

ti−�

n∑
�=�

∂αα

∂u
(�, t)

{ n∑
r=�

g�r(γ(t))
d�γr

dt�
+

n∑
i,j=�

[ij, �](γ(t))
dγi

dt

dγj

dt

}
dt

�� 2��"i >�	- ���# �l4d�4; ,�N�; >�(� r�Y� �6 �##�L/� �-�� �� K
O �# �I
J��� �# 2��'4� /��j4p� @�-F�T4�# �L� /4O K�(I/� F#�'4�� [ti−�; ti] �- @��6

,_%(���'4� �- γi � �- gij �\� �a %?�6
K ��L ,K�(I/� @%(65	 �� ��
O� > � Q�O

Δti

dγ

dt
=

dγ

dt
(ti+)− dγ

dt
(ti−) i = �, · · · , N − �

Δt�

dγ

dt
=

dγ

dt
(t�+) ΔtN

dγ

dt
= −dγ

dt
(tN−)

,_��� F%? F#�'4�� /N �; �PH* M .� Q��T4;� �# �Ia K ��# �� � . Q���D �> ��6�(6
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D�%�� 
,� d ��� 8!+�/c � "��
��g� K��
� 6���� ;�d

8#��.b � ������f� K��� 6���� ;!c

��:B�3��EB ,#?34 F�	-�� ���� ����*

dE((α)(u))
du

∣∣∣
u=�

= −
∫ b

a

n∑
�=�

∂α�

∂u
(�, t)

{ n∑
r=�

g�r(γ(t))
d�γ�

dt�

+
n∑

i,j=�

[ij, �](γ(t))
γi

dt

γj

dt

}
dt

−
n∑
i=�

〈
∂α

∂u
(�, ti),Δti

dγ

dt

〉

_,�D�L J���/� N − � �� � .� �� �̀	d� �04;� �# �D�O ���h� ���O �#a

�I #�? ��� /4N �6 ,#��# #�� JZ @�" . �� ;�	; /�� ��N�; �" . J�%(� K
O > �
>���� @��6 / �#���; ���h� ~�- > � .� eV ,%(4N�; @��N;�� ~�- @�-�'���� �- [ij, �]

%;�� >�	- �/-��* �\i �6 �4"�� ��jD > � .� F%;�� [p6 �# ,K ��%; /�����h� Q���D
.� E >�
� |�9; #��� �# � . F�#�� K
O ��4"�� ,K�-#/� ���#� �� 2�j4p� �6 �4N6��

,% Z/� ��# �6 /�����h� Q���D >����

/4B� �0(� � /4B� F�T;Z �%?�6 ���	- @��N� γ : [a; b] →M �L� ������ ����*
K�?�6 �4?�# (x, U) 2�j4p� F�T4�# �- Ǳ�.� �6 �I ��� Eba >�
� ��=9; M γ

n∑
r=�

g�r(γ(t))
d�γ�

dt�
+

n∑
i,j=�

[ij, �](γ(t))
dγi

dt

dγi

dt
= � γ(t) ∈ U �6 t �- @�.� �6

[a; b] @.��D� �γ(t) ∈ U �6t �- @�.� �6 ,��� >�
� @��=9; γ %�(I R�D 23�*4�

,%?�6 5B�� U �# γ
∣∣∣
[
ti−�; ti] �I K�(I/� ^�p4;� �@� i M @�.� �6 t ∈ (ti−�; ti) �6

/�����h� Q���D >���� �# J���/� F�T;Z �%?�6 �6�y / �04;� |�9; �6 γ .� @���h� α �L�
�� &	 ,��� F%? �4?�; (x, U) SNO �6 ti �� ti−� .� Q��T4;� �	NB �I #�I R�D
� K� 2�"y� �# �4D� ��
6 q�� Q�O ,��� ���	- γ �� . ���� �'P Q���D �# / �0;
.� ���* �# �I /
 8d6 �K ��L/� �'P �� �- ∂α�/∂u(�, t) ��	- � F#�	; F#�'4�� ��

,��� (ti−�, ti) �6 @�04I��6 �# ^�Y �"�� /+6�� ��� ���� �'P (ti−�ti)

r�=� �� � . @�-#�	; �#��%;�4�� �
? �6 �C ��d�4; �# 2X#�+� J��6 �0 �6
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�K�(I/�

Γkij =
n∑
�=�

gk�[ij, �] =
n∑
�=�

gk�
�

�

{∂gi�
dxj

+
∂gj�
∂xi

− ∂gij
∂x�

}
�
? �6 �� ��I\� 2X#�+� �S���� > � �6

d�γ�

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
= �

�� "��� ��N;��' # 2X#�+� @�0-�T4�# )�j* �# #��%;�4�� �� �AB .� ,�?�; J���/�
γ : (−ε; ε) → �v ∈ TpM �- � p ∈ M �- @�.� �6 �I K�;�#/� _1�$ �� ���N�a ��#

�I @��;�L �6 �#��# #�� _� < ε M @�.� �6a #�'6 �j<(� @� M⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

γ(�) = p

dγ

dt
(�) = v

d�γk

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
= �

γ� : [�; ε) → �L� �I %-#/� J�:; �*Z K
O > � ,��� ���	- (−ε, ε) �6 γ > � �F�H+6
�L� 8�; � �%(?�6 c6�� � > � �# �#�P � ���	- /+6��� γε : (−ε;�) →M � M

γ�(�) = γ�(�)
dγ�
dt

(�+) =
dγ�
dt

(�−)

�I ��� /+�"g ,%(-#/� ��
:� (−ε, ε) �6 ���	- 56�� M K- �6 F��	- γ� � γ� F�T;Z
,K�(I/� J��6 ��W�B# /	
O Q�O ,#�	; � �+� J���/� t .� @�T # ��%9� �- �6 �� ◦

M /4B� �0(� � /4B� γ : [a; b] → M ���	- @��
� ��� ������ ����*
/��j4p� F�T4�# �- @�.� �6 � %?�6 ���	- [a; b] �6 Hl 	i γ �I ��� Eba >�
� ��=9;

�%(I �%P � . 2X#�+� �# �%4I/� 5=B �� γ #�6 �I @� (x, U)

d�γk

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
= � γ(t) ∈ U �I @� t�- @�.� �6

�- α� ��	-a F#�I ^�p4;� �"B ��� �� α� ,��� >�
� @��=9; �γ K ��L 23�*4�

�%(I/� �%P ��#�+� �# γ|[ti−�; ti] �I K�(I/� F%-�:� � _%;�'P (ti−�, ti) ���*
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D�%�� 
,� d ��� 8!+�/c � "��
��g� K��
� 6���� ;�d

K ��L/� @��g �� α Q�O ,��� �'P K- .�6 /�����h� Q���D >���� �# �*Z �� &	 �� .
�I

∂α

∂u
(�; ti) = Δti

dγ

dt
i = �, · · · , N − �

> � /(+� �6 ���# > � �X�6 2���?� �6�(6 ,%;�'P �- Δi
dγ
dt ��	- �I K�;�#/� �"B .�

,��� ���	- [a; b] �I �6 Hl 	i γ �I ���

〈, 〉 =
n∑
i=�

dxj ⊗ dxi /(+ �Rn �6 /�%�&B� J�	 � �4� ����O > ��F#�� �# ���

�� 	- > ��6�(6 � %;�'P �- ∂gij/∂xk ��	- �\� � gij = δij �d( � �# ,K ��L/� �]; �# ��
2X#�+� �# /4N �6 @f �;� 5 �� @��6 γ >�
� |�9; ,%;�'P 8�; �- Γkij

d�γk

dt�
= � k = �, · · · , n

�� =9; �- �S���� >�	- �6 ,��� 5B�� ���� c* M �6 γ �> ��6�(6 ,%((I �%P
t �→ �
? �6 @�-/(<(� �0(� �� �u;�(� ,��� >�(� 8�; ��B Q�g 56�� @��6 >�
�
#��� /&I ���O �# ,#�6 %-��* 2��'4� ��+Y� ���N6 �K ��T6 �]; �# �� (t, f(t))

8�; JZ �4����V % %d� �- F�T;Z �%?�6 >�
� ��=9; M γ �u;�(� ��4D�L ���B /���6
J�:; > � ,_�� �� ���N�a ��� J#�I F�4����V .� �94N� Q�g �I ��� ���� ����N� ^��
�%(4N�; @f�;� >�
� ��=9; �ljp:� �I #��# #�� Q�g @��6 >�
� |�9; �I %-#/�
��� �.X �%?�6 @f �;� @��6 >�
� ��=9; γ �
( � @��6 �I K #�I �]OH� �"B /	I �� .
��B Q�g .� /=* /+6�� 2��P �6 �l	4O γ /4N �6 �\� � %(?�6 /=* γ @�-�'����

,��� 5 �? ���N6 /4�+Y� >�(� ,#�? F�4����V

�6 γ F�T;Z �%?�6 E @��6 >�
� @��=9; γ : [a; b] → M �L� ����� ����*
,��� F%? F�4����V �%B Q�g .� /4"N; 2��P

�I ##�L/� �]OH� � ��+� .� �%46� 23�*4�

∂gij
∂x�

= [i�, j] + [j�, i] _E,� a

K ��# J�(I�

d

dt

∥∥∥dγ
dt

∥∥∥� =
d

dt

( n∑
i,j=�

gij(γ(t)).
dγi

dt

dγj

dt

)
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8!+�/c � "��
��g� K��
� 6���� ;�d D�%�� 
,� d ���

=
n∑

i,j=�

n∑
�=�

∂gij
∂x�

(γ(t))
dγ�

dt

dγi

dt

dγj

dt

+
n∑

r,j=�

grj(γ(t))
d�γr

dt�
dγj

dt
+

n∑
i,r=�

gir(γ(t))
dγi

dt

d�γr

dt�

�?�; J���/� _E,� a .� ∂gij/∂x� ��%9� @��8T � �6

d

dt

∥∥∥dγ
dt

∥∥∥� =
dγj

dt

( n∑
r=�

grj(γ(t))
d�γr

dt�
+

n∑
j,�=�

[i�, j](γ(t))
dγi

dt

gγ�

dt

)
+

n∑
i=�

dγj

dt

( n∑
r=�

grj(γ(t))
d�γr

dt�
+

n∑
j,�=�

[j�, i](γ(t))
dγj

dt

gγ�

dt

)
> ��6�(6 ,_�C ��d�4;a %;�'P 84;��V �# �� &	 �# �- ���� E @��6 >�
� @��=9; γ J��
� ,��� �6�y F���	- ‖dγ/dt‖ Q�g

#��� �&4p� @�-�"��(� �6 �l%+6 �X�6 �� �AB 2�"y� �# F%? r�=� _E,� a Q���D
F#�'4�� J���/� ∂gij/∂xk @��6 /����D SNI @��6 >�(u	- JZ .� ,#��L/� ���B F#�'4��

> ��6�(6 �K ��L/� W4:�
n∑

m=�

g�m g
mj = δij Q���D .� �%46� �JZ ���p4�� @��6 ,#�I

n∑
m=�

g�m
∂gmj

∂yk
= −

n∑
m−�

∂g�m
∂yk

ymj

K ��# �2X#�+� F�T4�# > � �O .�

∂gij

∂yk
=

∑
�,m

gi� g�m
∂gmj

∂yk
= −

∑
�,m

gi� gmj
∂g�m
∂yk

= −
∑
�,m

gi� gmj([�k,m] + [mk, �]) (E,� �6 �(6)

= −
∑
�

gi�Γi�k −
∑
m

gmj Γimk

�d�4; �# �

∂gij

∂yk
= −

n∑
�=�

(gi�Γj�k + g�jΓi�k) _�,� a

2X#�+� K�;���/� �K #��Z ��# �6 �� @f �;� 56�� >�
� |�9; �I @�F��? J�	- �6 ���#
γ : [a; b] → / �-/(<(� �0(� �Hl +D ,K ����6 ��# �6 �� Q�g 56�� @��6 >�
� |�9; @��6
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D�%�� 
,� d ��� 8!+�/c � "��
��g� K��
� 6���� ;�d

5B�� γ .� γ
∣∣∣
[ti−�;ti]

[p6 #��� �# ,dγ/dt �= � � �	- �# �I K ��L/� �]; �# �� M
K ��# �R��'� (x, U) /��j4p� F�T4�# M �#

L(γ|[ti−�; ti]) =
∫ ti

ti−�

√√√√ n∑
i,j=�

gij(γ(t))
dγi

dt

dγj

dt
dt

�6 ���O > � �# Hl 	i �Rn �6 #��%;�4�� /��j4p� F�T4�# >4D�L �]; �# �6

F (x, y) =

√√√√ n∑
i,j=�

gij(x) yi yj

2��P > � �# ,��� ��B Q�g 56�� s(t) = Lta(γ) K�(I R�D ,K�4N- ����

ds

dt
=

∥∥∥dγ
dt

∥∥∥ = F
(
γ(t),

dγ

dt

)
> ��6�(6 �

∂F

∂x�

(
γ(t),

dγ

dt

)
=

�

�

n∑
i,j=�

∂gij
∂x�

(γ(t))
dxi

dt

dxj

dt

ds
dt

∂F

∂y�

(
γ(t),

dγ

dt

)
=

n∑
r=�

g�r(γ(t))
dγr

dt

ds
dt

L >�
� |�9; @��6 � . r�? �6 2X#�+� �6 ��d;��� ��4:�6 2�"��<� /	I .� eV
�K���/�

d�γ

dt�
+

n∑
i,j=�

Γkij(γ(t))
dγi

dt

dγj

dt
− dγk

dt

d�s/dt�

ds/dt
= �

d�s/dt� = �# �� .a %(4N- 8�; L >�
� |�9; �E >�
� |�9; �I ��� #�0:� Q���D > � .�
∀t : dγ/dt �== � 56�� �L @��6 γ >�
� �=9; �- Ǳ�.� �6 �e
+��6 _,%;��# �%P �

K�;���/� �� S : [a; b] → [�;Lba(γ)] F%? �4����V % %d� /(<(� � ���� KN�D����U( #
K�;���/� �� γ.s−� : [�Lba(γ)] → M F�%? F�4����V % %d� /(<(� > � ,K ��T6 �]; �#
���� L @��6 >�
� �=9; M ��I#�* ��g �6 �F%? F�4����V /(<(� > � ,@��T6 �]; �#
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8!+�/c � "��
��g� K��
� 6���� ;�d D�%�� 
,� d ���

F�4����V % %d� /(<(� > � J�� ,%(I �%P ��N;��' # 2X#�+� >�	- �# /4N �6 �\� �
γ ◦ s−� �\� � ���� �'P �&	 >���# ���� F%? F�4����V ��B Q�g �4����V �6 �F%?

,%?�6/� E @��6 >�
� �=9; M 
%?�6 L @��6 /(�
� �=9; ��� >
	� �I > � JZ � ��� F%;�� �4'L�; �4
; M �0(�
�� . ���� ���	- J�(u	- /�� �_�6�9� �
? �6 /(+ a ��� (sin k) F�� @��=9; �# �I
Q�g c��� �� γ J��46 �I #��%; J�
�� ���O > � �# ,��� �'P ��	� ��#�6 @���#

,�N�; >
	� ��+Y� > � �I %-#/� J�:; 3E �&UN� ,#�	; F�4����V ��B
,K�7�L/� _〈, 〉 J�	 � �4� @��6a M �6 $4��fF �E @��6 >�
� �=9; �- �6 �eV > � .�
@� ��. @��LF.�%;� �6 |�"��� �# �I ���� F%? F#��Z @.#�7f K&i .� rH=P� > �
_>��. .�a @��#�6�:9; ��; �6 @��*�? ���? � �%?�6/� �-��0(���j; � @��%� |�=*
> �4-���I �I ���� �	�]i F�� �# M .� @��+=B �>��. b=� �6 @.#�7f �- ,���
/&I @�-@.#�7f #��� �# S&=� > � K�7�T6 �
( � .� [�V � %?�6/� |�9; >�6 ��N�
�-@.#�7f /4N �6 �%(4N- Q�g @��6 >�
� |�9; K�;�#/� �"B .� �I ���* � ��� ���#

,K�(I �+��=� /+Y�� �
? �6 ��
/T4N6 ��N;��' # 2X#�+� #��� �# ��
O� �6 �0(� �-@.#�7f ��/���%9� )��*

@.#�7f 2X#�+� �I %�(I ��� ,#��#
d�γk

dt�
+

n∑
i,j=�

Γkij
dγi

dt

dγj

dt
= �

t �→ γ(ct) F�T;Z �%?�6 @.#�7f γ �L� �%;��# � s r�? �6 /	0� ��P�* �I �%(4N-
@� �AB M	I �6 ��
O� rHP� J�
�� ��#�+� .� �"( > � ,��� @.#�7f r�Y� �6 8�;

,#.��/� K-��D �� /���� / �4
 � #��

#�� J�(� � < ε @#%i � p .� U @�� �N	- ,p ∈ M K ��L ����� ����*
�6 �j<(� @.#�7f �‖v‖〈ε �6 v ∈ TqM ��	� ��#�6 �- � q ∈ U �- @�.� �6 �I #��#

�I #��# #�� γv : (−�,�) →M @#�D

γv(�) = q ,
dγv
dt

(�) = v

ε�, ε� > #�%i� � p .� U @�/T �N	- �I % �L/� /���� / �4
 #�� ��AB 23�*4�

@#�D �6 �j<(� @.#�7f �‖v‖〈ε� �6 v ∈ TqM � q ∈ U �I #��# #�� J�(� �

,#��# #�� �]; #��� ����� c ��? �6 γv : (−�ε�,�ε�) →M

,|ε�t|〈�ε� � ‖v/ε�‖〈ε� K ��# �|t|〈� � |v|〈ε �L� 2��P > � �# �ε〈ε�ε� K ��L
� ,K�(I � �+� γU/ε�(ε�t) �� γv(t) K�;���/� eV

3$�



D�%�� 
,� d ��� "��%* �7�P* =�d

���(2 Q7�N2 =!c

γ(�) = �# �#�P γ : [�;�] → M @.#�7f JZ @��6 �I %?�6 @��#�6 v ∈ TqM �L�
2��P �6 �� v $�� F�T;Z �%?�6 dγdt (�) = v � q

exp(v) = expq(v) = γ(�)

�> ��6�(6 _,##�L/� �p:� %+6 �jD �# @��\LK�� > � ���#a ,K�(I � �+� K�;���/�
2��P �6 �� @.#�7f

γ(t) = expq(tv)

/+�"g /9 �g ���� @%+6 −n @��#�6 @�AD TqM J�� ,#�	; ��P�� J���/�
/ �-��#�6 �	- �i�	d� V ⊆ TqM �L� ,#��# #�� JZ �6 ���	- ��4*�� >��+� @��6
�?�T; 2��P > � �# �##�L/� � �+� expq(v) �0;Z @�.� �6 �I %?�6 v ∈ TqM

��-@.#�7f @��6 ��N;��' # 2X#�+� @�-^�� �� . ���� ���	- expq : V → M

�TqM �6 v ∈ TqM �# Tv(TqM) ��	� @�AD @��L /
 �6 ,��� ���	- ��? @���#
/ �9�� �?�T; �6

(expq)v∗ : TqM → Texpq
M

,��� /;�	- (expq)�∗ : TqM → TqM �?�T; �I K�(I/� �i#� �Fm � �6 ,K���/�
�4"��a dc

dt (�) = v ∈ TqM �6 TqM %&'�(� �# c /(<(� J#��Z ��# �6 @��6 �5B�� �#
2��P > � �# ,c(t) = tv K�(I R�D K�;���/� �_T�(TqM) �6 TqM @��L /
 �6

�d�4; �# � � J��. �# v ��	� ��#�6 �6 @.#�7f �expq ◦c(t) = expq(tv)

(expq)�∗(v) =
d

dt

∣∣∣
t=�

expq(c(t)) = v

�L� ,K �?/� ��Z#� �� TM %&'�(� #��� �# K
O %(� �@%+6 K
O 2�"y� .� �"B
v ∈ ��#�6 �- K�;���/� q ∈ U @��6 F�T;Z �%?�6 M �6 2�j4p� /-�T4�# (x, U)

�6 �� ai �u;�(� ,K�-# �N6 v =
n∑
i=�

ai
∂

∂xi

∣∣∣
q

�
? �6 �4
 2��P �6 �� @� TqM

K ��# �K�-# J�:; xi(v)

v =
n∑
i=�

xi(v)
∂

∂xi

∣∣∣
π(v)

3$!



"��%* �7�P* =�d D�%�� 
,� d ���

2��P > � �# ,��� /+�"g � �j� π : TM →M �I

(x� ◦ π, ◦, xn ◦ π, ẋ�, · · · , ẋn) = (x̄�, · · · , x̄n, ẋ�, · · · , ẋn)

��	� @�-��#�6 �q ∈ U � v ∈ TqM Ǳ�.� �6 ,��� π−�(U) �6 /��j4p� /-�T4�#

∂

∂x̄i

∣∣∣
v
,
∂

∂ẋi

∣∣∣
v
∈ Tv(TM)

�
;Z Q�O �%(4N- ��	� TqM ⊆ TM %&'�(�� . �6 ∂
∂ẋi

∣∣∣
v

@�-��#�6 �	- ,K ��# ��
��� �	NB �6a %(I/� %���� �� TM �# TqM K		4� @�AD � . �∂/∂x̄i

∣∣∣
v

@�-��#�6
,_#�? ��� E,� �
? .�

k
E,� �
?

#�� J�(� ε > � #%i � W /T �N	- �p ∈ M �- Ǳ�.� �6 ����� ����*
�j4� ε〉 Q�g �6 M �# #�D �6 �j<(� @.#�7f M c��� W .� �=9; �# �- �I %;��#

,#�?/�

�6 ��� ε > � Q�g �6 v ∈ TqM #�D �6 �j<(� ��#�6 �T: �	; v(q, q′) K ��L _!a
.� ���	- /+6�� (q, q′) �→ v(q, q′) 2��P > � �# ,expq(v) = q′ �I @��;�L

,��� TM �6 W ×W

G����U' # �
? �6 �� TqM �# .�6 @�L−ε �expq �?�T; �q ∈ W �- Ǳ�.� �6 _3a
,#��T;/� #��# �6 �# �� W �I Uq .�6 @��i�	d� @�� �6

#��# TM %&'�(� �# V /T �N	- M � ∈ TpM ��#�6 �I % �L/� �3 ��AB 23�*4�
�=6�Y �6 �� F : V → M ×M F��	- 56�� ,##�L/� � �+� V �6 exp �I @��;�L �6

,K�(I/� � �+� F (v) = (π(v), exp(v))

3$3



D�%�� 
,� d ��� "��%* �7�P* =�d

(x̄�, · · · , x̄n, ẋ�, · · · , ẋn) 2�j4p� F�T4�# .� ,��� p Q�O /��j4p� F�T4�# (x, U) K ��L
� �j� π� : M ×M → M �L� ,K�(I/� F#�'4�� π−�(U) @��6 X�6 �# F%? ��P��

2��P > � �# �%?�6 �� i ��'���� �6

(x� ◦ π�, · · · , xn ◦ π�, x� ◦ π�, · · · , xn ◦ π�) = (xn
�
, · · · , xn

�
, x�

�
, · · · , xn

�
)

(expp)�∗ : TpM → TpM �
( � .� F#�'4�� �6 Q�O ,��� U×U �6 /��j4p� F�T4�#
,�N�; @���?# ��I ���� ���B�6 � . c6�� � � ∈ TpM �# �I > � F%-�:� ���� /;�	-

F∗
( ∂

∂x̄i

∣∣∣
�

)
=

∂

∂xi
�

∣∣∣
(p,p)

+
∂

∂xi
�

∣∣∣
(p,p)

, F∗
( ∂

∂ẋi

∣∣∣
�

)
=

∂

∂xi
�

∣∣∣
(p,p)

2��P �6 �� � .� V ′ @� /T �N	- F �\� � ���� M�"
 � ∈ TpM �# F∗ �ld�4;
(p, p) ∈M ×M .� /T �N	- @��6 G����U' #

3$1
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